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Preface 



The researches resulting in this massive book have been initiated by S. Vacaru fifteen 
years ago when he prepared a second Ph. Thesis in Mathematical Physics. Study- 
ing Finsler-Lagrange geometries he became aware of the potential applications of these 
geometries in exploring nonlinear aspects and nontrivial symmetries arising in various 
models of gravity, classical and quantum field theory and geometric mechanics. 

Along years he convinced many people to enroll in solving some of his open prob- 
lems and especially he attracted young students to specialize in this field. Some of his 
collaborators are among the co-authors of this book. 

The book contains a collection of works on Riemann-Cartan and metric-affine mani- 
folds provided with nonlinear connection structure and on generalized Finsler-Lagrange 
and Cartan-Hamilton geometries and Clifford structures modelled on such manifolds. 

The authors develop and use the method of anholonomic frames with associated 
nonlinear connection structure and apply it to a great number of concrete problems: 
constructing of generic off-diagonal exact solution, in general, with nontrivial torsion 
and nonmetricity, possessing noncommutative symmetries and describing black ellipsoid/ 
torus configurations, locally anisotropic wormholes, gravitational solitons and warped 
factors and investigation of stability of such solutions; classification of Lagrange/Finsler 
afline spaces; definition of nonholonomic Dirac operators and their applications in com- 
mutative and noncommutative Finsler geometry. 

This collection of works enriches very much the literature on generalized Finsler 
spaces and opens new ways toward applications by proposing new geometric approaches 
in gravity, string theory, quantum deformations and noncommutative models. 

The book is extremely useful for the researchers in Differential Geometry and Math- 
ematical Physics. 

February, 2006 

Prof. Dr. Mihai Anastasiei 

Faculty of Mathematics, University "Al.I.Cuza" Iasi , 
Iasi, 700506, Romania 
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Foreword 



The general aim of this Selection of Works is to outline the methods of Riemann- 
Finsler geometry and generalizations as an aid in exploring certain less known nonlin- 
ear aspects and nontrivial symmetries of field equations defined by nonholonomic and 
noncommutative structures arising in various models of gravity, classical and quantum 
field theory and geometric mechanics. Accordingly, we move primarily in the realm of 
the geometry of nonholonomic manifolds for which the tangent bundles are provided 
with nonintegrable (anholonomic) distributions defining nonlinear connection (in brief, 
N-connection) structures. Such N-connections may be naturally associated to certain 
general off-diagonal metric terms and distinguish some preferred classes of adapted lo- 
cal frames and linear connections. This amounts to a program of unification when the 
Riemann-Cartan, Finsler-Lagrange spaces and various generalizations are commonly 
described by the corresponding geometric objects on N-anholonomic manifolds. 

Our purposes and main concern are to illuminate common aspects in spinor differ- 
ential geometry, gravity and geometric mechanics from the viewpoint of N-connection 
geometry and methods elaborated in investigating Finsler-Lagrange and related metric- 
affine spaces (in general, with nontrivial torsion and nonmetricity) , to elaborate a cor- 
responding language and techniques of nonholonomic deformations of geometric struc- 
tures with various types of commutative and noncommutative symmetries and to benefit 
physicists interested in more application of advanced commutative and noncommutative 
geometric methods. 

The guiding principle of the selected here works has been to show that the concept of 
N-anholonomic space seeks in roots when different type of geometries can be modelled 
by certain parametrizations of the N-connection structure and correspondingly adapted 
linear connection and metric structures. For instance, a class of such objects results 
in (pseudo) Riemann spaces but with preferred systems of reference, other classes of 
objects give rise into models of Finsler (Lagrange) geometries with metric compatible, 
or noncompatible, linear connections, all defined by the fundamental Finsler (regular 
Lagrange) functions and corresponding parametrizations and prescribed symmetries. 
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Despite a number of last decade works on research and applications of Finsler- 
Lagrange geometry by leading schools and prominent scholars in Romania (R. Miron, 
M. Anastasiei, A. Bejancu, ...), Japan (K. Matsumoto, S. Ikeda, H. Shimada,...), USA 
(S. S. Chern, S. Bao, Z. Shen, J. Vargas, R. G. Beil,...), Russia (G. Asanov, G. Yu. 
Bogoslovsky, ...), Germany (H. F. Goenner, K. Buchner, H. B. Rademacher,...), Canada 
(P. Antonelli, D. Hrimiuc,...), Hungary (L. Tamassy, S. Basco,...) and other Coun- 
tries, there have not been yet obtained explicit results related to the phenomenology of 
Standard Model of particle physics, string theory, standard cosmological scenaria and 
astrophysics. The problem is that the main approaches and constructions in Finsler ge- 
ometry and generalizations were elaborated in the bulk on tangent/ vector bundles and 
their higher generalizations. In this case all type of such locally anisotropic models are 
related to violations of the local Lorentz symmetry which is a fashion, for instance, in 
brane physics but, nevertheless, is subjected to substantial theoretical and experimental 
restrictions (J. D. Beckenstein and C. Will). 

Our idea 1 was to define and work with Finsler (Lagrange) like geometric objects and 
structures not only on the tangent/vector bundles (and their higher order generalizations) 
but to model them on usual manifolds enabled with certain classes of nonholonomic dis- 
tributions defined by exact sequences of subspaces of the tangent space to such manifolds. 
This way, for instance, we can model a Finsler geometry as a Riemann-Cartan manifold 
provided with certain types of N-connection and adapted linear connection and metric 
structures. The constructions have to be generalized for the metric-afnne spaces pro- 
vided with N-connection structure if there are considered the so-called Berwald-Moor 
or Chern connections for Finsler geometry, or, in an alternative way, one can be im- 
posed such nonholonomic constrains on the frame structure when some subclasses of 
Finsler metrics are equivalently modelled on (pseudo) Riemann spaces provided with 
corresponding preferred systems of reference. This is possible for such configurations 
when the Ricci tensor for the so-called canonical distinguished connection in general- 
ized Lagrange (or Finsler) space is constrained to be equal to the Ricci tensor for the 
Levi-Civita connection even the curvature tensors are different. 

It was a very surprising result when a number of exact solutions modelling Finsler 



1 hereafter, in this Preface, we shall briefly outline the main ideas, concepts and results obtained 
during the last decade by a team of young researches in the Republic of Moldova (S. Vacaru, S. Ostaf, 
Yu. Goncharenko, E. Gaburov, D. Gon^a, N. Vicol, I. Chiosa ...) in collaboration (or having certain 
support) with some scientific groups and scholars in Romania, USA, Germany, Greece, Portugal and 
Spain (D. Singleton, H. Dehnen, P. Stavrinos, F. Etayo, B. Fauser, O. Tintareanu-Mircea, F. C. Popa, 
J. F. Gonzales-Hernandez, R. R. Santamarfa and hosting by R. Miron, M. de Leon, M. Vi§inescu, M. 
Anastasiei, T. Wolf, S. Anco, I. Gottlieb, C. Mociut,chi, B. Fauser, J. P. S. Lcmos, L. Boya, P. Almeida, 
R. Picken, M. E. Gomez, M. Piso, M. Mars, L. Alias, C. Udriste, D. Balan, V. Blanu^a, G. Zet, ...) 
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like structures were constructed in the Einstein and string gravity. Such solutions are 
defined by generic off-diagonal metrics, nonholonomic frames and linear connections (in 
general, with nontrivial torsion; examples of solutions with nontrivial nonmetricity were 
also constructed), when a subset of variables are holonomic and the subset of the rest 
ones are nonholonomic. That was an explicit proof that effective local anisotropics can 
be induced by off-diagonal metric terms and/or from extra dimensions. In a partic- 
ular case, the locally anisotropic configurations can be modelled as exact solutions of 
the vacuum or nonvacuum Einstein equations. Sure, such Einstein-Finsler/ generalized 
Lagrange metrics and related nonholnomic frame structures are not subjected to the ex- 
isting experimental restrictions and theoretical considerations formulated for the Finsler 
models on tangent /vector bundles. 

The new classes of exact solutions describe three, four, or five dimensional space- 
times (there are possibilities for extensions to higher dimensions) with generalized sym- 
metries when the metric, connection and frame coefficients depend on certain integration 
functions on two/ three / four variables. They may possess noncommutative symmetries 
even for commutative gravity models, or any generalizations to Lie/ Clifford algebroid 
structures, and can be extended to stable configurations in complex gravity. 2 Here it is 
appropriate to emphasize that the proposed 'anholnomic frame method' of constructing 
exact solutions was derived by using explicit methods from the Finsler-Lagrange geome- 
try. Perhaps, this is the most general method of constructing exact solutions in gravity: 
it was elaborated as a geometric method by using the N-connection formalism. 

The above mentioned results derived by using moving frames and nonholonomic 
structures feature several fundamental constructions: 1) Any Finsler-Lagrange geome- 
try can be equivalently realized as an effective Riemann-Cartan nonholonomic manifold 
and, inversely, 2) any space-time with generic off-diagonal metric and nonholonomic 
frame and afline connection structures can be equivalently nonholonomically deformed 
into various types of Finsler/ Lagrange geometries. 3) As a matter of principle, realizing 
a Finsler configuration as a Riemannian nonholonomic manifold (with nonholonomically 
induced torsion), we may assemble this construction from the ingredients of noncommu- 
tative spin geometry, in the A. Connes approach, or we can formulate a noncommutative 
gauge-Finsler geometry via the Seiberg-Witten transform. 

The differential geometry of N-anholonomic spinors and related Clifford structures 
provided with N-connections predated the results on 'nonholonomic' gravity and related 
classes of exact solutions. The first and second important results were, respectively, the 

2 The bibliography presented for the Introduction and at the end of Chapters contains exact citations 
of our works on anholonomic black ellipsoid/torus and disk solutions, locally anisotropic wormholes 
and Taub NUT spaces, nonholonomic Einstein-Dirac wave solitons, locally anisotropic cosmological 
solutions, warped configurations or with Lie/Clifford algebroid and/or noncommutative symmetries, ... 
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possibility to give a rigorous definition for spinors in Finsler spaces and elaboration of the 
concept of Finsler superspaces. The third result was the classification of such spaces in 
terms of nearly autoparallel maps (generalizing the classes of geodesic maps and confor- 
mal transforms) and their basic equations and invariants suggesting variants of definition 
of conservation lows for such (super) spaces. The forth such a fundamental result was 
a nontrivial proof that Finsler like structures can be derived in low energy limits of 
(super) string theory if the (super) frames with associated N-connection structure are 
introduced into consideration. There were obtained a set of results in the theory of lo- 
cally anisotropic stochastic, kinetic and thermodynamic processes in generalized curved 
spacetimes. Finally, we mention here the constructions when from a regular Lagrange 
(Finsler) fundamental functions one derived canonically a corresponding Clifford/spinor 
structure which in its turn induces canonical noncommutative Lagrange (Finsler) geome- 
tries, nonholonomic Fedosov manifolds and generalized Lagrange (Finsler) Lie/Clifford 
algebroid structures. 

The ideas that we can deal in a unified form, by applying the N-connection formal- 
ism, with various types of nonholnomic Riemann-Cartan-Weyl and generalized Finsler- 
Lagrange or Cartan-Hamilton spaces scan several new directions in modern geometry 
and physics: We hope that they will appeal researches (we also try to contribute explicitly 
in our works) in investigating nonholonomic Hopf strutures, N-anholonomic gerbes and 
noncommutative/ algebroid extensions, Atyiah-Singer theorems for Clifford-Lagrange 
spaces and in constructing exact solutions with nontrivial topological structure mod- 
elling Finsler gerbes, Ricci and Finsler-Lagrange fluxes, and applications in gravity and 
string theory, analogous modelling of gravity and gauge interactions and geometric me- 
chanics. 
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Introduction 



This collection of works grew out from explicit constructions proving that the Finsler 
and Lagrange geometries can be modelled as certain type nonintegrable distributions on 
Riemann-Cartan manifolds if the metric and connection structures on such spaces are 
compatible 3 . This is a rather surprising fact because the standard approaches were based 
on the idea that the Finsler geometry is more general then the Riemannian one when, 
roughly speaking, the metric anisotropically depends on "velocity" and the geometrical 
and physical models are elaborated on the tangent bundle. Much confusing may be 
made from such a generalization if one does not pay a due attention to the second 
fundamental geometric structure for the Finsler spaces called the nonlinear connection 
(N-connection), being defined by a nonholonomic distribution on the tangent bundle 
and related to a corresponding class of preferred systems of reference. There is the third 
fundamental geometric object, the linear connection, which for the Finsler like geometries 
is usually adapted to the N-connection structure. 

In the former (let us say standard) approach, the Finsler and Lagrange spaces (the sec- 
ond class of spaces are derived similarly to the Finsler ones but for regular Lagrangians) 
are assembled from the mentioned three fundamental objects (the metric, N-connection 
and linear connection) defined in certain adapted forms on the tangent bundles provided 
with a canonical nonholonomic splitting into horizontal and vertical subspaces (stated 
by the exact sequence just defining the N-connection). 



3 one has to consider metric-affine spaces with nontrivial torsion and nonmetricity fields defined by 
the N-connection and adapted linear connection and metric structures if we work, for instance, with 
the metric noncompatible Berwald and Chcrn connections (they can be defined both in Finsler and 
Lagrange geometries) 
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As a matter of principle, we may consider that certain exact sequences and related 
nonintegrable distributions, also defining a N-connection structure, are prescribed, for 
instance, for a class of Riemann-Cartan manifolds. In this case, we work with sets of 
mixed holonomic coordinates (corresponding to the horizontal coordinates on the tangent 
bundle) and anholonomic 4 coordinates (corresponding to the vertical coordinates). The 
splitting into holonomic-anholonomic local coordinates and the corresponding conven- 
tional horizontal-vertical decomposition are globally stated by the N-connection struc- 
ture as in the standard approaches to Finsler geometry. We are free to consider that 
a fibered structure is some way established as a generalized symmetry by a prescribed 
nonholonomic distribution defined for a usual manifold and not for a tangent or vector 
bundle. 

There is a proof that for any vector bundles over paracompact manifolds the N- 
connection structure always exists, see Ref. [38j. On general manifolds this does not 
hold true but we can restrict our considerations to such Riemann-Cartan (or metric- 
affine) spaces when the metric structure 5 is someway related via nontrivial off-diagonal 
metric coefficients to the coefficients of the N-connection and associated nonholonomic 
frame structure. This way we can model Finsler like geometries on nonholonomic man- 
ifolds when the anisotropies depend on anholonomic coordinates (playing the role of 
"velocities" if to compare with the standard approaches to the Finsler geometry and 
generalizations). It is possible the case when such generic off-diagonal metric and N- 
connection and the linear connection structures are subjected to the condition to satisfy 
a variant of gravitational filed equations in Einstein-Cartan or string gravity. Any such 
solution is described by a Finsler like gravitational configuration which for corresponding 
constraints on the frame structure and distributions of matter defines a nonholonomic 
Einstein space. 

0.1 For Experts in Differential Geometry and Grav- 
ity 

The aim of this section is to present a self-contained treatment of generalized Finsler 
strucures modelled on Riemann-Cartan spaces provided with N-connections (we fol- 
low Chapters 2 and 3 in Ref. |80j . see also details on modelling Lagrange and Finsler 
geometries on metric-affine spaces presented in Part I of this book). 

4 in literature, one introduced two equivalent terms: nonholonomic or anholonomic; we shall use both 
terms 

5 the corresponding metric tensor can not be diagonalized by any coordinate transforms 
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0.1.1 N— anholonomic manifolds 

We formulate a coordinate free introduction into the geometry of nonholonomic man- 
ifolds. The reader may consult details in Refs. EH EE! I2H] ■ Some important compo- 
nent/coordinate formulas are given in the next section. 

Nonlinear connection structures 

Let V be a smooth manifold of dimension (n + m) with a local splitting in any point 
u G V of type V u = M u © V u , where M is a n-dimensional subspace and V is a Tri- 
dimensional subspace. It is supposed that one exists such a local decomposition when 

V — > M is a surjective submersion. Two important particular cases are that of a vector 
bundle, when we shall write V = E (with E being the total space of a vector bundle 
ii : E — > M with the base space M) and that of tangent bundle when we shall consider 

V = TM. The differential of a map tt : V — > M defined by fiber preserving morphisms 
of the tangent bundles TV and TM is denoted by 7r T : TV — > TM. The kernel of tt t 
defines the vertical subspace dV with a related inclusion mapping % : t>V — > TV. 

Definition 0.1.1. A nonlinear connection (N- connection) N on a manifoldY is defined 
by the splitting on the left of an exact sequence 



i. e. by a morphism of submanifolds N : TV — > v\ such that N o i is the unity in v\. 

The exact sequence (JTJ states a nonintegrable (nonholonomic, equivalently, anholo- 
nomic) distribution on V, i.e. this manifold is nonholonomic. We can say that a N- 
connection is defined by a global splitting into conventional horizontal (h) subspace, 
(hV) , and vertical (v) subspace, (fV) , corresponding to the Whitney sum 



where hV is isomorphic to M. We put the label N to the symbol © in order to emphasize 
that such a splitting is associated to a N-connection structure. 

For convenience, in the next Section, we give some important local formulas (see, for 
instance, the local representation for a N-connection (|13j) ) for the basic geometric objects 
and formulas on spaces provided with N-connection structure. Here, we note that the 
concept of N-connection came from E. Cartan's works on Finsler geometry J7| (see a 
detailed historical study in Refs. [SHI 123 EHl an d alternative approaches developed by 
using the Ehressmann connection |22} 129] ) . Any manifold admitting an exact sequence 



O^wV^TV^ TV/vV -> 0, 



(1) 



TV = hV ©7v W 



(2) 
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of type (0) admits a N-connection structure. If V = E, a N-connection exists for any 
vector bundle E over a paracompact manifold M, see proof in Ref. [HB]- 

The geometric objects on spaces provided with N-connection structure are denoted 
by "bolfaced" symbols. Such objects may be defined in "N-adapted" form by considering 
h- and v-decompositions (J2J). Following the conventions from jSHJ G3J EZl EH] , one call 
such objects to be d-objects (i. e. they are distinguished by the N-connection; one 
considers d- vectors, d-forms, d-tensors, d-spinors, d-connections, ....). For instance, 
a d-vector is an element X of the module of the vector fields x(Y) on Y which in 
N-adapted form may be written 

X = hX + or X = X ® N *X, 

where hX. (equivalently, X) is the h-component and t>X (equivalently, *X) is the v- 
component of X. 

A N-connection is characterized by its N— connection curvature (the Nijenhuis 
tensor) 

0(X, Y) = [ 'X, '¥} + *[X, Y] — *[ 'X, Y] - '[X, '¥} (3) 

for any X, Y Ex(V), where [X, Y] = XY— YX and *[, ] is the v-projection of [, ], see 
also the coordinate formula ()14|) in section ITOl This d-object Q was introduced in Ref. 
|27j in order to define the curvature of a nonlinear connection in the tangent bundle over a 
smooth manifold. But this can be extended for any nonholonomic manifold, nonholnomic 
Clifford structure and any noncommutative / supersymmetric versions of bundle spaces 
provided with N-connection structure, i. e. with nonintegrable distributions of type (J2J), 
see E3 Hi- 
Proposition 0.1.1. A N-connection structure on V defines a nonholonomic N-adapted 
frame (vielbein) structure e = (e'e) and its dual e = (e, *e) with e and *e linearly 
depending on N-connection coefficients. 

Proof. It follows from explicit local constructions, see formulas ([Tfij). (JT5j) and (JT7J). □ 

Definition 0.1.2. A manifold V is called N-anholonomic if it is defined a local (in gen- 
eral, nonintegrable) distribution on its tangent space TV, i.e. V is N-anholonomic 
if it is enabled with a N-connection structure (QJ). 

Curvatures and torsions of N— anholonomic manifolds 

One can be defined N-adapted linear connection and metric structures on V : 
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Definition 0.1.3. A distinguished connection (d- connection) D on a N-anholonomic 
manifold V is a linear connection conserving under parallelism the Whitney sum (p|). 
For any X Ex(V), one have a decomposition into h- and v-covariant derivatives, 

D x = XJ D = XJ D+ 'XJ D =D X + 'D x . (4) 

The symbol "J" in (jlj denotes the interior product. We shall write conventionally 
that D = (£>, *D). 

For any d-connection D on a N-anholonomic manifold V, it is possible to define the 
curvature and torsion tensor in usual form but adapted to the Whitney sum (J2J): 

Definition 0.1.4. The torsion 

T(X, Y) = D X Y - D Y X - [X, Y] (5) 

of a d-connection D ={D, °D), for any X, Y Gx(V), has a N-adapted decomposition 

T(X, Y) = T(X, Y) + T(X, *Y) + T( *X, Y) + T( 'X, *Y). (6) 

By further h- and v-projections of (jHJ), denoting hT =T and vT = *T, taking in the 
account that h[ *X, *Y] =0, one proves 

Theorem 0.1.1. The torsion of a d-connection D =(D, *D) is defined by five nontrivial 
d-torsion fields adapted to the h- and v-splitting by the N-connection structure 

T(X,Y) = D X Y — D Y X — h[X, Y], *T(X, Y)= *[Y, X], 
T(X, *Y) = -'D Y X-h[X, 'Y], *T(X, *Y)='D X Y- '[X, *Y], 
•T( *X, *Y) = *D X "y - *D Y 'X - *[ *X, m Y]. 

The d-torsions T(X,Y), *T( 'X, *Y) are called respectively the h(hh) -torsion, 
v (w)-torsion and so on. The formulas present a local proof of this Theorem. 

Definition 0.1.5. The curvature of a d-connection D =(D, *D) is defined 

R(X, Y) = D x D Y -D Y Dx-D [x , Y] (7) 

for any X, Y Gx(V). 

Denoting hR = R and vH = 'R, by straightforward calculations, one check the 
properties 

R(X,Y)*Z = 0, •R(X,Y)Z = 0, 
R(X,Y)Z = R(X,Y)Z+ *R(X,Y)'Z 

for any for any X, Y, Z Gx(V). 
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Theorem 0.1.2. The curvature R of a d-connection D =(D, *D) is completely defined 
by six d-curvatures 



R(X,Y)Z 
R(X,Y) 'Z 
R( *X,Y)Z 
R( m X,Y) 'Z 
R( 'X, 'Y)Z 
R( 'X, *y) "Z 



D X D Y - D Y D X - D 
D X D Y - D Y D X - D 



[X,Y\ 



*D[ X ,Y]) Z , 

*D[x,y]) 'Z, 



'D X D Y — D Y *D X — D[ *x,Y] — 'D[ 'x,Y]j Z, 

*D X *Dy — *Dy *D X — D[ *x,Y] — *D[ >X.Y]) *Z, 

°D X D Y - Dy *D X - •D [ . x , -y]) Z, 
•D X D Y - Dy *D X - •D [ . x , -Y\) 'Z. 



The proof of Theorems 10. 1.11 and 10.1.21 is given for vector bundles provided with N- 
connection structure in Ref. [BE]- Similar Theorems and respective proofs hold true for 
superbundles |57j . for noncommutative projective modules [HZ| and for N-anholonomic 
metric-affine spaces [THj, where there are also give the main formulas in abstract coor- 
dinate form. The formulas (|31|) consist a coordinate proof of Theorem 10.1.21 

Definition 0.1.6. A metric structure g on a N-anholonomic space V is a symmetric 
covariant second rank tensor field which is not degenerated and of constant signature in 
any point u G V. 

In general, a metric structure is not adapted to a N-connection structure. 

Definition 0.1.7. A d-metric g = g®N *9 is a usual metric tensor which contracted to 
a d-vector results in a dual d-vector, d-covector (the duality being defined by the inverse 
of this metric tensor). 

The relation between arbitrary metric structures and d-metrics is established by 

Theorem 0.1.3. Any metric g can be equivalently transformed into a d-metric 

g = g(X,Y)+ 'g('X, *Y) (8) 

for a corresponding N-connection structure. 

•g( -X, *Y) 



Proof. We introduce denotations hg(X, Y) = g(X, Y) and vg( 'X, *Y) 
and try to find a N-connection when 

g(X, *Y) = 



(9) 



for any X, Y £%(V). In local form, the equation Q is just an algebraic equation for 
N = {N?}, see formulas ((HJ), (fT9|) and (}20|) and related explanations in section l0~2l □ 
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Definition 0.1.8. A d-connection D on V is said to be metric, i.e. it satisfies the metric 
compatibility (equivalently, metricity) conditions with a metric g and its equivalent d- 
metric g, if there are satisfied the conditions 

D x g = 0. (10) 

Considering explicit h- and v-projecting of ([10)1 . one proves 

Proposition 0.1.2. A d-connection D on V is metric if and only if 

D x g = 0, D x *g = 0, *D x g = 0, *D X *g = 0. 

One holds this important 

Conclusion 0.1.1. Following Propositions W.l.l\ and \0.1. b A and Theorem W.l.cA we can 
elaborate the geometric constructions on a N-anholonomic manifold V in N-adapted 
form by considering N-adapted frames e = (e,* e) and co-frames e = (e, *e) , d- 
connection D and d-metric g = [g, *g] fields. 

In Riemannian geometry, there is a preferred linear Levi-Civita connection y which 
is metric compatible and torsionless, i.e. 

V T(X, Y) = V x Y- V y X - [X, Y] =0, 

and defined by the metric structure. On a general N-anholonomic manifold V pro- 
vided with a d-metric structure g = [g, *g], the Levi-Civita connection defined by this 
metric is not adapted to the N-connection, i. e. to the splitting ((21). The h- and v- 
distributions are nonintegrable ones and any d-connection adapted to a such splitting 
contains nontrivial d-torsion coefficients. Nevertheless, one exists a minimal extension 
of the Levi-Civita connection to a canonical d-connection which is defined only by a 
metric g. 

Theorem 0.1.4. For any d-metric g = [g, *g] on a N-anholonomic manifold V ', there 
is a unique metric canonical d-connection D satisfying the conditions Dg =0 and with 
vanishing h(hh) -torsion, v(vv) -torsion, i. e. T(X,Y) = and *T( 'X, *Y) = 0. 

Proof. The formulas (|2*7jl and and related discussions state a proof, in component 
form, of this Theorem. □ 

The following Corollary gathers some basic information about N-anholonomic man- 
ifolds. 
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Corollary 0.1.1. A N- connection structure defines three important geometric objects: 

1. a (pseudo) Euclidean N-metric structure v g = r] (Bn 'Vi i- e - a d-metric with 
(pseudo) Euclidean metric coefficients with respect to e defined only by N; 

2. a N-metric canonical d-connection Y) N defined only by v g and N; 

3. a nonmetric Berwald type linear connection Y) B . 

Proof. Fixing a signature for the metric, sign v g = (±,±, ...,±), we introduce these 
values in (|27I|) and get v g = r] (Bn 'r/ of type (JBJ), i.e. we prove the point 1. The point 2 
is to be proved by an explicit construction by considering the coefficients of ''g into (|29j) . 
This way, we get a canonical d-connection induced by the N-connection coefficients 
and satisfying the metricity conditions (|10p. In an approach to Finsler geometry [§], 
one emphasizes the constructions derived for the so-called Berwald type d-connection 
D s , considered to be the "most" minimal (linear on Q) extension of the Levi-Civita 
connection, see formulas (fHUJ) . Such d-connections can be defined for an arbitrary d- 
metric g = [g, *g], or for any v g = rj (Bn *V- They are only "partially" metric because, 
for instance, D B g = and *D B *g — but, in general, D B *g ^ and *D B g ^ 0, i. 
e. D B g ^ 0, see Proposition ITTT21 It is a more sophisticate problem to define spinors 
and supersymmetric physically valued models for such Finsler spaces, see discussions in 

ISZHZHEH!. □ 

Remark 0.1.1. The d-connection Y) N or D B , for ''g, nonholonomic bases e = (e,* e) 
and e = (e, *e) , see Proposition \0.1.1\ and the N-connection curvature f2 define 
completely the main properties of a N-anholonomic manifold V. 

It is possible to extend the constructions for any additional d-metric and canon- 
ical d-connection structures. For our considerations on nonholnomic Clifford/ spinor 
structures, the class of metric d-connections plays a preferred role. That why we em- 
phasize the physical importance of d-connections D and Y) N instead of D B or any other 
nonmetric d-connections. 

Finally, in this section, we note that the d-torsions and d-curvatures on N-anholo- 
nomic manifolds can be computed for any type of d-connection structure, see Theorems 
ID. 1.11 and l(J. 1.21 and the component formulas and (j^Tj) . 

0.1.2 Examples of N— anholonomic spaces: 

For corresponding parametrizations of the N-connection, d-metric and d-connec- 
tion coefficients of a N-anholonomic space, it is possible to model various classes of 
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(generalized) Lagrange, Finsler and Riemann-Cartan spaces. We briefly analyze three 
such nonholonomic geometric structures. 

Lagrange— Finsler geometry 

This class of geometries is usually defined on tangent bundles jSH] but it is possible 
to model such structures on general N-anholonomic manifolds, in particular in (pseudo) 
Riemannian and Riemann-Cartan geometry if nonholonomic frames are introduced into 
consideration IH3 EHl ESI • Let us outline the first approach when the N-anholonomic 
manifold V is taken to be just a tangent bundle (TM,tt,M), where M is a n-dimensional 
base manifold, it is a surjective projection and TM is the total space. One denotes by 
TM = TM\{0} where {0} means the null section of map n. 

We consider a differentiable fundamental Lagrange function L(x, y) defined by a map 
L : (x,y) G TM — > L{x,y) G K of class C°° on TM and continuous on the null section 
: M — > TM of it. The values x = {x 1 } are local coordinates on M and (x, y) = (x\ y k ) 
are local coordinates on TM. For simplicity, we consider this Lagrangian to be regular, 
i.e. with nondegenerated Hessian 



when rank \g^\ = n on TM and the left up "L" is an abstract label pointing that the 
values are defined by the Lagrangian L. 

Definition 0.1.9. A Lagrange space is a pair L n = [M, L(x, y)] with L gij(x,y) being 
of constant signature over TM. 

The notion of Lagrange space was introduced by J. Kern |2E] and elaborated in details 
in Ref . EHl natural extension of Finsler geometry. 

Theorem 0.1.5. There are canonical N-connection L N, almost complex L F, d-metric 
L g and d-connection L D structures defined by a regular Lagrangian L(x, y) and its 
Hessian L gij(x,y) / TH)) . 

Proof. The simplest way to prove this theorem is to take do this in local form (using 
formulas (|35|) and ([37))) and then to globalize the constructions. The canonical L N 
is defined by certain nonlinear spray configurations related to the solutions of Euler- 
Lagrange equations, see formula (|35j) . It is given there the explicit matrix representation 
of L F (JHSD which is a usual definition of almost complex structure, after L N and INT- 
adapted bases have been constructed. The d-metric (fHTj) is a local formula for L g. 
Finally, the canonical d-connection L D is a usual one but for L g and L N on TM. □ 




1 d 2 L(x, y) 

2 dyidyi 



(11) 
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A similar Theorem can be formulated and proved for the Finsler geometry: 

Remark 0.1.2. A Finsler space defined by a fundamental Finsler function F(x,y), being 
homogeneous of type F(x,Xy) = XF(x,y), for nonzero A G R, may be considered as a 
particular case of Lagrange geometry when L = F 2 . 

From the Theorem 10.1.51 and Remark 10.1.21 one follows: 

Result 0.1.1. Any Lagrange mechanics with regular Lagrangian L(x, y) (any Finsler ge- 
ometry with fundamental function F(x,y)) can be modelled as a nonhlonomic Riemann- 
Cartan geometry with canonical structures L N, L g and L D ( F N, F g and F ~D) defined 
on a corresponding N-anholonomic manifold V. 

It was concluded that any regular Lagrange mechanics/Finsler geometry can be ge- 
ometrized/modelled as an almost Kahler space with canonical N-connection distribution, 
see J3S] and, for N-anholonomic Fedosov manifolds, |23j. Such approaches based on al- 
most complex structures are related with standard sympletic geometrizations of classical 
mechanics and field theory, for a review of results see Ref. [2"5] . 

For applications in optics of nonhomogeneous media [HE] arid gravity (see, for in- 
stance, Refs. [H21 ESI ESI EH ESj), one considers metrics of type #y ~ e x( - x ' y ^ L gij(x,y) 
which can not be derived from a mechanical Lagrangian but from an effective "energy" 
function. In the so-called generalized Lagrange geometry, one introduced Sasaki type 
metrics (J37|) . see section ITOl with any general coefficients both for the metric and N- 
connection. 

N— connections and gravity 

Now we show how N-anholonomic configurations can defined in gravity theories. In 
this case, it is convenient to work on a general manifold V, dim V_= n + m enabled with 
a global N-connection structure, instead of the tangent bundle TM. 

For the N-connection splitting of (pseudo) Riemannian-Cartan spaces of dimension 
(ji + m) (there were also considered (pseudo) Riemannian configurations), the Lagrange 
and Finsler type geometries were modelled by N-anholonomic structures as exact so- 
lutions of gravitational field equations [7S1 lEHl EH] • Inversely, all approaches to (super) 
string gravity theories deal with nontrivial torsion and (super) vielbein fields which under 
corresponding parametrizations model N-anholonomic spaces jSZHHHHEH]- We summarize 
here some geometric properties of gravitational models with nontrivial N-anholonomic 
structure. 
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Definition 0.1.10. A N-anholonomic Riemann-Cartan manifold RC \ is defined by a 
d-metric g and a metric d-connection D structures adapted to an exact sequence splitting 
(QJ) defined on this manifold. 

The d-metric structure g on RC Y is of type (JBJ) and satisfies the metricity condi- 
tions (jlOj) . With respect to a local coordinate basis, the metric g is parametrized by 
a generic off-diagonal metric ansatz (fI5jl . see section l0~2l In a particular case, we can 
take D =D and treat the torsion T as a nonholonomic frame effect induced by noninte- 
grable N-splitting. For more general applications, we have to consider additional torsion 
components, for instance, by the so-called if -field in string gravity. 

Let us denote by Ric(D) and Sc(D), respectively, the Ricci tensor and curvature 
scalar defined by any metric d-connection D and d-metric g on ^V, see also the 
component formulas (J32"|) . (fHHj) and (J33|) m Section 021 The Einstein equations are 

En(D) = Ric(D) - ^gSc(D) = T (12) 

where the source T reflects any contributions of matter fields and corrections from, for 
instance, string/brane theories of gravity. In a closed physical model, the equation (|12|) 
have to be completed with equations for the matter fields, torsion contributions and so 
on (for instance, in the Einstein-Cartan theory one considers algebraic equations for 
the torsion and its source)... It should be noted here that because of nonholonomic 
structure of ^V, the tensor Ric(D) is not symmetric and that D [i?n(D)] ^ which 
imposes a more sophisticate form of conservation laws on such spaces with generic " local 
anisotropy" , see discussion in [7%|IH7j (this is similar with the case when the nonholonomic 
constraints in Lagrange mechanics modifies the definition of conservation laws). A very 
important class of models can be elaborated when T =diag [\ h (u)g, X v (u) *g\ , which 
defines the so-called N-anholonomic Einstein spaces. 

Result 0.1.2. Various classes of vacuum and nonvacuum exact solutions of hlty para- 
metrized by generic off-diagonal metrics, nonholonomic vielbeins and Levi-Civita or 
non-Riemannian connections in Einstein and extra dimension gravity models define ex- 
plicit examples of N-anholonomic Einstein-Cartan (in particular, Einstein) spaces. 

Such exact solutions (for instance, with noncommutative, algebroid, toroidal, ellip- 
soid, ... symmetries) have been constructed in Refs. IHHI ESI IHZl EHl ESI IZH EH! IHZS - We 
note that a subclass of N-anholonomic Einstein spaces was related to generic off-diagonal 
solutions in general relativity by such nonholonomic constraints when Ric(D) = Ric(\/) 
even D ^ y, where D is the canonical d-connection and y is the Levi-Civita connection, 
see formulas ()15.25j) and (|2*8j) in section l0~2l and details in Ref. jZSj- 
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A direction in modern gravity is connected to analogous gravity models when certain 
gravitational effects and, for instance, black hole configurations are modelled by optical 
and acoustic media, see a recent review or results in [Bj. Following our approach on geo- 
metric unification of gravity and Lagrange regular mechanics in terms of N-anholonomic 
spaces, one holds 

Theorem 0.1.6. A Lagrange (Finsler) space can be canonically modelled as an exact 
solution of the Einstein equations hltyl on a N-anholonomic Riemann-Cartan space if 
and only if the canonical N- connection L N ( F ~N), d-metric L g ( F g) and d- connection 
L D ( F D) structures defined by the corresponding fundamental Lagrange function L(pc, y) 
(Finsler function F(x, y)) satisfy the gravitational field equations for certain physically 
reasonable sources T. 

Proof. We sketch the idea: It can be performed in local form by considering the Einstein 
tensor (}34j) defined by the L N ( F N) in the form (}35j) and L g ( F g) in the form 
(|H7j) inducing the canonical d-connection L D ( F D). For certain zero or nonzero T, 
such N-anholonomic configurations may be defined by exact solutions of the Einstein 
equations for a d-connection structure. A number of explicit examples were constructed 
for N-anholonomic Einstein spaces |H2l E31 EZl EHl [Z3 [ZH IZHl IHZ| - □ 

It should be noted that Theorem 10. 1 .(SI states the explicit conditions when the Result 
ID. 1.11 holds for N-anholonomic Einstein spaces. 

Conclusion 0.1.2. Generic off-diagonal metric and vielbein structures in gravity and 
regular Lagrange mechanics models can be geometrized in a unified form on N-anholono- 
mic manifolds. In general, such spaces are not spin and this presents a strong motivation 
for elaborating the theory of nonholonomic gerbes and related Clifford/ spinor structures. 

Following this Conclusion, it is not surprising that a lot of gravitational effects (black 
hole configurations, collapse scenaria, cosmological anisotropies ....) can be modelled in 
nonlinear fluid, acoustic or optic media. 

0.2 For Beginners in Riemann— Finsler Geometry 

In this section, we outline some component formulas and equations defining the local 
geometry of N-anholonomic spaces, see details in Refs. |7H1 EH 113 EH]- Elementary 
introductions on Riemann and Finsler geometry are contained in [^Tl I45j . 

Locally, a N-connection, see Definition 10.1.11 is stated by its coefficients Nf{u), 



N = Nf^dx^da 



(13) 
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where the local coordinates (in general, abstract ones both for holonomic and nonholo- 
nomic variables) are split in the form u = (x,y), or u a = (x l ,y a ), where i,j,k,... = 
1,2, ... ,n and a,b,c, . . . = n + 1, n + 2, . . . , n + m when di = d/dx % and d a = d/dy a . 
The well known class of linear connections consists on a particular subclass with the 
coefficients being linear on y a , i.e., N"(u) = Yl-{x)y b . 

An explicit local calculus allows us to write the N-connection curvature in the 
form 

n = -n^dx* a dx 3 ® d a , 

2 J 

with the N-connection curvature coefficients 

ft?. = <%]V| = SjNf - SiNf = fyN? - 8iN« + NfaN? - N*d b N«. (14) 

Any N-connection N = N?(u) induces a N-adapted frame (vielbein) structure 

e„ = (et = di- N?(u)d a , e a = d a ) , (15) 

and the dual frame (coframe) structure 

e» = ( e < = dx\ e a = dy a + N?(u)dj) . (16) 

The vielbeins (II 6|) satisfy the nonholonomy (equivalently, anholonomy) relations 

[e a , ep] = e a ef3 - e p e a = W^ffi (17) 

with (antisymmetric) nontrivial anholonomy coefficients W\ a = d a Nf and = fi^- 6 
These formulas present a local proof of Proposition 10. 1 . 11 when 

e = {e„} = ( e = {d}' e = {e a }) 

and 

e = {e^} = (e = {e 1 }, 'e = {e a }) . 
Let us consider metric structure 

g = „ ( u ) du a <g> dvP (18) 

6 One preserves a relation to our previous denotations |541 159j if we consider that e„ = (ei,e a ) 
and e M = (e l ,e a ) are, respectively, the former 8 V = S/du 1 ' — (Si,d a ) and <5 M = Su^ = (d\6 a ) when 
emphasize that operators Ijl5|l and (|16|) define, correspondingly, the "N-elongated" partial derivatives 
and differentials which are convenient for calculations on N-anholonomic manifolds. 
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defined with respect to a local coordinate basis du a = (dx\dy a ) by coefficients 

9ij + N?mh ab mh a 



la? 



N?h be 



' J -" ae 

h a b 



(19) 



Such a metric (fT9~|) is generic off-diagonal, i.e. it can not be diagonalized by any coordi- 
nate transforms if Nf(u) are any general functions. The condition (0), for X — > and 
*y — > *e a , transform into 

g{e h *e a ) = 0, equivalently g. a - N-h ab = 

where g. = g(d/dx l , d/dy a ), which allows us to define in a unique form the coefficients 
N% = h ab g. a where h ab is inverse to h ab . We can write the metric g with ansatz (|T9"|) in 
equivalent form, as a d-metric adapted to a N-connection structure, see Definition l(J.1.71 



g = g a(3 (u) e a ® = 9ij (u) e* ® e J ' + /i a6 (u) V ® V 



(20) 



(e i5 ej) and /i afe 



( *e a , *e&) and the vielbeins e a and e a are respectively 



where = 
of type (IToTl and (ITH1). 

We can say that the metric g (fTHj) is equivalently transformed into (J2*U|) by performing 
a frame (vielbein) transform 



e?d n and = eP a dv£. 



with coefficients 



e a a(u) 

e\{u) -Nl{u)e\{u) 
e a » 



(21) 
(22) 



being linear on Nf. We can consider that a N-anholonomic manifold V provided with 
metric structure g (fTSJl (equivalently, with d-metric (|2Uj) ) is a special type of a manifold 
provided with a global splitting into conventional "horizontal" and "vertical" subspaces 
(J2J induced by the "off-diagonal" terms N b (u) and a prescribed type of nonholonomic 
frame structure (fTTj) . 

A d-connection, see Definition splits into h- and v-covariant derivatives, D = 
D + 'D, where D k = (L l j k , L bk ) and *D C = (Cj fc , C£.) are correspondingly introduced 
as h- and v-parametrizations of 



L) k = (D fcei )Je\ L a bk = (D h e b )\e a , C) c = (D c e,)Je\ C a bc = (D c e b )Je a . 
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The components r 7 a/3 = (l£ fc , L% k , C? c , C£.) completely define a d-connection D on a 
N-anholonomic manifold V. 

The simplest way to perform a local covariant calculus by applying d-connections is 
to use N-adapted differential forms like = r^ 7 e 7 with the coefficients defined with 
respect to ()16|) and (fT3j) . One introduces the d-connection 1-form 

when the N-adapted components of d-connection D a = (e Q jD) are computed following 
formulas 

T^(u) = (B a e p )\e\ (23) 

where "J" denotes the interior product. This allows us to define in local form the torsion 
© T = {T°}, where 

T a = De" = de a + T a p A e 13 (24) 
and curvature (0) R = {TZ a g}, where 

H a p = DI^ = dT« - T\ A T a r (25) 

The d-torsions components of a d-connection D, see Theorem 10.1.11 are computed 

rpi T i T i rpi rpi rpa Q a 

1 jk ~ u jk u kji 1 ja ~ 1 aj ~ ° jai 1 ji ~ li jv 

dN a 

rpa rpa % ja rpa /~ia /~ia {OR} 

1 hi — 1 ib— Qy ^ Hi 1 be — be ° cb- \ zo ) 

For instance, T l - h and T a bc are respectively the coefficients of the h(hh) -torsion T(X, Y) 
and v(w) -torsion *T( 'X, *Y). 

The Levi-Civita linear connection y = { V T^ 7 }, with vanishing both torsion and 
nonmetricity, \jg = 0, is not adapted to the global splitting (J2J). There is a preferred, 
canonical d-connection structure, D, on N-aholonomic manifold V constructed only 
from the metric and N-connection coefficients [gij, h a b, N°-] and satisfying the conditions 
Dg = and T l - k = and T a bc = 0, see Theorem 10.1.41 By straightforward calculations 
with respect to the N-adapted bases (fTo^l and (|T5|). we can verify that the connection 

1% = V IX + P^ 7 (27) 

with the deformation d-tensor 7 

Pg 7 = (Pj k = 0, P b a k = e b (N a k ), P) c = -^Q\ jhca , PI = 0) (28) 



7 Po is a tensor field of type (1,2). As is well known, the sum of a linear connection and a tensor 



01 

field of type (1,2) is a new linear connection 
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satisfies the conditions of the mentioned Theorem. It should be noted that, in general, 
the components T" l a , T a ^ and T a bi are not zero. This is an anholonomic frame (or, 
equivalently, off-diagonal metric) effect. With respect to the N-adapted frames, the 

coefficients r 7 Q/3 = yLj k , L bk , C] c , c£j are computed: 

L)k = 7}9 ir (e k g jr + ejg kr - e r g jk ) , (29) 
Kk = e b (N^) + h ac (e k h bc -h dc e b Nt-h db e c Nt), 
C) c = ^g ik e c g jk , C£ c = hi ad {e c h bd + e c h cd - e d h bc ) . 

In some approaches to Finsler geometry one uses the so-called Berwald d- 
connection D B with the coefficients 

B r 7 Q(3 = ( B L l jk = L l jk , B L bk = e b (N k ), B Cj c = 0, B C bc = C b ^j . (30) 

This d-connection minimally extends the Levi-Civita connection (it is just the Levi- 
Civita connection if the integrability conditions are satisfied, i.e. Q a k j = 0, see (J2EJ))- 
But, in general, for this d-connection, the metricity conditions are not satisfied, for 
instance D a g^ ^ and Dih ab ^ 0. 

By a straightforward d-form calculus in (|25jh we can find the N-adapted components 
R-°/3 7 <5 °f the curvature R = {TZ^} of a d-connection D, i.e. the d-curvatures from 
Theorem IU.1.21 



R % hjk 


= e k L l hj 


hk^ ^ hj^ mk 


^ hk^ mj ° ha lL kj 


11 bjk 


= e k L\ 


e .T a _i_ T c T a 
e J-^ bk ' bj^ ck 


u bk 1 - 1 cj ° fee" kji 




= e a,L l jk 


— D k C l ja + C l j b T b ka , 




DC 

n bka 


= e a,L C bk 


— D k C c ba + C c bd T° ka , 




R l jbc 


= e c C l j b 


— e b C l j c + C j b C\ c — 


° jc^ hb> 


- fl bed 


= £dC a bc 


e c L/ b d + ° be ed 


° ec- 



Contracting respectively the components of (J3Tj) . one proves: The Ricci tensor R a/3 = 
R T a( g T is characterized by h- v-components, i.e. d-tensors, 

Rij = R k ij k , Ria =F ~R k i ka i Rai =F R l ' aib , R a b =F R° a bc' (32) 

It should be noted that this tensor is not symmetric for arbitrary d-connections D. 



0.2. FOR BEGINNERS IN RIEMANN-FINSLER GEOMETRY 



xxxiii 



The scalar curvature of a d-connection is 

S R = g Q/3 R Q/3 = gVRij + h ab R ab} (33) 



defined by a sum the h- and v-components of (J32|) and d-metric (|20|) . 
The Einstein tensor is defined and computed in standard form 

G a /3 = R a f3 — -ga/3 S R (34) 

For a Lagrange geometry, see Definition l(J.1.9[ by straightforward component calcu- 
lations, one can be proved the fundamental results: 

1. The Euler-Lagrange equations 

d_ fdL\ dL _ 

dr \dy i J dx l 

where y l = ^jr- for x l {r) depending on parameter r, are equivalent to the "nonlin- 
ear" geodesic equations 

^ + 2G\x k ,^)=0 
dr 2 dr 

defining paths of the canonical semispray 

d d 
S = y l — -2G l (x,y) — 
ox 1 ay 1 

where 

with L g l i being inverse to (jllj) . 

2. There exists on TM a canonical N-connection 



dy r 



defined by the fundamental Lagrange function L(x,y), which prescribes nonholo- 
nomic frame structures of type (fT5|) and (JTBJ), L e u = (e», *ek) and L e M = (e 1 , °e k ). 
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3. The canonical N-connection (|35jl . denning *ej, induces naturally an almost com- 
plex structure F : x(TM) — > x(TM), where x{TM) denotes the module of vector 
fields on TM, 

F(e<) = "e< and F( *e;) = -e i5 

when 

F= •e i ®e i -e i ® V (36) 

satisfies the condition FJ F = —I, i. e. F a /3 F /3 ry = —S®, where 8" is the Kronecker 
symbol and "J" denotes the interior product. 

4. On TM, there is a canonical metric structure 

L g = L ^(x, y) e l ® e j + L ^(x, y) V ® V (37) 
constructed as a Sasaki type lift from M. 

5. There is also a canonical d-connection structure L T' y a/3 defined only by the com- 
ponents of L Nj and L gij, i.e. by the coefficients of metric (|37j) which in its turn 
is induced by a regular Lagrangian. The values L r 7 a/3 = ( L L l - k , L C£ C ) are com- 
puted just as similar values from (|29p. We note that on TM there are couples of 
distinguished sets of h- and v-components. 

0.3 The Layout of the Book 

This book is organized in three Parts comprising fifteen Chapters. Every Chapter 
represents a research paper, begins with an Abstract and ends with a Bibliography. We 
try to follow the original variants of the selected works but subject the text to some 
minimal grammar and style modifications if it is necessary. 

The Foreword outlines the main results on modelling locally anisotropic and/or non- 
commutative structures in modern gravity and geometric mechanics. Chapter presents 
an Introduction to the book: There are stated the main principles and concepts both 
for the experts in differential geometry and applications and for the beginners on Finsler 
and Lagrange geometry. We discuss the main references and results in such directions 
and present the corresponding list of references. 

The Part I consists of three Chapters. 

Chapter 1 is devoted to modelling Finsler-Lagrange and Hamilton-Cartan geometries 
on metric-affine spaces provided with N-connection structure. There are defined the 
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Finsler-, Lagrange- and Hamilton-affine spaces and elaborated complete scheme of their 
classification in terms of N-adapted geometric structures. The corresponding Tables are 
presented in the Appendix section. 

Chapter 2 describes how Finsler-Lagrange metrics and connections can be extracted 
from the metric-affine gravity by introducing nonhlonomic distributions and extending 
the results for N-anholonomic manifolds. There are formulated and proved the main 
theorems on constructing exact solutions modelling such spacetimes in string gravity 
and models with nontrivial torsion and nonmetricity. Some examples of such solutions 
describing configurations with variable cosmological constants and three dimensional 
gravitational solitons propagating self-consistently in locally anisotropic spaces are con- 
structed. 

In Chapter 3 we construct exact solutions in metric-affine and string gravity with 
noncommutative symmetries defined by nontrivial N-connection structures. We general- 
ize the methods of generating such noncommutative solutions in the commutative gauge 
and Einstein gravity theories EH ESI EE] and show that they can be performed in a 
form generalizing the solutions for the black ellipsoids jH3 H2E IZZj • We prove the stability 
of such locally anisotropic black holes objects and prove that stability can be preserved 
for extensions to solutions in complex gravity. 

Part II provides an almost complect relief how the so-called "anholonomic frame 
method" of constructing exact solutions in gravity was proposed and developed. It 
reflects a set of nine electronic preprints 8 and communications at International Confer- 
ences concerning developments of a series of works jSHl EH IHU EH USE El EH EH EH EH 

mi mj i2u Eg eh cm na m eh . 

Chapter 4 reflects the results of the first work where, in four dimensional gravity, 
an exact generic off-diagonal solution with ellipsoidal symmetry was constructed. It 
develops the the results of jSH] and announces certain preliminary results published 
latter in (HHl E3 EH EH1 • 

Chapter 5 is devoted to three dimensional (3D) black holes solutions with generic 
local anisotropy. It is well known that the vacuum 3D (pseudo) Riemannian gravity is 
trivial because the curvature vanishes if the Ricci tensor is zero. The firsts nontrivial so- 
lutions were obtained by adding a nonzero cosmological constant, a torsion field or other 
contributions, for instance, from string gravity. Our idea was to generate 3D nonholo- 
nomic configurations by deforming the frame structure for nonholonomic distributions 
(with anholonomically induced torsion). The results correct the errors from a previous 
preprint (S. Vacaru, gr-qc/ 9811048) caused by testing a Maple program on generating 

8 the exact references for these preprints are given as footnotes to Abstracts at the beginnings of 
Chapters 4-12 
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off-diagonal exact solutions. In collaboration with E. Gaburov and D. Gont^a, one were 
obtained all formulas in analytic form. 

Chapter 6 shows a possible application of 3D nonholonomic exact solutions in appli- 
cations of geometric thermodynamics to black hole physics. It revises a former preprint 
(S. Vacaru, gr-qc/ 9905053) to the case of elliptic local anisotropies (a common work 
together with P. Stavrinos and D. Gonta). The results were further developed in Refs. 
jHIl EH] and partially published in monograph [HI] . 

Chapter 7 contains a research of warped configurations with generic local anisotropy. 
Such solutions prove that the running hierarchies became anisotropic if generic off- 
diagonal metric terms are included into consideration. 

Chapter 8 introduces some classes of exact black ellipsoid solutions in brane gravity 
constructed by using the N-connection formalism. This is a common work together with 
E. Gaburov. Further developments were published in [85] . 

Chapter 9 elaborates a locally anisotropic models of inflational cosmology (a work 
together with D. Gonta). Such models are defined by generic off-diagonal cosmological 
metrics and can be, for instance, with ellipsoid or toroidal symmetry [Tol I21j . 

Chapter 10 reviews in detail the "anholonomic frame method" elaborated on the base 
of N-connection formalism and various methods from Finsler and Lagrange geometry. 
There are given the bulk of technical results used in Refs. E31 IH21 EHl IHHI ESI 
and emphasized the cases of four and five dimensional ellipsoid configurations. The 
method was developed for the metric-afline spaces with N-connection structure (see 
Chapter 2) and revised for the solutions with noncommutative and Lie/Clifford algebroid 
symmetries (see Chapter 3 and Ref. [HH])- 

Chapter 11 develops the "anholonomic frame method" to the cases of toroidal con- 
figurations. Such solutions are not subjected to the restrictions of cosmic censorship 
criteria because, in general, the nonholonomic structures contain nontrivial torsion co- 
efficients and additional sources induced by the off-diagonal metric terms. Such black 
tori solutions exist in five dimensional gravity and for nonholonomic configurations they 
are not restricted by black hole uniqueness theorems. 

Chapter 12 extends the results of Chapters 10 and 11 when superpositions of ellipsoid 
and toroidal locally anisotropic configurations are constructed in explicit form. There 
are discussed possible applications in modern astrophysics as possible topological tests 
of the Einstein and extra dimension gravity. 

In Part III, we mop to several foundations of noncommutative Finsler geometry and 
generalizations. In three Chapters, there are elaborated such models following possible 
realizations of Finsler and Lagrange structures as gauge models, Riemann-Cartan or 
string models of gravity provided with N-connection structure. 
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Chapter 13 extends the theory of N-connections to the case of projective finite mod- 
ules (i.e. for noncommutative vector bundles). With respect to the noncommutative 
geometry there are outlined the necessary well known results from [TH| EDI Ell EJ but 
with the aim to introduce nonholonomic structures. Noncommutative Finsler-gauge 
theories are investigated. There are developed the results elaborated in [^4*1 I75j. 

Chapter 14 features several fundamental constructions when noncommutative Finsler 
configurations are derived in (super) string gravity. We show how locally anisotropic su- 
pergravity theories are derived in the low energy limit and via anisotropic topological 
compactification. There are analyzed noncommutative locally anisotropic field interac- 
tions. A model of anisotropic gravity is elaborated on noncommutative D-branes. Such 
constructions are provided with explicit examples of exact solutions: 1) black ellipsoids 
with noncommutative variables derived from string gravity; 2) 2D Finsler structures 
imbedded noncommutatively in string gravity; 3) moving soliton-black string configura- 
tion; 4) noncommutative anisotropic wormholes and strings. 

Chapter 15 deals with the construction of nonholonomic spin geometry from the 
noncommutative point of view. We define noncommutative nonholonomic spaces and 
investigate the Clifford-Lagrange (-Finsler) structures. We prove that any regular fun- 
damental Lagrange (Finsler) function induces a corresponding N-anholonomic spinor 
geometry and related nonholonomic Dirac operators. There are defined distinguished 
by N-connection spectral triples and proved the main theorems on extracting Finsler- 
Lagrange structures from noncommutative geometry. 

Finally, we note that Chapters 13-15 scan some directions for further developments. 
For instance, the nonholonmic distributions can be considered on Hopf structures [32], Lie 
and Clifford algebroids [7U1 [72] and in relation to exact solutions with noncommutative 
symmetries jBH]- We hope that such results will appeal to people both interested in 
noncommutative/ quantum developments of Finsler-Lagrange-Hamilton geometries and 
nonholonomic structures in gravity and string theory. 

0.4 Sources on Finsler Geometry and Applications 

We refer to the most important monographs, original articles and survey papers. 
Some of them sit in the junctions between different approaches and new applications. The 
bibliography is not exhaustive and reflects the authors interests and activity. The intend 
is to orient the nonspecialists on Finsler geometry, to emphasize some new perspectives 
and make a bridge to modern gravity and string theories and geometric mechanics. More 
specific details and discussions can be found in the references presented at the end of 
Chapters. 
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The first Finsler metric was considered by B. Riemann in his famous hability thesis 
in 1854 [32] • The geometric approach starts with the P. Finsler thesis work [23] in 1918 
and the fundamental contributions by L. Berwald ^2], a few years latter (see historical 
remarks and detailed bibliography in Refs. [313 EH1 EH EE1 EDI EI] ) • The first monograph 
in the subject was due to E. Cartan [T7] . 

The book [3H] by H. Rund was for a long time the most comprehensive monograph 
on Finsler geometry. 

In the middle of 80ths of the previous century, three new fundamental monographs 
stated renewed approaches and developments of Finsler geometry and applications: 1) 
The monograph by R. Miron and M. Anastasiei [37] elaborated a common approach to 
Finsler and Lagrange spaces following the geometry of nonlinear connections. Together 
with a set of further monographs jHHl EH EE1 E2 EE] , it reflects the results of the famous 
Romanian school on Finsler geometry and, in general, higher order generalizations of 
the Finsler-Lagrange and Cartan-Hamilton spaces. The monograph by G. Asanov [3] 
developed an approach related to new type of Finsler gauge symmetries and applications 
in relativity and field theories (the further work of his school [HIE] is related to jet exten- 
sions and generalized nonlinear gauge symmetries). The monograph by M. Matsumoto 
|3*3] reflected the style and achievements on Finsler geometry in Japan. 

Two monographs by A. Bejancu [10 j and G. Yu. Bogoslovsky ^3] complete the 
" 80ths wave" on generalizations of Finsler geometry related respectively to the geometry 
of fiber bundles and certain bimetric theories of gravity. 

During the last 15 years, the developments on Finsler geometry and applications can 
be conventionally distinguished into 5 main directions and applications (with interrela- 
tions of various sub-directions; we shall cite the works considered to be of key importance 
and discuss the items to which we contributed with our publications): 

1. Generalized Finsler geometries with applications in geometric mechanics and optimal 
control theory. On higher order generalizations, there were published the mono- 
graphs [331 ESI EH1 EE] and, related results in optimal control theory, [33I3E1- 

2. Fisler methods in biology, ecology, diffusion and physics. It was published a series 
of monographs and collections of selected works like (21 El H] (see there the main 
results and detailed references). 

3. Nonmetric Finsler geometry, generalizations, violation of local Lorentz symmetry and 
applications. The direction originates from the L. Berwald and S. S. Chern works on 
Finsler geometry, see details in monographs [HI 133]. It was a fashion in the 20-30th 
years of the previous century to consider possible applications of the Riemann- 
Cartan-Weyl geometry (with nontrivial torsion and nonmetricity fields) in physics. 
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The Berwald and Chern connections (with various re-discovering and modifications 
by Rund, Moor and others) are typical ones which do not satisfy the compatibility 
conditions with the Finsler metric. Sure, they present certain interest in differential 
geometry but with more sophisticate applications in physics [THJ 113 123 HHj (for in- 
stance, it is a quite difficult problem to define spinors on spaces with nonmetricity 
and to construct supersymmetric and noncommutative extensions of such Finsler 
spaces). Here one should be noted that the E. Cartan [T7J approach to Finsler 
geometry and a number of further developments loTi] 187] are based on canonical 
metric compatible Finsler conections and generalizations. In such cases, various 
real and complex spinor generalizations, supersymmetric models and noncommu- 
tative extensions are similar to those for the Riemann-Cartan geometry but with 
nonholonomic structures. The problem is discussed in details in Chapters 1-3 of 
this book. 

There are investigated physical models with violation of the local Lorentz sym- 
metry jU 13 13 U3 EES] being of special interest in modern gravity [13 120] • Some 
authors |§2] ITT] consider that such Finsler spacetime and field interaction theories 
are subjected to substantial experimental restrictions but one should be noted that 
their conclusions are with respect to a restricted class of theories with nonmetricity 
and local broken Lorentz symmetry without a deep analysis of the N-connection 
structure. Such experimental restrictions do not hold in the metric compatible 
models when the Finsler like structures are defined, for instance, as exact solu- 
tions in general relativity and string gravity theories (see below, in point 5, some 
additional considerations and related references). 

4. Super-Finsler spaces, Finsler-gauge gravity, locally anisotropic spinors and noncommu- 
tative geometry, geometric kinetics and stochastic processes and conservation laws. 

A new classification of curved spaces in terms of chains of nearly autoparallel maps 
(generalizing the classes of conformal transforms and geodesic maps) and their in- 
variants is possible both for the (pseudo) Riemannian and generalized Lagrange 
spaces and their supersymmetric generalizations |HT] loP] . There were formulated 
the conservation laws on Riemann-Cartan-Weyl and Finsler-Lagrange spaces de- 
fined by the basic equations and invariant conditions for nearly autoparallel maps. 
It was also proven that the field equations of the Finsler-Lagrange (super) gravity 
can be formulated as Yang-Mills equations in affine (super) bundles provided with 
Cartan type connections and N-adapted frame structures [7§] loT)]. 

In monograph JU|, there are summarized the A. Bejancu's results on gauge the- 
ories on Finsler spaces and supersymmetric models on usual manifolds but with 
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supervector fibers and corresponding nonlinear connection structures. The author 
followed the approach to superspaces from [HH] but had not used any global def- 
inition of superbundles and related nonintegrable super-distributions. It was not 
possible to do that in rigorous form without definition of spinors in Finsler spaces. 
The references |HZ1 EH E3 contains a comprehensive formulation of the geometry 
of generalized super-Finsler spaces. The approach is developed, for instance, by 
the authors of Ref . [7j . 

The idea to use spinor variables in Finsler spaces is due to Y. Takano (1983) [IHj 
(see the monograph ST. for details, discussions, and references related to further 
contributions by T. Ono and Y. Takano, P. Stavrinos and V. Balan, who used 
2-spinor variables but do not defined and do not proved the existence of general 
Clifford structures induced by Finsler metrics and connections; the spinor variables 
constructions, in that monograph, are compared with the S. Vacaru's approach to 
Finsler-spinors) . The rigorous definition of locally anisotropic spinors on Finsler 
and Lagrange spaces was given in Refs. [SHI El] which was a nontrivial task because 
on Finsler like spaces there are not even local rotation symmetries. The differential 
geometry of spinors for Finsler, Lagrange and Hamilton spaces and their higher 
order generalizations, noncommutative extensions, and their applications in mod- 
ern physics is elaborated in Refs. (EHl IHOl IHZl IHHI IH21 IHHl ESI 1^1 (ZH [Z21 IHOJ - 
The geometry of generalized Clifford-Finsler spaces, the further supersymmetric 
and noncommutative extensions, as well the proof that Finsler like structures ap- 
pear in low energy limits of string theory EH ED] demonstrate that there are 
not conceptual problems for elaborating Finsler like theories in the framework of 
standard models in physics. 

We refer also to applications of Finsler geometry in the theory of stochastic pro- 
cesses and kinetics and thermodynamics in curved spaces jHU EH]- Perhaps, the 
original idea on Finsler structures on phase spaces came from the A. A. Vlasov 
monograph |DT]. The locally anisotropic processes in the language of Finsler ge- 
ometry and generalizations were investigated in parallel by S. Vacaru [SHI EU E21 
GH3 ED ED] and by P. Antonelli, T. Zastavniak and D. Hrimiuc (see details and a 
number of applications in Refs. 0121 II])- 

Generalized Finsler-Lagrange structures in gravity and string theory, anholonomic non- 
commutative and algebroid configurations, gravitational gerbes and exact solutions. 

There is a fundamental result for certain generic off-diagonal metric ansatz in four 
and five dimensional gravity: The Einstein equations for the so-called canonical 
distinguished connections are exactly integrable and such very general solutions 
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depends on classes of functions depending on 2,3 and 4 variables (see details in 
Chapters 2, 10 and 11 and Refs. jHSl EH ESI)- Perhaps, this is the most general 
method of constructing exact solutions in gravity by using geometric methods 
and the N-connection formalism. It was applied in different models of gravity, in 
general, with nontrivial torsion and nonmetricity. 

Additionally to the formulas and references considered in Sections 0.1 and 0.2, we 
note that we analyzed the Finsler structures in explicit form in Refs. j^U EH] and 
that there are formulated explicit criteria when the Finsler-Lagrange geometries 
can be modelled in metric-affme, Riemann-Cartan, string and Einstein gravity 
models by corresponding nonholononmic frame and N-connection structures (see 
Chapters 1 and 2 and Refs. [73^ I57|). 

Section 0.3 outlines the main results and our publications related to modelling 
locally anisotropic configurations as exact solutions in gravity and generalization 
to noncommutative geometry, Lie/ Clifford algebroids and gerbes. Finally, we cite 
the works j90[ HO] where 'hidden connections between general relativity and Finsler 
geometry' are discussed following alternative methods. 
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Chapter 1 



Generalized Finsler Geometry in 
Einstein, String and Metric— Affine 
Gravity 

Abstract 1 

We develop the method of anholonomic frames with associated nonlinear connec- 
tion (in brief, N-connection) structure and show explicitly how geometries with local 
anisotropy (various type of Finsler-Lagrange-Cartan-Hamilton spaces) can be modelled 
on the metric-affine spaces. There are formulated the criteria when such generalized 
Finsler metrics are effectively defined in the Einstein, teleparallel, Riemann-Cartan and 
metric-affine gravity We argue that every generic off-diagonal metric (which can not be 
diagonalized by coordinate transforms) is related to specific N-connection configurations. 
We elaborate the concept of generalized Finsler-affine geometry for spaces provided with 
arbitrary N-connection, metric and linear connection structures and characterized by 
gravitational field strengths, i. e. by nontrivial N-connection curvature, Riemannian 
curvature, torsion and nonmetricity. We apply an irreducible decomposition techniques 
(in our case with additional N-connection splitting) and study the dynamics of metric- 
affine gravity fields generating Finsler like configurations. The classification of basic 
eleven classes of metric-affine spaces with generic local anisotropy is presented. 

Pacs: 04.50.+h, 02.40.-k, 

MSC numbers: 83D05, 83C99, 53B20, 53C60 

1 © S. Vacaru, Generalized Finsler Geometry in Einstein, String and Metric- Affine Gravity, 
hep-th/ 0310132 
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CHAPTER 1. LAGRANGE AND FINSLER-AFFINE GRAVITY 



1.1 Introduction 

Brane worlds and related string and gauge theories define the paradigm of modern 
physics and have generated enormous interest in higher-dimensional spacetimes amongst 
particle and astrophysics theorists (see recent advances in Refs. [HI2JIS] and an outline of 
the gauge idea and gravity in Refs. [HE])- The unification scheme in the framework of 
string/ brane theory indicates that the classical (pseudo) Riemannian description is not 
valid on all scales of interactions. It turns out that low-energy dilaton and axi-dilaton 
interactions are tractable in terms of non-Riemannian mathematical structures possess- 
ing in particular anholonomic (super) frame [equivalently, (super) vielbein] fields [Oj, 
noncommutative geometry [Zj, quantum group structures [B] all containing, in general, 
nontrivial torsion and nonmetricity fields. For instance, in the closest alternatives to gen- 
eral relativity theory, the teleparallel gravity models jU] , the spacetime is of Witzenbock 
type with trivial curvature but nontrivial torsion. The frame or co-frame filed (tetrad, 
vierbein, in four dimensions, 4D) is the basic dynamical variable treated as the gauge 
potential corresponding to the group of local translations. 

Nowadays, it was established a standard point of view that a number of low energy 
(super) string and particle physics interactions, at least the nongravitational ones, are 
described by (super) gauge potentials interpreted as linear connections in suitable (super) 
bundle spaces. The formal identity between the geometry of fiber bundles ^Hj and gauge 
theory is recognized since the works ^T] (see a recent discussing in connection to a unified 
description in of interactions in terms of composite fiber bundles in Ref. |12j). 

The geometry of fiber bundles and the moving frame method originating from the E. 
Cartan works [H] constitute a modern approach to the Finsler geometry and generaliza- 
tions (also suggested by E. Cartan jTHj but finally elaborated in R. Miron and M. Anas- 
tasiei works [El), see some earlier and recent developments in Refs. [Tol ITo^ ITTj IT%1 IT5]. 
Various type of geometries with local anisotropy (Finsler, Lagrange, Hamilton, Cartan 
and their generalizations, according to the terminology proposed in Jl]), are modelled on 
(co) vector / tangent bundles and their higher order generalizations (2111201 with different 
applications in Lagrange and Hamilton mechanics or in generalized Finsler gravity. Such 
constructions were defined in low energy limits of (super) string theory and supergravity 
j23 EH] and generalized for spinor bundles [21] and affine- de Sitter frame bundles 
provided with nonlinear connection (in brief, N-connection) structure of first and higher 
order anisotropy. 

The gauge and moving frame geometric background is also presented in the metric- 
affine gravity (MAG) jl] . The geometry of this theory is very general being described 
by the two-forms of curvature and of torsion and the one-form of nonmetricity treated 
respectively as the gravitational field strengths for the linear connection, coframe and 
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metric. The kinematic scheme of MAG is well understood at present time as well certain 
dynamical aspects of the vacuum configurations when the theory can be reduced to an 
effective Einstein-Proca model with nontrivial torsion and nonmetricity flfi \ I27 | 129j. 
There were constructed a number of exact solutions in MAG connecting the theory to 
modern string gravity and another extra dimension generalizations |3UJ HH] E2| • Never- 
theless, one very important aspect has not been yet considered. As a gauge theory, the 
MAG can be expressed with respect to arbitrary frames and/or coframes. So, if we intro- 
duce frames with associated N-connection structure, the MAG should incorporate mod- 
els with generic local anisotropy (Finsler like ones and their generalizations) which are 
distinguished by certain prescriptions for anholonomic frame transforms, N-connection 
coefficients and metric and linear connection structures adapted to such anholonomic 
configurations. Roughly speaking, the MAG contains the bulk of known generalized 
Finsler geometries which can be modelled on metric-affine spaces by defining splitting 
on subspaces like on (co) vector/ tangent bundles and considering certain anholonomi- 
cally constrained moving frame dynamics and associated N-connection geometry. 

Such metric-affine spaces with local anisotropy are enabled with generic off-diagonal 
metrics which can not be diagonalized by any coordinate transforms. The off-diagonal 
coefficients can be mapped into the components of a specific class of anholonomic frames, 
defining also the coefficients of the N-connection structure. It is possible to redefine 
equivalently all geometrical values like tensors, spinors and connections with respect to 
N-adapted anholonomic bases. If the N-connection, metric and linear connections are 
chosen for an explicit type of Finsler geometry, such a geometric structure is modelled on 
a metric-affine space (we claim that a Finsler-affine geometry is constructed). The point 
is to find explicitly by what type of frames and connections a locally anisotropic structure 
can be modelled by exact solutions in the framework of MAG. Such constructions can 
be performed in the Einstein-Proca sector of the MAG gravity and they can be defined 
even in general relativity theory (see the partners of this paper with field equations and 
exact solutions in MAG modelling Finsler like metrics and generalizations |33j). 

Within the framework of moving frame method [U], we investigated in a series of 
works EH! EZl the conditions when various type of metrics with noncommutative 

symmetry and/or local anisotropy can be effectively modelled by anholonomic frames on 
(pseudo) Riemannian and Riemann-Cartan spaces [SB]- We constructed explicit classes 
of such exact solutions in general relativity theory and extra dimension gravity models. 
They are parametrized by generic off-diagonal metrics which can not diagonalized by 
any coordinate transforms but only by anholonomic frame transforms. The new classes 
of solutions describe static black ellipsoid objects, locally anistoropic configurations with 
toroidal and/ or ellipsoidal symmetries, wormholes/ flux tubes and Taub-NUT metrics 
with polarizied constants and warped spinor-soliton-dilaton configurations. For cer- 
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tain conditions, some classes of such solutions preserve the four dimensional (4D) local 
Lorentz symmetry. 

Our ongoing effort is to model different classes of geometries following a general 
approach to the geometry of (co) vector/tangent bundles and affine-de Sitter frame 
bundles [25J and superbundles [2B] and or anisotropic spinor spaces [21] provided with 
N-connection structures. The basic geometric objects on such spaces are defined by 
proper classes of anholonomic frames and associated N-connections and correspond- 
ingly adapted metric and linear connections. There are examples when certain Finsler 
like configurations are modelled by some exact solutions in Einstein or Einstein-Cartan 
gravity and, inversely (the outgoing effort), by using the almost Hermitian formula- 
tion 1201 121] of Lagrange/Hamilton and Finsler/Cartan geometry, we can consider 
Einstein and gauge gravity models defined on tangen/cotangent and vector /covector 
bundles. Recently, there were also obtained some explicit results demonstrating that the 
anholonomic frames geometry has a natural connection to noncommutative geometry 
in string/M-theory and noncommutative gauge models of gravity [HBl E7] (on existing 
approaches to noncommutative geometry and gravity we cite Refs. |7J. 

We consider torsion fields induced by anholonomic vielbein transforms when the 
theory can be extended to a gauge (S], metric-afline |4 S , a more particular Riemann- 
Cartan case |2E] ; or to string gravity with I?-field [2]. We are also interested to define 
the conditions when an exact solution possesses hidden noncommutative symmetries, 
induced torsion and/or locally anisotropic configurations constructed, for instance, in 
the framework of the Einstein theory. This direction of investigation develops the results 
obtained in Refs. [33] and should be distinguished from our previous works on the 
geometry of Clifford and spinor structures in generalized Finsler and Lagrange-Hamilton 
spacetimes j21]. Here we emphasize that the works [3H EI3 HUH EH 121] were elaborated 
following general methods of the geometry of anholonomic frames with associated N- 
connections in vector (super) bundles 120] |2B]- The concept of N-connection was 
proposed in Finsler geometry [THl H3 CHI 113 CHI CH] ■ As a set of coefficients it was firstly 
present the E. Cartan's monograph J3] and then was elaborated in a more explicit form 
by A. Kawaguchi [2H]. It was proven that the N-connection structures can be defined 
also on (pseudo) Riemannian spaces and certain methods work effectively in constructing 
exact solutions in Einstein gravity [2H EH ES] • 

In order to avoid possible terminology ambiguities, we note that for us the definition 
of N-connection is that proposed in global form by W. Barthel in 1963 [HI] when a N- 
connection is defined as an exact sequence related to a corresponding Whitney sum of 
the vertical and horizontal subbundles, for instance, in a tangent vector bundle. 2 This 



2 Instead of a vector bundle we can consider a tangent bundle, or cotangent /covector ones, or even 
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concept is different from that accepted in Ref. [12] were the term 'nonlinear connection' is 
used for tetrads as N-connections which do not transform inhomogeneously under local 
frame rotations. That approach invokes nonlinear realizations of the local spacetime 
group (see also an early model of gauge gravity with nonlinear gauge group realizations 
[13*] and its extensions to Finsler like "213 or noncommutative gauge gravity theories [36J). 

In summary, the aim of the present work is to develop a unified scheme of anholonomic 
frames with associated N-connection structure for a large number of gauge and gravity 
models (in general, with locally isotropic and anisotropic interactions and various tor- 
sion and nonmetricity contributions) and effective generalized Finsler- Weyl-Riemann- 
Cartan geometries derived from MAG. We elaborate a detailed classification of such 
spaces with nontrivial N-connection geometry. The unified scheme and classification 
were inspired by a number of exact solutions parametrized by generic off-diagonal met- 
rics and anholonomic frames in Einstein, Einstein-Cartan and string gravity. The result- 
ing formalism admits inclusion of locally anisotropic spinor interactions and extensions 
to noncommutative geometry and string/ brane gravity [221 EH El HUH EH1 EH] ■ Thus, the 
geometry of metric-afline spaces enabled with an additional N-connection structure is 
sufficient not only to model the bulk of physically important non-Riemannian geometries 
on (pseudo) Riemannian spaces but also states the conditions when effective spaces with 
generic anisotropy can be derived as exact solutions of gravitational and matter field 
equations. In the present work we pay attention to the geometrical (pre-dynamical) as- 
pects of the generalized Finsler-affine gravity which constitute a theoretical background 
for constructing a number of exact solutions in MAG in the partner papers [*"3*j . 

The article is organized as follows. We begin, in Sec. 2, with a review of the main 
concepts from the metric-affine geometry and the geometry of anholonomic frames with 
associated N-connections. We introduce the basic definitions and formulate and prove 
the main theorems for the N-connection, linear connection and metric structures on 
metric-affine spaces and derive the formulas for torsion and curvature distinguished by 
N-connections. Next, in Sec. 3, we state the main properties of the linear and nonlinear 
connections modelling Finsler spaces and their generalizations and consider how the N- 
connection structure can be derived from a generic off-diagonal metric in a metric-afline 
space. Section 4 is devoted to the definition and investigation of generalized Finsler- 
affine spaces. We illustrate how by corresponding parametrizations of the off-diagonal 
metrics, anholonomic frames, N-connections and distinguished connections every type of 
generalized Finsler-Lagrange-Cartan-Hamilton geometry can be modelled in the metric- 



general manifolds of necessary smooth class with adapted definitions of global sums of horizonal and 
vertical subspaces. The geometry of N-connections is investigated in details in Refs. |41l 1141 """Til 1241 125| 
for various type of spaces. 
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affine gravity or any its restrictions to the Einstein-Cartan and general relativity theory 
In Sec. 5, we conclude the results and point out how the synthesis of the Einstein, MAG 
and generalized Finsler gravity models can be realized and connected to the modern 
string gravity In Appendix we elaborate a detailed classification of eleven classes of 
spaces with generic local anisotropy (i. e. possessing nontrivial N-connection structure) 
and various types of curvature, torsion and nonmetricity distinguished by N-connections. 

Our basic notations and conventions combine those from Refs. jH IHH EH] and 
contain an interference of traditions from MAG and generalized Finsler geometry. The 
spacetime is modelled as a manifold V n+m of necessary smoothly class of dimension 
n + m. The Greek indices a, (3, ... can split into subclasses like a = (i,a) , (3 — (j,b) ... 
where the Latin indices from the middle of the alphabet, i,j, k, ... run values 1, 2, ...n and 
the Latin indices from the beginning of the alphabet, a, b, c, ... run values n + 1, n + 2, 

n + m. We follow the Penrose convention on abstract indices 03] and use under- 
lined indices like a = (i, a) , for decompositions with respect to coordinate frames. The 
notations for connections T ^, metrics g a p and frames e a and coframes $ /3 , or other geo- 
metrical and physical objects, are the standard ones from MAG if a nonlinear connection 
(N-connection) structure is not emphasized on the spacetime. If a N-connection and 
corresponding anholonomic frame structure are prescribed, we use "boldfaced" symbols 
with possible splitting of the objects and indices like V n+m , T a p = (L l jk , L^ k , Cj c , C£ c ) , 
Saf3 = (gij, h a b) , G a = (e«, e a ) , ...being distinguished by N-connection (in brief, we use the 
terms d-objects, d-tensor, d-connection in order to say that they are for a metric-affine 
space modelling a generalized Finsler, or another type, anholonomic frame geometry). 
The symbol " =" will be used is some formulas which state that the relation is introduced 
"by definition" and the end of proofs will be stated by symbol ■. 

1.2 Metric— Affine Spaces and Nonlinear Connecti- 
ons 

We outline the geometry of anholonomic frames with associated nonlinear connec- 
tions (in brief, N-connections) in metric-affine spaces which in this work are necessary 
smooth class manifolds, or (co) vector/ tangent bundles provided with, in general, in- 
dependent nonlinear and linear connections and metrics, and correspondingly derived 
strengths like N-connection curvature, Riemannian curvature, torsion and nonmetric- 
ity. The geometric formalism will be applied in the next sections where we shall prove 
that every class of (pseudo) Riemannian, Kaluza-Klein, Einstein-Cartan, metric-affine 
and generalized Lagrange-Finsler and Hamilton-Cartan spaces is characterized by cor- 
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responding N-connection, metric and linear connection structures. 

1.2.1 Linear connections, metrics and anholonomic frames 

We briefly review the standard results on linear connections and metrics (and related 
formulas for torsions, curvatures, Ricci and Einstein tensors and Bianchi identities) de- 
fined with respect to arbitrary anholonomic bases in order to fix a necessary reference 
which will be compared with generalized Finsler-affme structures we are going to propose 
in the next sections for spaces provided with N-connection. The results are outlined in a 
form with conventional splitting into horizontal and vertical subspaces and sub-indices. 
We follow the Ref. but we use Greek indices and denote a covariant derivative by D 
preserving the symbol y for the Levi-Civita (metric and torsionless) connection. Similar 
formulas can be found, for instance, in Ref. 

Let V n+m be a (n + m) -dimensional underlying manifold of necessary smooth class 
and denote by TV n+m the corresponding tangent bundle. The local coordinates on 
V n+m ,u = {u— = (x l ,y-)} conventionally split into two respective subgroups of "hori- 
zontal" coordinates (in brief, h-coordinates) , x = (x 1 ), and "vertical" coordinates (v- 
coordinates) , y = (y-) , with respective indices running the values ... = 1, 2, n and 
a,b, ... = n+2, ...,n+m. The splitting of coordinates is treated as a formal labelling 
if any fiber and/or the N-connection structures are not defined. Such a splitting of ab- 
stract coordinates u a = (x\y a ) may be considered, for instance, for a general (pseudo) 
Riemannian manifold with x % being some 'holonomic" variables (unconstrained) and y a 
being "anholonomic" variables (subjected to some constraints), or in order to parametrize 
locally a vector bundle (E, /x, F, M) defined by an injective surjection \x : E — > M from 
the total space E to the base space M of dimension dimM = n, with F being the 
typical vector space of dimension dimF = m. For our purposes, we consider that both 
M and F can be, in general, provided with metric structures of arbitrary signatures. 
On vector bundles, the values x = (x l ) are coordinates on the base and y = (y a ) are 
coordinates in the fiber. If dimM = dimF, the vector bundle E transforms into the 
tangent bundle TM. The same conventional coordinate notation u a = (x l ,y a —>■ p a ) can 
be used for a dual vector bundle (E, /i, F*, M) with the typical fiber F* being a covector 
space (of 1-forms) dual to F, where p a are local (dual) coordinates. For simplicity, we 
shall label y a as general coordinates even for dual spaces if this will not result in ambigu- 
ities. In general, our geometric constructions will be elaborated for a manifold V n+m (a 
general metric-affme spaces) with some additional geometric structures and fibrations 
to be stated or modelled latter (for generalized Finsler geometries) on spacetimes under 
consideration. 

At each point p e y n + m ^ there are defined basis vectors (local frames, vielbeins) e a = 
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A a -(u)da G TV n+m , with da = d/du— being tangent vectors to the local coordinate lines 
u— = u-{t) with parameter r. In every point p, there is also a dual basis = A^p{u)dv^- 

with du@- considered as coordinate one forms. The duality conditions can be written 
in abstract form by using the interior product J, e a \~&^ = 5%, or in coordinate form 
A ( ^-A l3 a = 6%, where the Einstein rule of summation on index a is considered, <5f is the 
Kronecker symbol. The "not underlined" indices a, /3, or i,j, ... and a,b, ... are treated 
as abstract labels (as suggested by R. Penrose). We shall underline the coordinate indices 
only in the cases when it will be necessary to distinguish them from the^abstract ones. 

Any vector and 1-form fields, for instance, X and, respectively, Y on V n+rn are 
decomposed in h- and v-irreducible components, 

X = X a e a = X { e, + X a e a = X*d & = X% + X^ 

and 

Y = Y a d a = YiP + Y a d a = YJlu^ = Yidx 1 - + YJiy-. 
We shall omit labels like for forms if this will not result in ambiguities. 

Definition 1.2.1. A linear (affine) connection D on V n+m is a linear map (operator) 
sending every pair of smooth vector fields (X, Y) to a vector field D X Y such that 

D x (sY + Z) = sD x Y + D X Z 

for any scalar s = const and for any scalar function f (u a ) , 

D x (fY) = fD x Y + (X/) Y and D x f = Xf. 

D X Y is called the covariant derivative of Y with respect to X (this is not a tensor). 
But we can always define a tensor DY : X — > D X Y. The value DY is a (1, 1) tensor field 
and called the covariant derivative of Y. 

With respect to a local basis e a , we can define the scalars r a ^ 7 , called the components 
of the linear connection D, such that 

D a e p = r 7 ^e 7 and D a & = -V^JT 

were, by definition, D a = D £a and because = const. 
We can decompose 

D X Y = {D x Yf = [ejYf>) + V^] e p = Y? a X a (1.1) 

where Y^ a are the components of the tensor DY. 
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It is a trivial proof that any change of basis (vielbein transform), e a > = B^e a , 
with inverse B a a , results in a corresponding (nontensor) rule of transformation of the 
components of the linear connection, 



pa nc 

1 0/y - tS 



Definition 1.2.2. A local basis ep is anhlonomic (nonholonomic) if there are satisfied 
the conditions 

e a ep - epe a = uP a pe 1 (1.3) 
for certain nontrivial anholonomy coefficients w^a = w^(u T ). A such basis is holonomic 

'/>;,, : o. 

For instance, any coordinate basis d a is holonomic. Any holonomic basis can be 
transformed into a coordinate one by certain coordinate transforms. 

Definition 1.2.3. The torsion tensor is a tensor field T defined by 

T (X, Y) = D X Y - D Y X - [X, Y], (1.4) 
where [X, Y] = XY — YX, for any smooth vector fields X and Y. 

The components T 7 a/3 of a torsion T with respect to a basis e a are computed by 
introducing X = e a and Y = eg in (jl.4|) . 

T (e a , ep) = D a ep - D p e a - [e a , ep] = T 7 Q/3 e 7 

where 

We note that with respect to anholonomic frames the coefficients of anholonomy uf^a 
are contained in the formula for the torsion coefficients (so any anholonomy induces a 
specific torsion). 

Definition 1.2.4. The Riemann curvature tensor 1Z is defined as a tensor field 

K (X, Y)Z — D Y D X Z - D X D Y Z + D [XX] Z. (1.6) 

We can compute the components R a ^ of curvature 1Z, with respect to a basis e a are 
computed by introducing X = e 7 , Y = e T , Z = ep in (|1.6|) . One obtains 

7Z (e 7 , e T ) ep = R p^ T e a 
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where 

R a /3~/T = e r (r a /3 7 ) — e 7 (r a ^ T ) + r^r"^. — r^ r r a V7 + w" T r a p u . (1.7) 

We emphasize that the anholonomy and vielbein coefficients are contained in the formula 
for the curvature components (jl.6j) . With respect to coordinate frames, e T = d T , with 
w v = 0, we have the usual coordinate formula. 

Definition 1.2.5. The Ricci tensor IZi is a tensor field obtained by contracting the 
Riemann tensor, 

R ^ = R^i-a- (1.8) 
We note that for a general affine (linear) connection the Ricci tensor is not symmetric 

R /3t =F R t/3- 

Definition 1.2.6. A metric tensor is a (0,2) symmetric tensor field 

defining the quadratic (length) linear element, 

ds 2 = g a[3 {u<)d a ^ = g^{u^)du^du^. 

For physical applications, we consider spaces with local Minkowski signature, when 
locally, in a point iqj, the diagonalized metric is (7a/3(Mo) = Vaj3 = (1, — 1, — 1, ---) or, 
for our further convenience, we shall use metrics with the local diagonal ansatz being 
defined by any permutation of this order. 

Theorem 1.2.1. If a manifold V n+m is enabled with a metric structure g, then there 
is a unique torsionless connection, the Levi-Civita connection D = y, satisfying the 
metricity condition 

V9 = 0. (1.9) 

The proof, as an explicit construction, is given in Ref. j l">j. Here we present the 
formulas for the components T° p T of the connection y, computed with respect to a 
basis e T , 

T v a/3 7 = 9 {e a , V 7 e /9) = 9ar^y a/3 (1-10) 
= 2 [ 6/3 ( 9a ^ + 67 ~~ 6a + W \p9ar + wT a 7 9l3r - W T pi g aT \ . 

By straightforward calculations , we can check that 

Va9/3j = e a [gp^) - p a g Ti - Y T y ia gp T = 
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and, using the formula (|1.5|) . 

t 7 - r 7 - r 7 - vP = o 

We emphasize that the vielbein and anholonomy coefficients are contained in the formulas 
for the components of the Levi-Civita connection aj3 (jl.lOjl given with respect to an 
anholonomic basis e a . The torsion of this connection, by definition, vanishes with respect 
to all bases, anholonomic or holonomic ones. With respect to a coordinate base d a , the 
components T v a/ g 7 (|1.10|) transforms into the so-called 1-st type Christoffel symbols 

r a/3 7 = T 2f3y = {«W = \ (fy&*y + d^g 0a - d a g^p) . (1.11) 

If a space y n+m posses a metric tensor, we can use g a p and the inverse values g a ^ for 
lowering and upping indices as well to contract tensor objects. 



Definition 1.2.7. 

a) The Ricci scalar R is defined 

R = g a/3 R a p, 

where R a p is the Ricci tensor 

b ) The Einstein tensor Q has the coefficients 



G a /3 -i- R a /3 — y^aPi 

with respect to any anholonomic or anholonomic frame e a . 

We note that G a p and R a p are symmetric only for the Levi-Civita connection y and 
that XJ a G a ^ = 0. 

It should be emphasized that for any general affine connection D and metric g struc- 
tures the metric compatibility conditions (jl.9j) are not satisfied. 

Definition 1.2.8. The nonmetricity field 

Q = Qa/3 ® & 

on a space V n+m is defined by a tensor field with the coefficients 

Q-ya/3 =F — D 1 g a p (1-12) 

where the covariant derivative D is defined by a linear connection 1-form Y 1 a = Y^^'d" . 
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In result, we can generalize the concept of (pseudo) Riemann space [defined only by 
a locally (pseudo) Euclidean metric inducing the Levi-Civita connection with vanish- 
ing torsion] and Riemann-Cartan space [defined by any independent metric and linear 
connection with nontrivial torsion but with vanishing nonmetricity] (see details in Refs. 



Definition 1.2.9. A metric- affine space is a manifold of necessary smooth class provided 
with independent linear connection and metric structures. In general, such spaces posses 
nontrivial curvature, torsion and nonmetricity (called strength fields) . 

We can extend the geometric formalism in order to include into consideration the 
Finsler spaces and their generalizations. This is possible by introducing an additional 
fundamental geometric object called the N-connection. 

1.2.2 Anholonomic frames and associated N— connections 

Let us define the concept of nonlinear connection on a manifold V n+m . 3 We denote 
by vr T : TV n+m -> TV n the differential of the map vr : V n+m -> V n defined as a fiber- 
preserving morphism of the tangent bundle (TV n+m , te, V n ) to V n+m and of tangent 
bundle (TV n , r, V n ) . The kernel of the morphism n T is a vector subbundle of the vector 
bundle (TV n+m , t e , V n+m ) . This kernel is denoted (vV n+m , r v , V n+m ) and called the 
vertical subbundle over V n+m . We denote the inclusion mapping by % : vV n+m —>■ TV n+m 
when the local coordinates of a point u G yn+m are wr j^ en u a _ (x % ,y a ) , where the 
values of indices are k, ... = 1, 2, n and a, b, c, ... — n + 1, n + 2, n + m. 

A vector X u e Ty +m , tangent in the point u e y n + m ^ j s locally represented as (x, y, 
X,X) = (x\y a ,X\X a ) , where (X*) GlR n and (X a ) e!R m are defined by the equality 
X u = X % di + X a d a [d a = (di,d a ) are usual partial derivatives on respective coordinates 

x % and y a ]. For instance, ti t ( x, y, X, X ) = (x,X) and the submanifold vV n+m contains 



elements of type yx, y,0,Xj and the local fibers of the vertical subbundle are isomor- 
phic to H m . Having tt t (d a ) = 0, one comes out that d a is a local basis of the vertical 
distribution u — > v u V n+m on V n+m , which is an integrable distribution. 

Definition 1.2.10. A nonlinear connection (N-connection) N in a space (V n+m ,TT,V n ) 
is defined by the splitting on the left of the exact sequence 



HEH): 




_> v V n+m -> TV n+m /vV n+m -> 0, 



(1.13) 



3 see Refs. ^3^3 for original results and constructions on vector and tangent bundles. 
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i. e. a morphism of manifolds N : TV n ^ 
uY n+m 



v yn+m suc /j C o i is the identity on 



The kernel of the morphism N is a subbundle of (TV n+m , te, V n+m ) , it is called the 
horizontal subspace (being a subbundle for vector bundle constructions) and denoted 
by (hV n+m , r H , V n+m ) . Every tangent bundle (TV n+m , r E , V n+m ) provided with a N- 
connection structure is a Whitney sum of the vertical and horizontal subspaces (in brief, 
h- and v- subspaces), i. e. 



TV 



n+m 



hV n+m © vV 



n+m 



;i.i4) 



It is proven that for every vector bundle (y n+m , ir, V n ) over a compact manifold V n there 
exists a nonlinear connection (the proof is similar if the bundle structure is modelled 
on a manifold). 4 

A N-connection N is defined locally by a set of coefficients N^(u a ) = N" 1 ^, y b ) 
transforming as 



NS 



M a „ N° 



dM a 

y a 



;i.i5) 



dx i a 1 dx i 

under coordinate transforms on the space (V n+m ,ix, M) when x 1 ' = x % ' (x l ) and y a ' = 
{x)y a . The well known class of linear connections consists a particular parametization 
of its coefficients N? to be linear on variables y b , 

N?(x^y b ) = T a bl (xi)y b . 

A N-connection structure can be associated to a prescribed ansatz of vielbein trans- 
forms 



4f(«) 



A p Ju 



zRu) N b (u)e b Hu) 

eMu) 

e\(u) 




-N b {u)e\{u) 



;i.l6) 
[1.17) 



in particular case = Sj and e a - = 5f with 5j and <5f being the Kronecker symbols, 
defining a global splitting of V n+m into "horizontal" and "vertical" subspaces with the 
N-vielbein structure 

e a = e Q -<9a and ^ = e^^du^. 

4 We note that the exact sequence (| 1 . 1 31) defines the N connection in a global coordinate free form. In 
a similar form, the N-connection can be defined for covector bundles or, as particular cases for (co) tan- 
gent bundles. Generalizations for superspaces and noncommutative spaces are considered respectively 
in Refs. |23] and [2DE!- 
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In this work, we adopt the convention that for the spaces provided with N-connection 
structure the geometrical objects can be denoted by "boldfaced" symbols if it would be 
necessary to distinguish such objects from similar ones for spaces without N-connection. 
The results from subsection 11.2.11 can be redefined in order to be compatible with the 
N-connection structure and rewritten in terms of "boldfaced" values. 

A N-connection N in a space V n+m is parametrized, with respect to a local coordinate 
base, 

a a = a a ) = = ( A JL ) (i.is) 

v ' ; du a \dx % dy a J y ' 

and dual base (cobase), 

d a = (d\ d a ) = du a = {dx\ dy a ), (1.19) 
by its components N?(u) = iVf(x, y), 

N = N?(u)<P <g> da- 
ft is characterized by the N-connection curvature f2 = {^«} as a Nijenhuis tensor field 
N v (X, Y) associated to N , 

n = N v = [vX, vY] +v[X,Y]-v [vX, Y]—v [X, vY] , 
for X,Y G X (V n+m ) jH] and [, ] denoting commutators. In local form one has 

n = ift?,tr a d? ® d a , 

2 J 



8N a dNf ,dN? ,dN a 

n« = Sum = ?pr - — 4- + N*—j- - N'^fj-. (i.2o) 

13 [0 lJ dxi dx l 1 dy b 3 dy b y ' 

The 'N-elongated' operators Sj from (jl.2(J|) are defined from a certain vielbein con- 
figuration induced by the N-connection, the N-elongated partial derivatives (in brief, 
N-derivatives) 

e a = 5 a = (5, t , da )^±.= (± = di - N? (u) d a , A) (1.21) 

and the N-elongated differentials (in brief, N-differentials) 

<&P = 5 P = (d\ 5 a ) = 5u a = {5x i = dx\ 5y a = dy a + Nf (u) dx l ) (1.22) 
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called also, respectively, the N-frame and N-coframe. 5 

The N-coframe (|1.22|) is anholonomic because there are satisfied the anholonomy 
relations (jl.3|) . 

[S a , 5p} = 5 a 5i3 - 5f}5 a = w 7 Q/3 (u) <5 7 (1.23) 

for which the anholonomy coefficients w^ 7 (u) are computed to have certain nontrivial 
values 

W< V* = = n ?P ™\a = -w^ = d a Nl (1.24) 

We emphasize that the N-connection formalism is a natural one for investigating 
physical systems with mixed sets of holonomic-anholonomic variables. The imposed an- 
holonomic constraints (anisotropies) are characterized by the coefficients of N-connection 
which defines a global splitting of the components of geometrical objects with respect to 
some 'horizontal' (holonomic) and 'vertical' (anisotropic) directions. In brief, we shall 
use respectively the terms h- and/or v-components, h- and/or v-indices, and h- and/or 
v-subspaces 

A N-connection structure on \ n+m defines the algebra of tensorial distinguished (by 
N-connection structure) fields dT (j 1 v n+m ) (d-fields, d-tensors, d-objects, if to follow 
the terminology from [Tl]) on Y n+m introduced as the tensor algebra T = {T^J} of the 
distinguished tangent bundle V {d) , p d : hV n+m © v V n+m -> V n+m . An element t e 7^ r , 

(p r \ 
s ) > can be written in local form as 

* = ^Xbl-'Z (") S h ® - ® K ® ^1 ® - ® 9 «r ® ^ ® - ® ^ ® ^ - ® 

There are used the denotations X (V {d) ) (or X(y n+m ), A p (V {d) ) (or A p (V n+m ) and 
T (V(d)) (or JF (V n+m )) for the module of d-vector fields on V( d ) (or V n+m ), the exterior 
algebra of p-forms on V(d) (or V n+m ) and the set of real functions on V(d) ( or V ra+m ). 

1.2.3 Distinguished linear connection and metric structures 

The d-objects on Vu) are introduced in a coordinate free form as geometric objects 
adapted to the N-connection structure. In coordinate form, we can characterize such 
objects (linear connections, metrics or any tensor field) by certain group and coordinate 

5 We shall use both type of denotations e a = S a and -& 13 = S a in order to preserve a connection to 
denotations from Refs. [HIES E1E1ES1 E3 E3 ■ The 'boldfaced' symbols e a and tfP are written in 
order to emphasize that they define N-adapted vielbeins and the symbols 5 a and S 13 will be used for 
the N-elongated partial derivatives and, respectively, differentials. 



18 



CHAPTER 1. LAGRANGE AND FINSLER-AFFINE GRAVITY 



transforms adapted to the N-connection structure on V n+m , i. e. to the global space 
splitting ()1.14j) into h- and v-subspaces. 

d— connections 

We analyze the general properties of a class of linear connections being adapted to 
the N-connection structure (called d-connections). 

Definition 1.2.11. A d-connection D on Vm) ^ s defined as a linear connection D, 
see Definition \1.2.1\ on V(d) conserving under a 'parallelism the global decomposition 
ofT\ n+m \1.14\) into the horizontal subbundle, h\ n+m , and vertical subbundle, v\ n+m , 
o/V(d). 

A N-connection induces decompositions of d-tensor indices into sums of horizontal 
and vertical parts, for example, for every d-vector X G X (V (d) ) and 1-form X G A 1 (V (d) ) 
we have respectively 

X = hX + vX and X = hX + vX. 

For simplicity, we shall not use boldface symbols for d-vectors and d-forms if this will not 
result in ambiguities. In consequence, we can associate to every d-covariant derivation 
Dx = XJD two new operators of h- and v-covariant derivations, Dx = D% + D%, 
defined respectively 

D l i ] Y = B hX Y and D [ $Y = B vX Y, 

for which the following conditions hold: 

B X Y = D l £ ] Y + D l $Y, (1.25) 

D [ Pf = (hX)f and D [ $f = (vX)f, 

for any X, Y G X (E) , / G T (V n+m ) . 

The N-adapted components of a d-connection D a = (<5 Q JD) are defined by the 
equations 

from which one immediately follows 

r^(u) = (D^)j^. (1.26) 

The operations of h- and v-covariant derivations, D k = {L 1 ^, L% k } and Dc = {Cj k , C bc } 
(see (|1.25|) ) are introduced as corresponding h- and v-parametrizations of ()1.26|) . 

L) k = (p k 6i)\d*, L a bk = (V k d b )\5 a (1.27) 
Cj e = (T> c 5 3 )\d\ C a bc ={V c d b )\5 a . (1.28) 
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A set of h-components (|1.27|) and v-components ([1.280 . distinguished in the form T 7 a ^ 
= (Lj k , L bk , Cj c , C bc ), completely defines the local action of a d-connection D in V n+m . 

For instance, having taken a d-tensor field of type ^ j j J , t = t™ b 8i ® d a <g> <9 J ® 5 b , 

and a d- vector X = + X a <9 a we can write 

D x t =L>f t+L>gt = (X k tf blk + X c tf b±c ) 6,®d a ^ d* ® 6\ 

where the h-covariant derivative is 

5t ia 

j_ia jb | j i ±ha \ 7- a ^ic r /i jia rc j.ia 

l jb\k - J^k~ ^hk l jb ^cfc^'b ^A^o HfcSc 

and the v-covariant derivative is 

j.ia jb 1 >~fj , ha 1 /^a jid /~f/i jia .'-yd j.ia 

<-jf>_Le _ ~dy^ ^hc l jb "T ^dc l jb ^jc^hb ^bc l jd- 

For a scalar function / e J (y n + m ) W e have 

Vk - 5x* ~ dx k k dy" a d c ; ~ djf' 

We note that these formulas are written in abstract index form and specify for d- 
connections the covariant derivation rule ((1.1)1 . 

Metric structures and d— metrics 

We introduce arbitrary metric structures on a space V n+m and consider the possibility 
to adapt them to N-connection structures. 

Definition 1.2.12. A metric structure g on a space V n+m is defined as a symmetric 
covariant tensor field of type (0, 2) , g a p^ being nondegenerate and of constant signature 
on V" +m 

This Definition is completely similar to Definition 11.2.61 but in our case it is adapted 
to the N-connection structure. A N-connection N ={N^(u)} and a metric structure 

g = gafidu^ <8> dvM- (1.29) 
on V n+m are mutually compatible if there are satisfied the conditions 

g (Si, da) = 0, or equivalently, (u) - ivf (u) hgb (u) = 0, (1.30) 
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where /ig& = g (da, <%) and = g (d L , da) resulting in 

N»(u) = h ab (u) gia (u) (1.31) 

(the matrix h ab is inverse to h a b] for simplicity, we do not underly the indices in the last 
formula). In consequence, we obtain a h-v-decomposition of metric (in brief, d-metric) 

S (X,Y)=h S (X,Y)+vg(X,Y), (1.32) 
where the d-tensor h g{ X, Y) = g (/»X, hY) is of type ( ° ° ) and the d-tensor 

„g(X,Y)= h(,X,,Y) is of type ( ° » ) . With respect to a N-eoframe the 
d-metric (|1.32|) is written 

g = ga/? (u) 8 a ®5 p = gij (u) cf (8 + h a6 («) 5 a ® (1.33) 

where = g (£«, 5j) . The d-metric ()1.33|) can be equivalently written in "off-diagonal" 
form if the basis of dual vectors consists from the coordinate differentials (jl,19j) . 



gij + N?N?h ab N?h, 
N-h be h ab 



;i.34) 



It is easy to check that one holds the relations 



g af 3 = e Q -e/^ 

or, inversely, 

lap = e °«^ 

as it is stated by respective vielbein transforms ()1.16|) and (|1.17|) . 

Remark 1.2.1. A metric, for instance, parametrized in the form \1.34\) is generic off- 
diagonal if it can not be diagonalized by any coordinate transforms. If the anholonomy 
coefficients \1.2$ vanish for a such parametrization, we can define certain coordinate 
transforms to diagonalize both the off-diagonal form \1.34 ) and the equivalent d-metric 

Definition 1.2.13. The nonmetricity d-field 



1.2. METRIC-AFFINE SPACES AND NONLINEAR CONNECTIONS 



21 



on a space V" +m provided with N-connection structure is defined by a d-tens or field with 
the coefficients 

Qo/3 = "Dg Q/3 (1.35) 

where the covariant derivative D is for a d-conn ection T\ = T 1 ^, see H~M) with 
the respective splitting r 7 ^ = (L l j k , L% k , Cj c , C£ c ) , as to be adapted to the N-connection 
structure. 

This definition is similar to that given for metric-affine spaces (see definition 11.2.8)1 
and Refs. [I], but in our case the N-connection establishes some 'preferred' N-adapted 
local frames (jl.21)) and (|1.22jl splitting all geometric objects into irreducible h- and v- 
components. A linear connection Dx is compatible with a d-metric g if 

D x g = 0, (1.36) 

\/X^X (V n+m ) , i. e. if Q a p = 0. In a space provided with N-connection structure, the 
metricity condition (jl.36|) may split into a set of compatibility conditions on h- and v- 
subspaces. We should consider separately which of the conditions 

D [h \hg) = 0,D [v] {hg) = 0,D [h] {vg) = 0,D [v] {vg) = (1.37) 

are satisfied, or not, for a given d-connection T 1 aj3 . For instance, if D^(hg) = and 
D^(vg) = 0, but, in general, D^(hg) ^ and D^(vg) ^ we can consider a nonmetric- 
ity d-field (d-nonmetricity) Q a/ g = Q^^ 7 with irreducible h-v-components (with re- 
spect to the N-connection decompositions), Q 7Qj a = (Qijk,Qabc) ■ 

By acting on forms with the covariant derivative D, in a metric-affine space, we can 
also define another very important geometric objects (the 'gravitational field potentials', 
see @]): 

torsion T a = D& a = d$ a + T 7 ^ A see Definition OS1 (1.38) 

and 

curvature K a p = DY a p = dT a p - T 7 ^ A T a v see Definition (1-39) 

The Bianchi identities are 

DQ a/3 = K aP + Kpa, DT a = 11* A tf 7 and DK« = 0, (1.40) 

where we stress the fact that Q a /3,T a and R/3 a are called also the strength fields of a 
metric-affine theory. 
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For spaces provided with N-connections, we write the corresponding formulas by 
using "boldfaced" symbols and change the usual differential d into N- adapted operator 
6. 

t° = d?t = 5$ a + r 7 ^ a ^ (i.4i) 

and 

R«, = BT a p = 6T a p - 1^ A T a 7 (1.42) 

where the Bianchi identities written in 'boldfaced' symbols split into h- and v-irreducible 
decompositions induced by the N-connection. 6 . We shall examine and compute the 
general form of torsion and curvature d-tensors in spaces provided with N-connection 
structure in section IT. 2. 41 

We note that the bulk of works on Finsler geometry and generalizations fSJ El EDI 
Uni H3 UH Ed EH 12H IHZj consider very general linear connection and metric fields being 
adapted to the N-connection structure. In another turn, the researches on metric-affine 
gravity [H EH] concern generalizations to nonmetricity but not N-connections. In this 
work, we elaborate a unified moving frame geometric approach to both Finlser like and 
metric-affine geometries. 



I. 2.4 Torsions and curvatures of d— connections 

We define and calculate the irreducible components of torsion and curvature in a space 
yn+m p rov id ec [ w ith additional N-connection structure (these could be any metric- 
affine spaces j3j, or their particular, like Riemann-Cartan |H8] . cases with vanishing 
nonmetricity and/or torsion, or any (co) vector / tangent bundles like in Finsler geometry 
and generalizations). 

d— torsions and N— connections 

We give a definition being equivalent to (jl.41|) but in d-operator form (the Definition 

II. 2.31 was for the spaces not possessing N-connection structure): 

Definition 1.2.14. The torsion T of a d-connection D = (D^ h \D^ in space V n+m 
is defined as an operator (d-tensor field) adapted to the N-connection structure 

T (X, Y) = DxY—DyX — [X, Y] . (1.43) 



6 see similar details in Ref. Jl] for the case of vector/tangent bundles provided with mutually 
compatible N-connection, d-connection and d-metric structure 
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One holds the following h- and v-decompositions 

T (X, Y) = T (hX, hY) +T (hX, vY) +T (vX, hY) +T (vX, vY) . (1.44) 

We consider the projections: hT (X, Y) ,vT (hX, hY) ,hT (hX, hY) , ... and say that, for 
instance, hT (hX, hY) is the h(hh)-torsion of D , vT (hX, hY) is the v(hh)-torsion of 
D and so on. 

The torsion 1)1.43)1 is locally determined by five d-tensor fields, d-torsions (irreducible 
N-adapted h-v-decompositions) defined as 

Tj k = hT(5 k ,5 3 )\d\ Tf k = vT{5 kl 5 3 )\5\ T% = hT (d bl ^)K, 
P% = vT(d b ,5,)\5 a , S a bc = vT(d c ,d b )\5 a . 

Using the formulas (jl.21j) . (jl.22j) . and ()1.20|) . we can calculate the h-v-components of 
torsion (jl.44|) for a d-connection, i. e. we can prove 7 

Theorem 1.2.2. The torsion T a M = {T^T^T^T^T^) of a d-connection 
T^g = [Lj h , Lgv.. Cj c , Cfc) \1.2b)) has irreducible h- v-components (d-torsions) 

d.X" 5m 

rpl rpl j l j l rpl rpl y^ll rpa rpa l_ J QC2 

1 -jk - L kj — ^jk ^kji 1 ja~ 1 aj— Ly .ja^ 1 .ji ~ 1 .ij ~ ^ ~ lL .ji> 



dN a 

rpa rpa rja i ja rpa rpa no /~ia ^ta / -i a r\ 

1 M ~ 1 .ib — r .bi — Qy ^.bji 1 .be — 1 .cb — °.bc — ^bc c ' d>- K 1 -^ ) 



We note that on (pseudo) Riemanian spacetimes the d-torsions can be induced by 
the N-connection coefficients and reflect an anholonomic frame structures. Such objects 
vanishes when we transfer our considerations with respect to holonomic bases for a trivial 
N-connection and zero "vertical" dimension. 

d— curvatures and N— connections 

In operator form, the curvature ()1.42|) is stated from the 

Definition 1.2.15. The curvature R of a d-conn ectionT>= (D^,D^) in space V" +m 
is defined as an operator (d-tensor field) adapted to the N-connection structure 

R (X, Y) Z — T) X T> Y Z - T> Y T> X Z - T> [XtY] Z. (1.46) 



7 see also the original proof for vector bundles in 
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This Definition is similar to the Definition II .2.41 being a generalization for the spaces 
provided with N-connection. One holds certain properties for the h- and v-decompositi- 
ons of curvature: 

vR (X, Y) hZ = 0, hR (X, Y) vZ=0, R (X, Y) Z = KR (X, Y) hZ+vR (X, Y) vZ. 

From ()1.46|) and the equation R (X, Y) = —R(Y,X), we get that the curvature of a 
d-connection D in \ n+m is completely determined by the following six d-tensor fields 
(d-curvatures): 

R\ jk = d^R^S^S,, R a bjk = 5 a \R(6 k ,6 3 )d b , (1.47) 
P) kc = c?\R{d c ,d k )5 v P a bkc = 5 a \R(d c ,d k )d b , 
S l jbc = <T\ R (d c , d b ) 5 V S a bcd = 5 a \ R (d d , d c ) d b . 

By a direct computation, using ffl~2T|l. (jO^D , fT27l) . lOHl) and (OTf) . we prove 

Theorem 1.2.3. The curvature R% T = (R\ jk , R\ k , P) ka , P% ka , S* jbc , S a bcd ) of a d- 
connection rig = (L l j lr L bh . C\ c . C bc ) 111.26)) has the h- v- components (d-curvatures) 

pi -hj ulj .hk , jm ji jm ji fi r^a 1 1 aq\ 

U hjk ~ -fa* J-j- + L .hj L mk ~ L .hk L mj ~ <^.ha lL .jk> U- 4S J 

5L a ()T a 

pa -bj ,fefc _i_r c T a T c T a r 10 - O c 

U bjk - -J^jT -J— + ^.bj ^.ck ^.bk^.cj ^.bc il .jki 

pi -jfe / -3 a I ri fl _ j I fi _ rc fi \ _i_ fi pb 

jka ~ dy k V d xk lk ja jk M ak j ° J ' 



f)T c I ' dC c \ 

pc .bk I .ba j_ TC fd jd fc jd fc \ i /~fc pd 

; /,/,•„ - ^ a I g^fc "i ^.,n<- ./>,, ' ^j,i, x j/., ' ^.ui x j,<! I '" l .in! ./,•„• 



qj -J° | fill ft fh f 

jbc ~ dy c dy b J' 6 k 
5Ct dCi 



qa .be " " .bd < fe fa fe fa 

ay" oy c 



bed dyd QyC ^^.bc^.ed 

The components of the Ricci d-tensor 



Ra/3 — R T a /3T 



with respect to a locally adapted frame (jl.21j) has four irreducible h- v-components, 
R a /3 = {Rij, Ria, Rai, S ab }, where 



Rij R ijki Ria Ria P ikai (1.49) 

T3 lp pb q qc 

- rt ai r ai r aibi °ab <J a bc- 
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We point out that because, in general, 1 P ai ^ 2 P ia the Ricci d-tensor is non symmetric. 

Having defined a d-metric of type ()OHj) in V n+m , we can introduce the scalar cur- 
vature of a d-connection D, 

R = g al3 R a p = R + S, (1.50) 

where R = g^Rij and S = h ab S a b and define the distinguished form of the Einstein 
tensor (the Einstein d-tensor), see Definition II. 2. 7\ 

Gq,/3 = R Q/ 3 — -ga^H. (1-51) 

The Ricci and Bianchi identities (jl.40j) of d-connections are formulated in h- v- 
irreducible forms on vector bundle [Hj. The same formulas hold for arbitrary metric 
compatible d-connections on V n+m (for simplicity, we omit such details in this work). 



1.3 Some Classes of Linear and Nonlinear Connec- 
tions 

The geometry of d-connections in a space V n+m provided with N-connection struc- 
ture is very reach (works ^1] and |2Sj contain results on generalized Finsler spaces and 
superspaces). If a triple of fundamental geometric objects (iVf (u) , r a ^ (u) , g a/ g (w)) is 
fixed on V n+m , in general, with respect to N-adapted frames, a multi-connection struc- 
ture is defined (with different rules of covariant derivation). In this Section, we analyze 
a set of linear connections and associated covariant derivations being very important 
for investigating spacetimes provided with anholonomic frame structure and generic off- 
diagonal metrics. 

1.3.1 The Levi— Civita connection and N— connections 

The Levi-Civita connection y = {T^^} with coefficients 

T a Pl = 9 (e a , V 7 e /3) = &H-IVr' ( L52 ) 

is torsionless, 

= = d$ a + T T v/3l A = 0, 

and metric compatible, VS = 0> see see Definition 11.2.11 The formula (jl.52j) states that 
the operator y can be defined on spaces provided with N-connection structure (we use 
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'boldfaced' symbols) but this connection is not adapted to the N-connection splitting 
(|1.14|1 . It is defined as a linear connection but not as a d-connection, see Definition ll.2.1l| 
The Levi-Civita connection is usually considered on (pseudo) Riemannian spaces but it 
can be also introduced, for instance, in (co) vector/tangent bundles both with respect 
to coordinate and anholonomic frames EHJ . One holds a Theorem similar to the 
Theorem 11.2.11 

Theorem 1.3.4. // a space V n+m is provided with both N-connection N and d-metric g 
structures, there is a unique linear symmetric and torsionless connection y , being metric 
compatible such that y 7 g Q/ 3 = for g a/3 = (g^, h ab ) , see hl.Sty . with the coefficients 

T l Pl = S VM = g^T^, 

computed as 

with respect to N-frames ep = Sp M.21\) and N-coframes d a = 5 a hi. 22(1 . 

The proof is that from Theorem 11.2.11 see also Refs. jJSJ HH], with eg — > ep and 
substituted directly in formula ffl.lOj) . 

With respect to coordinate frames dp p. 18)1 and du a f)l. 19j) . the metric (jl.33() trans- 
forms equivalently into (jl.29|) with coefficients (jl.34|) and the coefficients of (11.53(1 trans- 
form into the usual Christoffel symbols 1)1.11(1 . We emphasize that we shall use the 
coefficients just in the form (jl.53() in order to compare the properties of different classes 
of connections given with respect to N-adapted frames. The coordinate form ()1.11() 
is not "N-adapted", being less convenient for geometric constructions on spaces with 
anholonomic frames and associated N-connection structure. 

We can introduce the 1-form formalism and express 

rV _ rV „q/3 
1 70 ~~ L ~/a/3 u 

where 

rV 7« = \ [e 7 J M « - e Q J <J# 7 - (e 7 J e Q J && p ) A , (1.54) 

contains h- v-components, ^ a/3 = (L l vjk , L^ bk , - c , C^ bc ) , defined similarly to p. 27(1 
and (jl.28() but using the operator y, 

I^ik = (V^-)K, L a vbk = ( Vk d b )\6 a , G% jc = (Vc*i)JdS C° 6c = ( V cd b )\5 a . 
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In explicit form, the components L % - k: L*L bk , C* - c and C^ bc are denned by formula ()1.54|) 
if we consider N-frame e 7 = (<5j = <9j — Nfd a , d a ) and N-coframe d 13 = (dx l , Sy a = 
dy a + N^dx 1 ) and a d-metric g = {gijhab) . In these formulas, we write 5d a instead of 
absolute differentials d$ a from Refs. [H EH| because the N-connection is considered. 
The coefficients (1 1.54)1 transforms into the usual Levi-Civita (or Christoffel) ones for 
arbitrary anholonomic frames e 7 and and for a metric 

if e 7 -> e 7 , ¥ -> ^ and fcfy -> t%. 

Finally, we note that if the N-connection structure is not trivial, we can define 
arbitrary vielbein transforms starting from e 7 and i. e. — ' (u)e a > and i?^, = 

A Q/iu)^' (we put the label [N] in order to emphasize that such object were defined 
by vielbein transforms starting from certain N-adapted frames). This way we develop a 
general anholonomic frame formalism adapted to the prescribed N-connection structure. 
If we consider geometric objects with respect to coordinate frames e a > — > dg_ = d/du— and 
coframes 'd 13 — > du-, the N-connection structure is 'hidden' in the off-diagonal metric 
coefficients (ll.34|) and performed geometric constructions, in general, are not N-adapted. 

1.3.2 The canonical d— connection and the Levi— Civita connec- 
tion 

The Levi-Civita connection y is constructed only from the metric coefficients, being 
torsionless and satisfying the metricity conditions \/ a 9p^ — 0. Because the Levi-Civita 
connection is not adapted to the N-connection structure, we can not state its coefficients 
in an irreducible form for the h- and v-subspaces. We need a type of d-connection which 
would be similar to the Levi-Civita connection but satisfy certain metricity conditions 
adapted to the N-connection. 

Proposition 1.3.1. There are metric d-connections D = (D^ h \D^) in a space V n+m , 
see M.25)) . satisfying the metricity conditions if and only if 

Dfg l3 = 0, D^ga = 0, D[ h] h ab = 0, D^h ab = 0. (1.55) 

The general proof of existence of such metric d-connections on vector (super) bundles 
is given in Ref. [Tlj. Here we note that the equations (jl.55j) on V n+m are just the 
conditions (|1.37|) . In our case the existence may be proved by constructing an explicit 
example: 
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Definition 1.3.16. The canonical d-connection D = (jD^ h \D^j , equivalently T 
r 7 ^^, is defined by the h- v-irreducible components r 7 a/3 = (^L l j k , L^ k ,Cj C ,C^ , 

1 J,r ( S 9jk 

?a d N k 1 h ac [She _ dNi _ ON* 



7 

a 



$9kr 


8gjk\ 




Sx r J 




dN* 


K 8x k 


dy b ' 


dh cd 


dh bc 


dy b 


dy d 



Cia _ 1 U ad ( dh bd , 

satisfying the torsionless conditions for the h-subspace and v-subspace, respectively, 
% = T b a c = 0. 

By straightforward calculations with (|1.56|) we can verify that the conditions (|1.55|) 
are satisfied and that the d-torsions are subjected to the conditions T % - k = T h a c = (see 
section H. 2. 4JI ). We emphasize that the canonical d-torsion posses nonvanishing torsion 
components, 

5N a SNf ~. ~ dN a - 

■ji ~ -ij ~ fi x j ~~fa4~ ~ 1 .j*> ja ~ 1 aj ~ ^.ja> 1 M ~ 1 .ib ~ r .bi ~ q b U .bj 

induced by L^ k , Cj c and N-connection coefficients Nf and their partial derivatives 
dN^/dy b (as is to be computed by introducing (|1.56|) in formulas ()1.45|1 ). This is an 
anholonmic frame effect. 

Proposition 1.3.2. The components of the Levi-Civita connection and the irre- 

ducible components of the canonical d-connection T T p are related by formulas 

^ dN a ~. 1 ~ \ 

= ( ^jki^bk dy^'^ ^ 2^ ^jkhcaiCfc J , (1-57) 

where VL a - k is the N-connection curvature il.20\) . 

The proof follows from an explicit decomposition of N-adapted frame (jl.21|) and N- 
adapted coframe (jl.22|) in ()1.53|) (equivalently, in (jl.54|0 and re-grouping the components 
as to distinguish the h- and v- irreducible values (jl.56|) for g a/ 3 = , h ab ) ■ 
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We conclude from ()1.57|) that, in a trivial case, the Levi-Civita and the canonical d— 
connection are given by the same h- v- components [l]^ ^bki ^)ci ^bcj ^ ^°jk = 0> an d 
dN%/dy b = 0. This results in zero anholonomy coefficients (jl.24j) when the anholonomic 
N-basis is reduced to a holonomic one. It should be also noted that even in this case 
some components of the anholonomically induced by d-connection torsion T^ 7 could be 

nonzero (see formulas (jl.95j) for T 7 ^). For instance, one holds the 



Corollary 1.3.1. The d-tensor components 



~dy b 



T a M = -T% = P a bi = ^±~ L% (1.58) 



for a canonical d-connection A1.56]) can be nonzero even dN%/dy b = and tt a jh = and 
a trivial equality of the components of the canonical d-connection and of the Levi-Civita 
connection, rLg = holds with respect to coordinate frames. 

This quite surprising fact follows from the anholonomic character of the N-connection 
structure. If a N-connection is defined, there are imposed specific types of constraints 
on the frame structure. This is important for definition of d-connections (being adapted 
to the N-connection structure) but not for the Levi-Civita connection which is not a 
d-connection. Even such linear connections have the same components with respect 
to a N-adapted (co) frame, they are very different geometrical objects because they 
are subjected to different rules of transformation with respect to frame and coordinate 
transforms. The d-connections' transforms are adapted to those for the N-connection 
(I1.15|) but the Levi-Civita connection is subjected to general rules of linear connection 
transforms ()1.2J) . 8 

Proposition 1.3.3. A canonical d-connection T 1 ^ defined by a N-connection and 
d-metric g a/ 3 = \gij,h a b) has zero d-torsions if an only if there are satisfied the 

8 The Corollary 11.3.11 is important for constructing various classes of exact solutions with generic 
off-diagonal metrics in Einstein gravity, its higher dimension and/or different gauge, Einstein— Cartan 
and metric-affine generalizations. Certain type of ansatz were proven to result in completely integrable 
gravitational field equations for the canonical d-connection (but not for the Levi-Civita one), see details 
in Refs. [SJ 03 ESI EU ■ The induced d-torsion p. 58(1 is contained in the Ricci d-tensor R a i = x P a i = 
P^ ib , see (|1.49|l . i. e. in the Einstein d-tensor constructed for the canonical d-connection. If a class of 
solutions were obtained for a d-connection, we can select those subclasses which satisfy the condition 
r^ 7/37 = r T ^ 7 with respect to a frame of reference. In this case the nontrivial d-torsion T a hi l|1.58fl can 
be treated as an object constructed from some "pieces" of a generic off-diagonal metric and related to 
certain components of the N adapted anholonomic frames. 
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conditions VL a jk = 0, C) c = and L a bj = dN?/dy b 



i. e. 



^ — yL l jk ,Ll k = dN- t /dy b ,0,C% c ) which is equivalent to 

dy 



9^ = 0, (1.59) 



5h bc dN* dNg 

dm dm .dm ,dm , 

T/ie Levi-Civita connection defined by the same N-connection and d-metric structure 
with respect to N-adapted (co) frames has the components 



Proof: The relations (jl.59j) - (jl.61|) follows from the condition of vanishing of d- 
torsion coefficients ()1.95j) when the coefficients of the canonical d-connection and the 
Levi-Civita connection are computed respectively following formulas (|1.56|) and ()1.57j) 

We note a specific separation of variables in the equations (|1.59|) - ([l.bl|) . For instance, 
the equation (jl.59j) is satisfied by any g^ = g^ (x fc ) . We can search a subclass of N- 
connections with N? = SjN a , i. e. of 1-forms on the h-subspace, N a = 5jN a dx l which 
are closed on this subspace, 

i fom dm ,dm h om\ 

satisfying the (jl.61j) . Having defined such N" and computing the values d c Nf, we may 
try to solve (jl.60j) rewritten as a system of first order partial differential equations 

^ = ^ + d b N£h dc + dc Nth db 

with known coefficients. ■ 

We can also associate the nontrivial values of T^ 7 (in particular cases, of T^) to be 
related to any algebraic equations in the Einstein-Cartan theory or dynamical equations 
for torsion like in string or supergravity models. But in this case we shall prescribe a 
specific class of anholonomically constrained dynamics for the N-adapted frames. 

Finally, we note that if a (pseudo) Riemannian space is provided with a generic off- 
diagonal metric structure (see Remark 1 1. 2. 1|) we can consider alternatively to the Levi- 
Civita connection an infinite number of metric d-connections, details in the section ll.3.51 
Such d-connections have nontrivial d-torsions T/L, induced by anholonomic frames and 
constructed from off-diagonal metric terms and h- and v-components of d-metrics. 
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1.3.3 The set of metric d— connections 

Let us define the set of all possible metric d-connections, satisfying the conditions 
(I1.55J) and being constructed only form g^, h ab and Nf and their partial derivatives. Such 
d-connections satisfy certain conditions for d-torsions that T l - k = T a bc = and can be 
generated by two procedures of deformation of the connection 

f \p -> [K] T\p = r 7 Q/3 + M Z 7 Q/3 (Kawaguchi's metrization gSj) , 
or _^ [M] r 7 Q/3 = f 7 a/3 + [A/] Z 7 Q/3 (Miron's connections [H] ). 

Theorem 1.3.5. Every deformation d-tensor (equivalently, distorsion, or deflection) 



[K] Z% = { [K] Z* lk = ^ m Df ] g mk , ^Z\ k = ^D k h] h cb , 
WZ\ ja = l -g™D^g mv ^Z\ c = h ad D^h db } 

transforms a d-connection T 7 a/3 = [L l - k , L bk , C* c , C bc ) \1.2b}) into a metric d-connection 

[A"]-p7 _ (ri I [K}yi ja , [K] ya pi , [K] yi pa , [K] ya \ 

The proof consists from a straightforward verification which demonstrate that the 
conditions (|1.55J) are satisfied on V n+m for '^D = {^Tlg} and g Q/ g = (g^-, /i a b) . We note 
that the Kawaguchi's metrization procedure contains additional covariant derivations 
of the d-metric coefficients, defined by arbitrary d-connection, not only N-adapted 
derivatives of the d-metric and N-connection coefficients as in the case of the canonical 
d-connection. 

Theorem 1.3.6. For a fixed d-metric structure hi. Sty . g Qj a = (gij,h ab ), on a space 
V n+m , the set of metric d-connections ^'T 7 ^ = r 7 a/3 + [ M lZ 7 Q/3 is defined by the 
deformation d-tensor 

[M]y7 _ f [AT] yi _ [-]pli \rm [M] ya _ [-]pea V m 
— \ ^ jk — U km 1 lj ) ^ bk ~ U bd X ej ) 

[M] tyi [+]/^mi\rk [M] ya [+]r)eaydi 

^ ja — ^jk I mc^ ^ be — lJ bd I ecS 

where the so-called Obata operators are defined 

[±] O l k l m = ^{6 l k 6i n ±g km g H ) and ^Ot a d = \{5 e b 5 a d ±h bd h™) 
and Y t ™, Y^,Y^ C , Yf c are arbitrary d-tensor fields. 
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The proof consists from a direct verification of the fact that the conditions (J1.55J1 are 
satisfied on V n+m for = { [M] r 7 a/ J. We note that the relation (fT37jl between the 

Levi-Civita and the canonical d-connection is a particular case of '^Z 7 ^, when Y/J 1 , Y^ 
and Yf c are zero, but Y^ c is taken to have W(3^fY^ c = |<7 Jfe f2" fe /i ca . 

There is a very important consequence of the Theorems 11.3.51 and 1 1 . 3 . 6l For a generic 
off-diagonal metric structure (jl.34j) we can derive a N-connection structure N? with a d- 
metric g aj g = h ab ) (jl.33|) . So, we may consider an infinite number of d-connections 
{D}, all constructed from the coefficients of the off-diagonal metrics, satisfying the 
metricity conditions D 7 g Q/ g = and having partial vanishing torsions, Tj fc = T bc = 0. 
The covariant calculi associated to the set {D} are adapted to the N-connection splitting 
and alternative to the covariant calculus defined by the Levi-Civita connection y, which 
is not adapted to the N-connection. 



1.3.4 Nonmetricity in Finsler Geometry 

Usually, the N-connection, d-connection and d-metric in generalized Finsler spaces 
satisfy certain metric compatibility conditions E3 QUI El- Nevertheless, there 
were considered some classes of d-connections (for instance, related to the Berwald 
d-connection) with nontrivial components of the nonmetricity d-tensor. Let us consider 
some such examples modelled on metric-affine spaces. 



^.af' '^ ' (1-62) 



The Berwald d— connection 

A d-connection of Berwald type (see, for instance, Ref. on such configurations in 
Finsler and Lagrange geometry), ^r 7 a = ^r 7 ^^, is defined by h- and v-irreducible 
components 

dN£ 
dy b 

with L l j k and C a bc taken as in ()1.5fij) . satisfying only partial metricity compatibility 
conditions for a d-metric (jl.33|) . g Q( g = (g^-, h a b) on space V n+m 

WDfgy = and ^D^h ab = 0. 

This is an example of d-connections which may possess nontrivial nonmetricity compo- 
nents, [B] Q a ^ = ( [B] Q aj , [B] Q iab ) with 



[B] 



Q ctj = ^D^ 9ij and [B] Q mb = [B] D\ h] h ab . (1.63) 
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So, the Berwald d-connection defines a metric-affine space V n+m with N-connection 
structure. 

If L % - k = and C a bc = 0, we obtain a Berwald type connection 

[Nlyrt _ ( Q g g 

a ?~ v ' <V ,U,U 

induced by the N-connection structures. It defines a vertical covariant derivation 
acting in the v-subspace of V n+m , with the coefficients being partial derivatives on 
v-coordinates y a of the N-connection coefficients N°" [41]. 

We can generalize the Berwald connection (jl.62j) to contain any fixed values of d- 
torsions T l - k and T a hc from the h- v-decomposition p. 95)1 . We can check by a straight- 
forward calculations that the d-connection 



with 



/ dN a ^ \ 

[Br] r% = ( U ]k + r%, , 0, C\ c + t\ c ) (1.64) 



r l jk = -g 11 {g kh T^ + - g lh T%) (1.65) 



Ac = \h ad (h bf T } dc + h cf T f db -h df T{ c 



results in ^ Br ^T l j k = T % - k and ' Br ^T^ c = T a hc . The d-connection ()1.64|) has certain nonvan- 

ishing irreducible nonmetricity components f Br 'Q a /37 = i} BT ^Qdj, ^ BT ^Qiab) ■ 

In general, by using the Kawaguchi metrization procedure (see Theorem II. 3. 5j) we can 
also construct metric d-connections with prescribed values of d-torsions T* fc and T£ c , 
or to express, for instance, the Levi-Civita connection via coefficients of an arbitrary 
metric d-connection (see details, for vector bundles, in |14j). 

Similarly to formulas (jl.75|) . (|1.76j) and (|1.77j) . we can express a general affine Berwald 
d-connection ^^D, i. e. I-^r 7 a = ' Br ^r 7 a of?^ , via its deformations from the Levi- 
Civita connection p, 

r° * being expressed as ()1.54|) (equivalently, defined by ()1.53jl ) and 

MX,* = ep\^T a -e a \^Tp + ±(e a \ep\^%)^ (1.67) 
+ (e a \ [Bt] Q/3 7 ) W - {ep\ ^lQ Q7 ) 0* + i t*]Q^. 
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defined with prescribed d-torsions ^ BT ^T l - k = T*- fc and ^ T 'T£ C = T a hc . This Berwald d- 
connection can define a particular subclass of metric-affine connections being adapted 
to the N-connection structure and with prescribed values of d-torsions. 

The canonical/ Berwald metric— affine d— connections 

If the deformations of d-metrics in formulas (jl.76j) and (jl.fifij) are considered not 
with respect to the Levi-Civita connection T^, ^ but with respect to the canonical d- 

connection T 7 a/3 with h- v-irreducible coefficients (jl.56jl . we can construct a set of canon- 
ical metric-affine d-connections. Such metric-affine d-connections T 7 a = T 1 a pd 13 are 
defined via deformations 

T^ = lV Z%, (1.68) 
T a g being the canonical d-connection (jl.26|) and 

Zap = e^J T a -e Q J T^ + ^eJe^j T 7 )F (1.69) 
+ (e a J [BT] Q/3y) ^ - M Q Q7 )^ + l - [Br] Q a p 

where T a and Q Q/ g are arbitrary torsion and nonmetricity structures. 

A metric-affine d-connection T 7 a can be also considered as a deformation from the 
Berwald connection ' Br 'T 7 a/3 

r«,= [Bt] t\ p + w z%, (i.7o) 

[Sr]p7^ De i n g the Berwald d-connection (jl.fi4j) and 

W Z% = e^J T a -e Q J Tp + ^(e a \e i3 \ T 7 ) tf 7 (1.71) 

+ (e«J [Bt] Q/3 7 ) ^ - (e^J Q Q7 ) + \ [Br] Q al 3 

The h- and v-splitting of formulas can be computed by introducing N-frames e 7 = 
(5i — di — Nid a , d a ) and N-coframes ^ = (dx l , 5y a = dy a + Nfdx 1 ) and d-metric g = 
(g%j,hah) into (jl.54Jl . (jl.fifij) and (jl.fi7j) for the general Berwald d-connections. In a similar 
form we can compute splitting by introducing the N-frames and d-metric into (jl.2fijl . 
(jl.fiSJ) and (jl.fi9j) for the metric affine canonic d-connections and, respectively, into 
(jl.fi4j) . (jl.70j) and (jl.71j) for the metric-affine Berwald d-connections. For the corre- 
sponding classes of d-connections, we can compute the torsion and curvature tensors 
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by introducing respective connections (fP3|) . (TTToT) . (fT3Hl) . fO^|) . ffTMjl. (fTHHjl . (jnjgj) 
and (jl.7()}) into the general formulas for torsion (jl.41j) and curvature (jl.42j) on spaces 
provided with N-connection structure. 

1.3.5 N— connections in metric— affine spaces 

In order to elaborate a unified MAG and generalized Finsler spaces scheme, it is 
necessary to explain how the N-connection emerge in a metric-affine space and/or in 
more particular cases of Riemann-Cartan and (pseudo) Riemann geometry. 

Riemann geometry as a Riemann— Cartan geometry with N— connection 

It is well known the interpretation of the Riemann-Cartan geometry as a general- 
ization of the Riemannian geometry by distorsions (of the Levi-Civita connection) gen- 
erated by the torsion tensors |3*8] . Usually, the Riemann-Cartan geometry is described 
by certain geometric relations between the torsion tensor, curvature tensor, metric and 
the Levi-Civita connection on effective Riemann spaces. We can establish new relations 
between the Riemann and Riemann-Cartan geometry if generic off-diagonal metrics and 
anholonomic frames of reference are introduced into consideration. Roughly speaking, 
a generic off-diagonal metric induces alternatively to the well known Riemann spaces 
a certain class of Riemann-Cartan geometries, with torsions completely defined by off- 
diagonal metric terms and related anholonomic frame structures. 

Theorem 1.3.7. Any (pseudo) Riemannian spacetime provided with a generic off- 
diagonal metric, defining the torsionless and metric Levi-Civita connection, can be equiv- 
alently modelled as a Riemann-Cartan spacetime provided with a canonical d-connection 
adapted to N-connection structure. 

Proof: 

Let us consider how the data for a (pseudo) Riemannian generic off-diagonal metric 
g a/ 3 parametrized in the form (jl.34|) can generate a Riemann-Cartan geometry. It is 
supposed that with respect to any convenient anholonomic coframes (jl.22j) the metric is 
transformed into a diagonalized form of type (jl.33|) . which gives the possibility to define 
N°- and g a/ 3 = [gij,h ab ] and to compute the aholonomy coefficients w 7 a/3 (jl.24|) and 

the components of the canonical d-connection r 7 a/3 = [Lj^, L% k , C} C ,C^ (H3SD. This 

connection has nontrivial d-torsions T^ 7 , see the Theorem II .2.21 and Corollarv ll.3.11 In 
general, such d-torsions are not zero being induced by the values Nf and their partial 
derivatives, contained in the former off-diagonal components of the metric (jl.34|) . So, the 
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former Riemannian geometry, with respect to anholonomic frames with associated N- 
connection structure, is equivalently rewritten in terms of a Riemann-Cartan geometry 
with nontrivial torsion structure. 

We can provide an inverse construction when a diagonal d-metric ()1.33|) is given with 
respect to an anholonomic coframe (jl.22|) defined from nontrivial values of N-connection 
coefficients, N?. The related Riemann-Cartan geometry is defined by the canonical d- 
connection r 7 Q/3 possessing nontrivial d-torsions T'jj . The data for this geometry with 
N-connection and torsion can be directly transformed [even with respect to the same 
N-adapted (co) frames] into the data of related (pseudo) Riemannian geometry by using 
the relation (|1.57|) between the components of T^ af3 and of the Levi-Civita connection 

Remark 1.3.2. 

a) Any generic off-diagonal (pseudo) Riemannian metric g a p\Nf\ — > g Q /3 = [gij,h a b] 
induces an infinite number of associated Riemann-Cartan geometries defined by sets of 
d-connections D = {r 7 Q(3 } which can be constructed according the Kawaguchi's and, 
respectively, Miron's Theorems \1.3.5\ and \1.3.b\ 

b) For any metric d-connection D = {T 7 a/3 } induced by a generic off-diagonal metric 
\1.3$ , we can define alternatively to the standard (induced by the Levi-Civita connec- 
tion) the Ricci d-tensor R Qj a, and the Einstein d-tensor hi. 51)) . G a p. 

We emphasize that all Riemann-Cartan geometries induced by metric d-connections 
D are characterized not only by nontrivial induced torsions T^ 7 but also by corre- 
sponding nonsymmetric Ricci d-tensor, R Qj a, and Einstein d-tensor, G a p, for which 
D 7 G a/ 3 7^ 0. This is not a surprising fact, because we transferred the geometrical and 
physical objects on anholonomic spaces, when the conservation laws should be redefined 
as to include the anholonomically imposed constraints. 

Finally, we conclude that for any generic off-diagonal (pseudo) Riemannian metric 
we have two alternatives: 1) to choose the approach defined by the Levi-Civita connec- 
tion V) with vanishing torsion and usually defined conservation laws V 7 G^' = 0, or 2) 
to diagonalize the metric effectively, by respective anholonomic transforms, and transfer 
the geometric and physical objects into effective Riemann-Cartan geometries defined by 
corresponding N-connection and d-connection structures. All types of such geometric 
constructions are equivalent. Nevertheless, one could be defined certain priorities for 
some physical models like "simplicity" of field equations and definition of conservation 
laws and/or the possibility to construct exact solutions. We note also that a variant with 
induced torsions is more appropriate for including in the scheme various type of gener- 
alized Finsler structures and/or models of (super) string gravity containing nontrivial 
torsion fields. 
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Metric— affine geometry and N— connections 

7 ~~ ' T /3a ~ 1 v/3o ^Pa J 

r 7 Q = r^, (i.72) 



A general affine (linear) connection D = y + Z = {TL = + 



can always be decomposed into the Riemannian ^ and post-Riemannian Z a p parts 
(see Refs. j3] and, for irreducible decompositions to the effective Einstein theory, see 
Ref. [H), 

Y a p = Y a vP + Z^ (1.73) 
where the distorsion 1-form Z a p is expressed in terms of torsion and nonmetricity, 

Z a p = e p \T a - e a \T p + ^ (e a Je/3jT 7 ) i? 7 + {e a \Q Pl ) $ 7 - (e p \Q ai ) $ 7 + ^Q af 3, (1.74) 

T a is defined as (I1.38J) and Q a p = —Dg a/3 . 9 For {3,3 7 = 0, we obtain from (jl.74j) the 
distorsion for the Riemannian-Cartan geometry [3*%] . 

By substituting arbitrary (co) frames, metrics and linear connections into N-adapted 
ones (i. e. performing changes 



& - < 9^ -> = (^, /i«6) , r 7 a - r 



7 

Q 



with Q Qj a = Q 7Q/ 3$ 7 and T a as in (|1.41jl ) into respective formulas ()1.72jl . (|1.73|) and 
fjl.74|) . we can define an affine connection D = y + Z = {T 7 g a } with respect to N- 
adapted (co) frames, 

r 7 a = r 7 Q /. (i-75) 

with 

r° fi = r» p + z%, (i.76) 

p being expressed as (| 1.54 J) (equivalently, defined by (|1.53jl ) and Z a ^ expressed as 
Z a/3 = e^jT a - e Q jT> + i (e a J e/3 jT 7 ) tf 7 + (e Q J Q^) 0? - ( e/3 JQ Q7 ) tf 7 + 1q q/3 . (1.77) 

The h- and v-components of T"^ from (jl.76j) consists from the components of ^ 
(considered for (113^1 ) and of Z Q/3 with Z Q 7/3 = {Z) k , Zg k , Z l jc , Z£ c ) .The values 

■pet I rya / r i , ryi j a I , ^2 y^fa . rya \ 

V7/3 7/3 — V VJ'fc Vf-fc ^bfc' °Vjc *+" ^jc u vl« be) 



9 We note that our r 7 a and Z a p are respectively the r 7 a and N a p from Ref. m °ur works we 
use the symbol N for N-connections. 
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are defined correspondingly 

Lvik + ^jk = \{Vk + Z k )5 3 ]\d\ L a vbk + Z a bk = [( Vk + Z k )d b ]\5 a , 
0^0 + &JC = {(Vc + ZjS^d 1 , C^ bc + Z a bc =[( Vc + Z c )d b ]\5 a . 

and related to (jl.77j) via h- and v-splitting of N-frames e 7 = (Si = di — N^d a , d a ) and 
N-coframes d 13 = (dx l , 5y a = dy a + Nfdx 1 ) and d-metric g = (gijh ab ) ■ 

We note that for Q a p = 0, the distorsion 1-form Z a p defines a Riemann-Cartan 
geometry adapted to the N-connection structure. 

Let us briefly outline the procedure of definition of N-connections in a metric-affine 
space V n+m with arbitrary metric and connection structures (g^ = {gap}, £ 7 ^ a ) and 
show how the geometric objects may be adapted to the N-connection structure. 

Proposition 1.3.4. Every metric- affine space provided with a generic off-diagonal met- 
ric structure admits nontrivial N-connections. 

Proof: We give an explicit example how to introduce the N-connection structure. 
We write the metric with respect to a local coordinate basis, 

gM=g 3§ du SL ®dv£, 

where the matrix g^p contains a non-degenerated [m x m) submatrix h ab , for instance 
like in ansatz (jl.34|) . Having fixed the block h ab , labelled by running of indices a,b, ... = 
n + 1, n + 2, n + m, we can define the [n x n) bloc gij with indices i, j, ... = 1, 2, ...n. 
The next step is to find any nontrivial iVf (the set of coefficients has being defined, 
we may omit underlying) and find Nj from the [n x m) block relations gjg, = Njhae. 
This is always possible if g^ is generic off-diagonal. The next step is to compute 
9ij = 9ij ~ Nf Njhae which gives the possibility to transform equivalently 

g [od] -> g = gtjP ® & + h ab r ® $ b 

where 

& = dx\ T = 5y a = dy a + N? (u) dx l 

are just the N-elongated differentials (|1.22jl if the local coordinates associated to the 
block h ab are denoted by y a and the rest ones by x\ We impose a global splitting 
of the metric-affme spacetime by stating that all geometric objects are subjected to 
anholonomic frame transforms with vielbein coefficients of type (jl.l6j) and (jl.l7j) defined 
by N = {N°-}. This way, we define on the metric-affme space a vector /covector bundle 
structure if the coordinates y a are treated as certain local vector/ covector components. ■ 
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We note, that having defined the values $ a = ($\$ b ) and their duals e a = (ej,e a ) , 
we can compute the linear connection coefficients with respect to N-adapted (co) frames, 
r 7 ^ — > r 7 ^. However, r 7 ^, in general, is not a d-connection, i. e. it is not adapted to 
the global splitting T\ n+m = hY n+m © v Y n+m defined by N-connection, see Definition 
11.2.111 If the metric and linear connection are not subjected to any field equations, 
we are free to consider distorsion tensors in order to be able to apply the Theorems 
11.3.51 and/or 11.31)1 with the aim to transform T 7 ^ into a metric d-connection, or even 
into a Riemann-Cartan d-connection. Here, we also note that a metric-affine space, in 
general, admits different classes of N-connections with various nontrivial global splitting 
n! + mf = n + m, where n! ^ n. 

We can state from the very beginning that a metric-affine space V n+m is provided 
with d-metric ()1.33|) and d-connection structure (jl.26|) adapted to a class of prescribed 
vielbein transforms (|1.16J) and ()1.17j) and N-elongated frames (jl.21j) and (jl.22j) . All 
constructions can be redefined with respect to coordinate frames ()1.18j) and ()1.19j) with 
off-diagonal metric parametrization (jl.34j) and then subjected to another frame and co- 
ordinate transforms hiding the existing N-connection structure and distinguished char- 
acter of geometric objects. Such 'distinguished' metric-affine spaces are characterized 
by corresponding N-connection geometries and admit geometric constructions with dis- 
tinguished objects. They form a particular subclass of metric-affine spaces admitting 
transformations of the general linear connection T 7 ^ into certain classes of d-connections 

r 7 

L (3a- 

Definition 1.3.17. A distinguished metric-affine space \ n+m is a usual metric-affine 
space additionally enabled with a N-connection structure N = {N®} inducing splitting 
into respective irreducible horizontal and vertical subspaces of dimensions n and m. This 
space is provided with independent d-metric hi. 8^ and affine d-connection \1.2b\) struc- 
tures adapted to the N-connection. 

The metric-affine spacetimes with stated N-connection structure are also charac- 
terized by nontrivial anholonomy relations of type (jl.23|) with anholonomy coefficients 
(jl.24J) . This is a very specific type of noncommutative symmetry generated by N-adapted 
(co) frames defining different anholonomic noncommutative differential calculi (for de- 
tails with respect to the Einstein and gauge gravity see Ref. |T7]). 

We construct and analyze explicit examples of metric-affine spacetimes with asso- 
ciated N-connection (noncommutative) symmetry in Refs. A surprizing fact is 
that various types of d-metric ansatz (jl.33J) with associated N-elongated frame (jl.21|) 
and coframe (jl.22J) (or equivalently, respective off-diagonal ansatz (jl.34|) ) can be de- 
fined as exact solutions in Einstein gravity of different dimensions and in metric-affine, 
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or Einstein-Cartan gravity and gauge model realizations. Such solutions model also 
generalized Finsler structures. 

1.4 Generalized Finsler— Affine Spaces 

The aim of this section is to demonstrate that any well known type of locally anis- 
toropic or locally isotropic spaces can be defined as certain particular cases of distin- 
guished metric-affine spaces. We use the general term of "generalized Finsler-afline 
spaces" for all type of geometries modelled in MAG as generalizations of the Riemann- 
Cartan-Finsler geometry, in general, containing nonmetricity fields. A complete classi- 
fication of such spaces is given by Tables 1-11 in the Appendix. 

1.4.1 Spaces with vanishing N— connection curvature 

Three examples of such spaces are given by the well known (pseudo) Riemann, 
Riemann-Cartan or Kaluza-Klein manifolds of dimension (n + m) provided with a gene- 
ric off-diagonal metric structure g of type (jl.34j) . of corresponding signature, which 
can be reduced equivalently to the block (n x n) © (m x m) form (jl.33|) via vielbein 
transforms ()1.16j) . Their N-connection structures may be restricted by the condition 

n% = 0, see fonji . 

Anholonomic (pseudo) Riemannian spaces 

The (pseudo) Riemannian manifolds, V^ +m , provided with a generic off-diagonal 
metric and anholonomic frame structure effectively diagonalizing such a metric is an 
anholonomic (pseudo) Riemannian space. The space admits associated N-connection 
structures with coefficients induced by generic off-diagonal terms in the metric (jl.34|) . 
If the N-connection curvature vanishes, the Levi-Civita connection is closely defined by 
the same coefficients as the canonical d-connection (linear connections computed with 
respect to the N-adapted (co) frames), see Proposition II .3.2| and related discussions in 
section 11.31 Following the Theorem 11.3. 7\ any (pseudo) Riemannian space enabled with 
generic off-diagonal connection structure can be equivalently modelled as an effective 
Riemann-Cartan geometry with induced N-connection and d-torsions. 

There were constructed a number of exact 'off-diagonal' solutions of the Einstein 
equations [3*4*1 "3*o"| I"""""] , for instance, in five dimensional gravity (with various type restric- 
tions to lower dimensions) with nontrivial N-connection structure with ansatz for metric 
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of type 



g 



u (x\y A ) [giidx 1 ) 2 + g 2 (x 2 ,x 3 ) (dx 2 ) 2 + g 3 (x 2 ,x 3 ) (dx 3 ) 2 
+h 4 (x 2 ,x 3 ,y*) (5y*) 2 + h 5 (x 2 ,x 3 ,y 4 ) (5y 5 )\ 



(1.78) 



for gi = const, where 



5y a = dy a + N a k (x l ,y 4 )dy 



with indices i,j,k... = 1,2,3 and a = 4,5. The coefficients N^{x l ,y A ) were searched 
as a metric ansatz of type ()1.34|) transforming equivalently into a certain diagonalized 
block (jl.33() would parametrize generic off-diagonal exact solutions. Such effective re- 
connect ions are contained into a corresponding anholonomic moving or static config- 
uration of tetrads/ pentads (vierbeins/funfbeins) defining a conventional splitting of 
coordinates into n holonomic and m anholonomic ones, where n + m = 4, 5. The ansatz 
(11.78(1 results in exact solutions of vacuum and nonvacuum Einstein equations which 
can be integrated in general form. Perhaps, all known at present time exact solutions 
in 3-5 dimensional gravity can be included as particular cases in (11.78(1 and general- 
ized to anholonomic configurations with running constants and gravitational and matter 
polarizations (in general, anisotropic on variable y 4 ) of the metric and frame coefficients. 

The vector/ tangent bundle configurations and/or torsion structures can be effectively 
modelled on such (pseudo) Riemannian spaces by prescribing a corresponding class of 
anholonomic frames. Such configurations are very different from those, for instance, 
defined by Killing symmetries and the induced torsion vanishes after frame transforms 
to coordinate bases. For a corresponding parametrizations of N?(u) and g a p, we can 
model Finsler like structures even in (pseudo) Riemannian spacetimes or in gauge gravity 



The anholonomic Riemannian spaces V^ +m can be considered as a subclass of distin- 
guished metric-affine spaces V n+m provided with N-connection structure, characterized 
by the condition that nonmetricity d-filed Q Q/ 3 7 = and that a certain type of induced 
torsions T^ 7 vanish for the Levi-Civita connection. We can take a generic off-diagonal 
metric (jl.34() . transform it into a d-metric (jl.33() and compute the h- and v-components 
of the canonical d-connection (jl.26() and put them into the formulas for d-torsions 
((1.95)1 and d-curvatures ([1.48)1 . The vacuum solutions are defined by d-metrics and 
N-connections satisfying the condition R Q/ 3 = 0, see the h-, v-components ()1.49j) . 

In order to transform certain geometric constructions defined by the canonical d- 
connection into similar ones for the Levi-Civita connection, we have to constrain the 
N-connection structure as to have vanishing N-curvature, fl?- = 0, or to see the con- 
ditions when the deformation of Levi-Civita connection to any d-connection result in 



123 ma EH- 
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non-deformations of the Einstein equation. We obtain a (pseudo) Riemannian vacuum 
spacetime with anholonomially induced d-torsion components 



This torsion can be related algebraically to a spin source like in the usual Riemann- 
Cartan gravity if we want to give an algebraic motivation to the N-connection splitting. 
We emphasize that the N-connection and d-metric coefficients can be chosen in order 
to model on V^ +m a special subclass of Finsler/ Lagrange structures (see discussion in 
section IT13|) . 

Kaluza— Klein spacetimes 

Such higher dimension generalizations of the Einstein gravity are characterized by a 
metric ansatz 



(a particular case of the metric (jl.34j0 with certain compactifications on extra dimension 
coordinates y a . The values A^(x K ) are considered to define gauge fields after compacti- 
fications (the electromatgnetic potential in the original extension to five dimensions by 
Kaluza and Klein, or some non-Abelian gauge fields for higher dimension generaliza- 
tions). Perhaps, the ansatz ()1.79|) was originally introduced in Refs. jlH] (see jlH] as a 
review of non-supersymmetry models and [50J for supersymmetric theories). 

The coefficients A^(x K ) from (|1.79|) are certain particular parametrizations of the N- 
connection coefficients N^(x K ,y a ) in (jl.34|) . This suggests a physical interpretation for 
the N-connection as a specific nonlinear gauge field depending both on spacetime and 
extra dimension coordinates (in general, noncompactified). In the usual Kaluza-Klein 
(super) theories, there were not considered anholonomic transforms to block d-metrics 
(J1.33)) containing dependencies on variables y a . 

In some more general approaches, with additional anholonomic structures on lower 
dimensional spacetime, there were constructed a set of exact vacuum five dimensional 
solutions by reducing ansatz (jl.79J) and their generalizations of form ()1.34|) to d-metric 
ansatz of type ()1.78|) . see Refs. [HU E3 HSU EH E3 HZ|- Such vacuum and nonvacuum 
solutions describe anisotropically polarized Taub-NUT spaces, wormhole/ flux tube con- 
fiugurations, moving four dimensional black holes in bulk five dimensional spacetimes, 
anisotropically deformed cosmological spacetimes and various type of locally anisotropic 
spinor-soliton-dialton interactions in generalized Kaluza-Klein and string/ brane grav- 



T) a = -T aj = C% and T a bi = -T% = dN?/dy b - L\ 




9ij (x K ) + AZix^Afa^Kbix", y a ) A%x K )h ae (x K , y a ) 






ity. 
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Teleparallel spaces 

Teleparallel theories are usually defined by two geometrical constraints jj] (here, we 
introduce them for d-connections and nonvanishing N-connection structure), 

R°jg = 5T a p + T a 7 A r 7 ^ = (1.80) 

and 

Qa/3 = -Dg Q/3 = -5g af3 + r^g Q7 + T\g Py = 0. (1.81) 

The conditions (jl.80j) and 1)1.81)1 establish a distant paralellism in such spaces because 
the result of a parallel transport of a vector does not depend on the path (the angles 
and lengths being also preserved under parallel transports). It is always possible to find 

such anholonomic transforms e a = A^ep and = A@ep, where A£ is inverse to Ajr 
when 

T a p -> T%_ = Afr a pA- a + A*6AJ = 
and the transformed local metrics becomes the standard Minkowski, 

ga£ = diag(-l,+l,....,+l) 

(it can be fixed any signature). If the (co) frame is considered as the only dynamical 
variable, it is called that the space (and choice of gauge) are of Weitzenbock type. A 
coframe of type (J1.22)) 

^ = (5x l = dx\ 5y a = dy a + iV* (u) dx 1 ) 

is defined by N-connection coefficients. If we impose the condition of vanishing the 
N-connection curvature, = 0, see (jl.2U|) . the N-connection defines a specific an- 
holonomic dynamics because of nontrivial anholonomic relations (jl.23|) with nonzero 
components (jl.24|) . 

By embedding teleparallel configurations into metric-affine spaces provided with N- 
connection structure we state a distinguished class of (co) frame fields adapted to this 
structure and open possibilities to include such spaces into Finsler-affine ones, see section 
11.4.21 For vielbein fields e a - and their inverses e a a related to the d-metric (|1.33|) . 

a P 
ga/3 — e a -e S 9aP 

we define the Weitzenbock d-connection 

^r a , 7 = eV 7 e/ , (1.82) 
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where 8 1 is the N-elongated partial derivative (jl.21j) . It transforms in the usual Weitzen- 
bock connection for trivial N-connections. The torsion of ^r a ^ is defined 

[WJrpa [Wl-pa [W]-pa 1 1 oq\ 

07 1 07 ~~ 1 7/3- {l.OO) 

It posses h- and v-irreducible components constructed from the components of a d- 
metric and N-adapted frames. We can express 

[W]p« -pa _|_ ryot 

1 07 ~ 1 V 07 + ^ 07 

where ^ is the Levi-Civita connection (|1.5Hj) and the contorsion tensor is 

In formulation of teleparallel alternatives to the general relativity it is considered that 

Qa0 = 0. 

1.4.2 Finsler and Finsler— Riemann— Cartan spaces 

The first approaches to Finsler spaces ^3 CHj were developed by generalizing the 
usual Riemannian metric interval 

ds = J gij (x) dx l dxi 

on a manifold M of dimension n into a nonlinear one 

ds = F (x\dx j ) (1.84) 

defined by the Finsler metric F (fundamental function) on TM = TM\{0} (it should 
be noted an ambiguity in terminology used in monographs on Finsler geometry and on 
gravity theories with respect to such terms as Minkowski space, metric function and so 
on). It is also considered a quadratic form on H 2 with coefficients 



2 dy i dy j 



defining a positive definite matrix. The local coordinates are denoted u a = (x l , y a — > y l ). 
There are satisfied the conditions: 1) The Finsler metric on a real manifold M is a 
function F : TM -> K which on TM = TM\{0} is of class C°° and F is only 
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continuous on the image of the null cross-sections in the tangent bundle to M. 2) 
F (x, xy) = xF {%, y) for every IR+. 3) The restriction of F to TM is a positive function. 

A) rank g\f\x,y) = n. 

There were elaborated a number of models of locally anisotropic spacetime geometry 
with broken local Lorentz invariance (see, for instance, those based on Finsler geome- 
tries [13 IIHI)- In result, in the Ref. [51], it was ambiguously concluded that Finsler 
gravity models are very restricted by experimental data. Recently, the subject concern- 
ing Lorentz symmetry violations was revived for instance in brane gravity [52] (see a 
detailed analysis and references on such theoretical and experimental researches in 53J). 
In this case, the Finsler like geometries broking the local four dimensional Lorentz in- 
variance can be considered as a possible alternative direction for investigating physical 
models both with local anisotropy and violation of local spacetime symmetries. But it 
should be noted here that violations of postulates of general relativity is not a generic 
property of the so-called " Finsler gravity" . A subclass of Finsler geometries and their 
generalizations could be induced by anholonomic frames even in general relativity theory 
and Riemannian-Cartan or gauge gravity [251 EE1 E3 El]- The idea is that instead of 
geometric constructions based on straightforward applications of derivatives of ([1.850 . 
following from a nonlinear interval ([1.840 . we should consider d-metrics ([1.330 with the 
coefficients from Finsler geometry ([1.850 or their extended variants. In this case, cer- 
tain type Finsler configurations can be defined even as exact 'off-diagonal' solutions in 
vacuum Einstein gravity or in string gravity. 



Finsler geometry and its almost Kahlerian model 

We outline a modern approach to Finsler geometry [T^j based on the geometry of 
nonlinear connections in tangent bundles. 

A real (commutative) Finsler space F n = (M, F (x, y)) can be modelled on a tangent 
bundle TM enabled with a Finsler metric F(x l ,yi) and a quadratic form g\p ([1.850 
satisfying the mentioned conditions and defining the Christoffel symbols (not those from 
the usual Riemannian geometry) 

c- k (x,y) = \g ih (d j9 [ S + d k g% ] - d h gfj) , 
where dj = djdx\ and the Cartan nonlinear connection 

[F]N K^) = \h [ci k (x,y)y l y k ] , (1.86) 
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where we do not distinguish the v- and h- indices taking on TM the same values. 

In Finsler geometry, there were investigated different classes of remarkable Finsler 
linear connections introduced by Cartan, Berwald, Matsumoto and other geometers (see 
details in Refs. |IHJ H3 EE])- Here we note that we can introduce g\J = g a b and 
^N*(x, y) in (jl.34j) and transfer our considerations toa(nxn)®(nx n) blocks of type 
()1.33|) for a metric-affine space V n+n . 

A usual Finsler space F n = (M,F(x,y)) is completely defined by its fundamental 
tensor g\j(x } y) and the Cartan nonlinear connection [ F lN*(x,y) and any chosen d- 
connection structure (jl.26j) (see details on different type of d-connections in section 
II. 3j) . Additionally, the N-connection allows us to define an almost complex structure / 
on TM as follows 

I(5 i ) = -d/dy i a ndl(d/dy l )=5 t 

for which I 2 = —1. 

The pair (g^ F \ I) consisting from a Riemannian metric on a tangent bundle TM, 

g [F] = <?]? (x, vW ® dx j + g\f\x, y)6y i ® 8y> (1.87) 

and the almost complex structure / defines an almost Hermitian structure on TM asso- 
ciated to a 2-form 

B = gf (x,y)Sy i Adx^. 

This model of Finsler geometry is called almost Hermitian and denoted H 2n and it is 
proven that is almost Kahlerian, i. e. the form 9 is closed. The almost Kahlerian 

space K 2n = (TM , g^, I^j is also called the almost Kahlerian model of the Finsler space 

F n . 

On Finsler spaces (and their almost Kahlerian models), one distinguishes the almost 
Kahler linear connection of Finsler type, on TM with the property that this covariant 
derivation preserves by parallelism the vertical distribution and is compatible with the 
almost Kahler structure (g^,/) , i.e. 

Djg' F ' = and D]Jl = 

for every d-vector field on TM. This d-connection is defined by the data 

[F] r % = ( [F %, [F] %, [F] q k , mcj h ) (1.88) 

with ^L l - k and ^Cj fc computed by similar formulas in (jl.56j) by using g\j as in (jl.85j) 
and [F] iVj from fT~86|) . 
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We emphasize that a Finsler space F n with a d-metric (|1.87|) and Cartan's N- 
connection structure (jl.Hfij) . or the corresponding almost Hermitian (Kahler) model H 2n , 
can be equivalently modelled on a space of dimension 2n, V n+n , provided with an off- 
diagonal metric (jl.34|) and anholonomic frame structure with associated Cartan's non- 
linear connection. Such anholonomic frame constructions are similar to modelling of the 
Einstein-Cartan geometry on (pseudo) Riemannian spaces where the torsion is consid- 
ered as an effective tensor field. From this viewpoint a Finsler geometry is a Riemannian- 
Cartan geometry defined on a tangent bundle provided with a respective off-diagonal 
metric (and a related anholonomic frame structure with associated N-connection) and 
with additional prescriptions with respect to the type of linear connection chosen to be 
compatible with the metric and N-connection structures. 

Finsler— Kaluza— Klein spaces 

In Ref. jHZJ we defined a 'locally anisotropic' toroidal compactification of the 10 di- 
mensional heterotic string sction |54j . We consider here the corresponding anholonomic 
frame transforms and off-diagonal metric ansatz. Let (n', m!) be the (holonomic, an- 
holonomic) dimensions of the compactified spacetime (as a particular case we can state 
n' + mf — 4, or any integers n! + m' < 10, for instance, for brane configurations). There 
are used such parametrizations of indices and of vierbeinds: Greek indices a, (3, ...//... 

run values for a 10 dimensional spacetime and split as a = (a', a) , (3 = (j3' , (3^ , ... when 

primed indices a',/3', ...//... run values for compactified spacetime and split into h- and 
v-components like a' = (i', a') , (3' = (f, b') , the frame coefficients are split as 




(1.89) 



where eJ L (w /3 '), in their turn, are taken in the form (j!.16J) 




(1.90) 



For the metric 



g = q du a (g> du 13 



(1.91) 



we have the recurrent ansatz 




+ Al,^')A^')h^') h^vf>)A*{vP) 



(1.92) 
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where 



9a'/3' 



;i.93) 



After a toroidal compactification on u a with gauge fields A^iyP ), generated by the 
frame transform (|1.89|) . we obtain a metric (|1.91|) like in the usual Kaluza-Klein the- 
ory (jl.79|) but containing the values g a '0'{u ), defined as in (jl.93J) (in a generic off- 
diagonal form similar to (jl.34J) . labelled by primed indices), which can be induced as 
in Finsler geometry. This is possible if gi'j'(u^'), h a iy{u^') — > g\fj,(x',y') (see (11.85)) ) and 

(x',y') (see (|1.86j) ) inducing a Finsler space with "primed" labels for 
objects. Such locally anisotropic spacetimes (in this case we emphasized the Finsler 
structures) can be generated anisotropic toroidal compactifications from different mod- 
els of higher dimension of gravity (string, brane, or usual Kaluza-Klein theories). They 
define a mixed variant of Finsler and Kaluza-Klein spaces. 

By using the recurrent ansatz ()1.92|) and (|1.93|) . we can generate both nontrivial 
nonmetricity and prescribed torsion structures adapted to a corresponding N-connection 
iVjv . For instance, (after topological compactification on higher dimension) we can pre- 
scribe in the lower dimensional spacetime certain torsion fields T\,-, and T a b , c , (they 
could have a particular relation to the so called 5-fields in string theory, or connected 
to other models). The next steps are to compute r\,j, and T a b , c , by using formulas (jl.65|) 
and define 

[B-rlTvy' _ ( T*' — f _L J? T a ' — n i' _ n n a' _ r<d , a' \ 

1 a'f3' — [^j'k' — ^ j'k' "+* T j'k'i ^.b'k' ~ ~Q~y ' -/a' ~~ U ' Wc' ~ U b'c' "+* T b'c' J 

(1.94) 

as in (jl.64|) (all formulas being with primed indices and L % '-, k , and C a b , c , defined as in 
()1.56|) ). This way we can generate from Kaluza-Klein/ string theory a Berwald spacetime 
with nontrivial N-adapted nonmetricity 

[BT] Qa'^' = [BT] D g/3 , 7 , = ( [BT] Q cH >?, [BT] Q t 'a'b') 

and torsions t Br 'T a l, , with h- and v- irreducible components 



TV 



rpi 1 

I j'a' 


rpi' 

~ ~ I a'j' 


/~ii' 
~ ^.j'a' 


rpa' 


rpa' 

1 .b'c' 


rpa' 

— 1 .c'b' 


fia' 
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Ta rpa v ja rpa rpa /~ia /~ia /i Qtr\ 
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defined by the h- and v-coefncients of (|1.94|) . 

We conclude that if toroidal compactifications are locally anisotropic, defined by a 
chain of ansatz containing N-connection, the lower dimensional spacetime can be not 
only with torsion structure (like in low energy limit of string theory) but also with 
nonmetricity. The anholonomy induced by N-connection gives the possibility to define 
a more wide class of linear connections adapted to the h- and v-splitting. 

Finsler— Riemann— Cartan spaces 

Such spacetimes are modelled as Riemann-Cartan geometries on a tangent bundle 
TM when the metric and anholonomic frame structures distinguished to be of Finsler 
type ()1.87|) . Both Finsler and Riemann-Cartan spaces possess nontrivial torsion struc- 
tures (see section 11.2.41 for details on definition and computation torsions of locally 
anisotropic spaces and Refs. [SB] for a review of the Einstein-Cartan gravity). The 
fundamental geometric objects defining Finsler-Riemann-Cartan spaces consists in the 
triple (^ F \ ^J F ] a ^j where g^ is a d-metric (jl.87|) . 

0fo = (dx\ Sy j = dyi + N( F]k (x l , y s ) dx k ) 

with Nyp^ k (x l ,y s ) of type ()1.8fi|) and ^7p] a p is an arbitrary d-connection (jl.26j) on TM 
(we put the label [F] emphasizing that the N-connection is a Finsler type one). The tor- 
sion Tjjp] and curvature Hfpip d-forms are computed following respectively the formulas 
dEUD and but for $f F] and Tj F]ap . 

We can consider an inverse modelling of geometries when (roughly speaking) the 
Finsler configurations are 'hidden' in Riemann-Cartan spaces. They can be distinguished 
for arbitrary Riemann-Cartan manifolds V n+n with coventional split into "horizontal" 
and "vertical" subspaces and provided with a metric ansatz of type (jl.87)l and with pre- 
scribed procedure of adapting the geometric objects to the Cartan N-connection iVLi fe . Of 
course, the torsion can not be an arbitrary one but admitting irreducible decompositions 
with respect to N-frames and N-coframes $? F -, (see, respectively, the formulas (jl.21|) 

and (jl.22J) when N? — *> iVjLJ. There were constructed and investigated different classes 
of exact solutions of the Einstein equations with anholonomic variables characterized 
by anholonomically induced torsions and modelling Finsler like geometries in (pseudo) 
Riemannian and Riemann-Cartan spaces (see Refs. j3U ESI I2S] ) • All constructions from 
Finsler-Riemann-Cartan geometry reduce to Finsler-Riemann configurations (in gen- 
eral, we can see metrics of arbitrary signatures) if rjL^ is changed into the Levi-Civita 
metric connection defined with respect to anholonomic frames e a and coframes d a when 
the N-connection curvature Q l jk and the anholonomically induced torsion vanish. 
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Teleparallel generalized Finsler geometry 

In Refs. jSnj the teleparallel Finsler connections, the Cartan-Einstein unification 
in the teleparallel approach and related moving frames with Finsler structures were 
investigated. In our analysis of teleparallel geometry we heavily use the results on N- 
connection geometry in order to illustrate how the teleparallel and metric affine grav- 
ity [Oj can defined as to include generalized Finsler structures. For a general metric- 
affine spaces admitting N-connection structure N®, the curvature R-^ 7r of an arbitrary 
d-connection rig = (L l j k , L bk , C] c , C bc ) splits into h- and v-irreversible components, 
R% T = (R\ jk , R a bjk , P) ka , P c bka , S* i6c; S a bcd ), see (H3EJ). In order to include Finsler like 
metrics, we state that the N-connection curvature can be nontrivial Q^ k ^ 0, which is 
quite different from the condition imposed in section 11.4.11 The condition of vanishing 
of curvature for teleparallel spaces, see (jl.HOj) . is to be stated separately for every h- 
v-irreversible component, 

R % hjk = 0' R\jk = 0' P % jka = P C bka = 0' ^ % jbc = 0' & bed = 0- 

We can define certain types of teleparallel Berwald connections (see sections 11.3.41 and 
I1.3.4J) with certain nontrivial components of nonmetricity d-field ()1.63j) if we modify the 
metric compatibility conditions (jl.Slj) into a less strong one when 

Q kij = -D k gij = and Q abc = -D a h bc = 

but with nontrivial components 

Qa/?7 \Qcij Dcdiji Qiab ^i^afe) • 

The class of teleparallel Finsler spaces is distinguished by Finsler N-connection and d- 
connection [F] N*(x,?/) and [F] f a ^ = ( ^L) k , ^L) k , ^C) k , [F] C l jk ^ , see, respectively, 
()1.86|) and (|1.88|) with vanishing d-curvature components, 

[F] Di _ q [F] pi _ n [F] qi _ Q 

n hjk — u > r jka — u > ° jbc ~ u - 

We can generate teleparallel Finsler affine structures if it is not imposed the condition 
of vanishing of nonmetricity d-field. In this case, there are considered arbitrary d- 
connections D a that for the induced Finsler quadratic form (jl.87j) 

l p ]Q a/37 = -D a g^ ± 



but RV T (D) = 0. 
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The teleparallel-Finsler configurations are contained as particular cases of Finsler- 
afSne spaces, see section 11.4.21 For vielbein fields e a - and their inverses e a a related to 
the d-metric (|1.87|) . 

[F] ~ a ~ I 3 

we define the Weitzenbock-Finsler d-connection 

[WF] T% = ~e a J,~ef (1-96) 

where £ 7 are the elongated by ^N*(x, y) partial derivatives (|1.21|) . The torsion of 
[WF] T a ^ is defined 

[WFlrpc* _ [WF] r a [WF] r a /i 07 \ 

07 1 (3-y ~ 1 7/3 \ L - JI ) 

containing h- and v-irreducible components being constructed from the components of 
a d-metric and N-adapted frames. We can express 

1 /? 7 - 1 V 07 + ^ 07 + ^ 07 

where ~ is the Levi-Civita connection (|1.53|) . Z'V =^ — o , and the 

contorsion tensor is 

Z a p = ep\ [w] T a -e a \ WT P +^ (eje^j ™T 7 ) ^+(e a jQ^) iF-( e/3 jQ a7 ) tf 7 + ^Q a/3 . 

In the non-Berwald standard approaches to the Finsler-teleparallel gravity it is consid- 
ered that Q al 3 = 0. 



Cartan geometry 

The theory of Cartan spaces (see, for instance, ^HJ G>6J) can be reformulated as a 
dual to Finsler geometry [SB] (see details and references in |20j). The Cartan space is 
constructed on a cotangent bundle T*M similarly to the Finsler space on the tangent 
bundle TM. 

Consider a real smooth manifold M, the cotangent bundle (T*M,n* , M) and the 
manifold f*M = T*M\{0}. 

Definition 1.4.18. A Cartan space is a pair C n = (M, K(x,p)) such that K : T*M — > 
1R is a scalar function satisfying the following conditions: 

1. K is a differentiable function on the manifold T*M = T*M\{0} and continuous 
on the null section of the projection n* :T*M —> M; 
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2. K is a positive function, homogeneous on the fibers of the T*M, i. e. K(x, Xp) 
XF(x,p), X e H; 



3. The Hessian of K 2 with elements 

.It ri\ = 

2 dpidp 

is positively defined on T*M. 



^77777777" (1-98) 



The function K(x,y) and g^(x,p) are called respectively the fundamental function 
and the fundamental (or metric) tensor of the Cartan space C n . We use symbols like "g" 
as to emphasize that the geometrical objects are defined on a dual space. 

One considers "anisotropic" (depending on directions, momenta, pi) Christoffel sym- 
bols. For simplicity, we write the inverse to (jl.98)) as g\f> = gij and introduce the 
coefficients 

1 *«• ( 9 9rk . dg jr dg jk 



f ^ p) ~ 2 r {dx^ + dx* dxr 
defining the canonical N-connection N = {Nij}, 



N\f ] = l\ Pk - \l k nl p k p l d n g l3 (1.99) 

where d n = d/dp n . The N-connection N = {N^} can be used for definition of an almost 
complex structure like in 1)1.87)1 and introducing on T*M a d-metric 

G[ fc ] = gij(x,p)dx l <g> dx j + g^ (x ) p)5p i <g> 5pj, (1.100) 

with g l i(x,p) taken as (jl.98j) . 

Using the canonical N-connection p. 99)) and Finsler metric tensor p. 98)1 (or, equiv- 
alently, the d-metric p. 100)) ). we can define the canonical d-connection D = {T {N^jj } 

f (N[ k ]) = F[k]p 7 = (H\k] jki H\k] jk, C {k] i*> &\k] f) 
with the coefficients computed 

H\ k ] jk = \a ir {Sj9rk + S k 9jr ~ Kgjk) , C [k] f = g is d s gi k . 

The d-connection T (-/V^)) satisfies the metricity conditions both for the horizontal and 
vertical components, i. e. D a g/? 7 = 0. 
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The d-torsions (|1.95|) and d-curvatures ()1.48|) are computed like in Finsler geometry 
but starting from the coefficients in (jl. 99)1 and (jl.lOOj) . when the indices a, b, c... run the 
same values as indices i, j, k, ... and the geometrical objects are modelled as on the dual 
tangent bundle. It should be emphasized that in this case all values <?y ; and flS^j 

are defined by a fundamental function K (x, p) . 

In general, we can consider that a Cartan space is provided with a metric g^ = 
d 2 K 2 /2dpidpj, but the N-connection and d-connection could be defined in a different 
manner, even not be determined by K. If a Cartan space is modelled in a metric-affine 
space V n+n , with local coordinates {x\ y k ) , we have to define a procedure of dualization 
of vertical coordinates, y k — > pk- 



1.4.3 Generalized Lagrange and Hamilton geometries 

The notion of Finsler spaces was extended by J. Kern [2Zj and R. Miron jHOJ- It 
is was elaborated in vector bundle spaces in Refs. [H] and generalized to superspaces 
[2*3] . We illustrate how such geometries can be modelled on a space V n+n provided with 
N-connection structure. 



Lagrange geometry and generalizations 

The idea of generalization of the Finsler geometry was to consider instead of the 
homogeneous fundamental function F(x, y) in a Finsler space a more general one, a 
Lagrangian L (x,y), defined as a differentiable mapping L : (x,y) G TV n+n — > L(x,y) G 

n+n n+n 

1R, of class C°° on manifold TV and continuous on the null section : V n —>■ TV 

n+n 

of the projection tt : TV — > V n . A Lagrangian is regular if it is differentiable and the 
Hessian 



l,J 2dy i dyi 



9%\*,v) = nlZI^ (1-101) 

is of rank n on V n . 



Definition 1.4.19. A Lagrange space is apair~L n = (V n , L(x, y)) where V n is a smooth 
real n- dimensional manifold provided with regular Lagrangian L(x, y) structure L : 
TV n — > IR for which gij(x,y) from f 1.1 01]) has a constant signature over the manifold 



-n+n 

TV . 



The fundamental Lagrange function L(x, y) defines a canonical N-connection 



cL \ AT* = 

j 2 dyi 



th 



d 2 L 2 h dL 



9 E-uK-^ y - 



QykQyh Q x k 



;i.io2) 
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as well a d-metric 

g[i] = fl'ij^j 2/) rfa;l ® ^ + 2/)<fy l ® (1.103) 

with gij(x,y) taken as (jl.lUlJI . As well we can introduce an almost Kahlerian structure 
and an almost Hermitian model of L n , denoted as H 2n as in the case of Finsler spaces 
but with a proper fundamental Lagrange function and metric tensor g^. The canonical 
metric d-connection D[£] is defined by the coefficients 

wr% = ( [L] u jk , ^u Jk , m& jhi m& jh ) (i.io4) 

computed for N? cL -, ■ and by respective formulas ((1.56(1 with h a h — > gff and C^, — > C^-. 

The d-torsions ()1.95|) and d-curvatures ()1.48|) are determined, in this case, by - k 

and 1^(7* - fc . We also note that instead of l^jV*. and '^r'V we can consider on a 
L n -space different N-connections iV*-, d-connections r°g which are not defined only by 

L(x,y) and but can be metric, or non-metric with respect to the Lagrange metric. 

The next step of generalization jHO] is to consider an arbitrary metric (x, y) on 
TV n+n (we use boldface symbols in order to emphasize that the space is enabled with 
N-connection structure) instead of ((1.101(1 which is the second derivative of " anisotropic" 
coordinates y l of a Lagrangian. 

Definition 1.4.20. A generalized Lagrange space is a pair GL ra = (V n ,gij(x,y)) where 
gtj(x, y) is a covariant, symmetric and N -adapted d-tensor field of rank n and of constant 

n+ra 

signature on TV 

One can consider different classes of N- and d-connections on TV n+n , which are 
compatible (metric) or non compatible with (|1. 103(1 for arbitrary gij(x,y) and arbitrary 
d-metric 

S[gL] = 9ij(x, y)dx l <g> dx 3 + g^x, y)5y l <g> 5y J , (1.105) 

We can apply all formulas for d-connections, N-curvatures, d-torsions and d-curvatures 
as in sections 11.2.31 and 11.2.41 but reconsidering them on TV n+n , by changing 

h ab - gij (x, y), CI - % and N? - N\. 

Prescribed torsions T l - k and S l - fc can be introduced on GL n by using the d-connection 

r /?7 = \ L \gL] jk + ^jk, L \gL] jk + T% jki C [gL] jk + ° % jki C [gL] jk + ° % jk ) (1.106) 
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with 

r% = \g a {g kh T% + g jh T h lk - g lh T%) and a* jk = \g il (g kh S% + g jh S h lk - g lh S h jk ) 

like we have performed for the Berwald connections (jl.64|) with (jl.65|) and (jl.94j) but in 

our case 

[aL1 f % = (l\ 9 l] jk, L\ g L] jk, Cf gL] jk , d\ gL] jk ^j (1.107) 

is metric compatible being modelled like on a tangent bundle and with the coefficients 
computed as in (jl.56|) with h ab — > gf^ and C£ c — > by using the d-metric G>[ g L\ 
f|1.105p . The connection f)l.lU6|) is a Riemann-Cartan one modelled on effective tangent 
bundle provided with N-connection structure. 

Hamilton geometry and generalizations 

The geometry of Hamilton spaces was defined and investigated by R. Miron in the 
papers (SHI (see details and additional references in |20])- It was developed on the 
cotangent bundle as a dual geometry to the geometry of Lagrange spaces. Here we 
consider their modelling on couples of spaces (V n , *V n ) , or cotangent bundle T*M, 
where *V n is considered as a 'dual' manifold defined by local coordinates satisfying 
a duality condition with respect to coordinates on V n . We start with the definition of 
generalized Hamilton spaces and then consider the particular cases. 

Definition 1.4.21. A generalized Hamilton space is a pair GH" = (V n ,g^(x,p)) where 
V n is a real n- dimensional manifold and g^(x,p) is a contravariant, symmetric, nonde- 

n+n 

generate of rank n and of constant signature on T*V 

The value g^ix, p) is called the fundamental (or metric) tensor of the space GH". One 
can define such values for every paracompact manifold V n . In general, a N-connection 
on GH" is not determined by g l K Therefore we can consider an arbitrary N-connection 
N = {N i:j (x,p)} and define on T*V n+n a d-metric similarly to 1Q3J1 and/or (I1.10HI) 

G[ gH] = g aP (u) 5 a ®5 p = g l3 (u) d* ® d? + g ij (u) 6 t ® 5 jt (1.108) 

The N-coefficients (x, p) and the d-metric structure (jl.108)) define an almost Kahler 
model of generalized Hamilton spaces provided with canonical d-connections, d-torsions 
and d-curvatures (see respectively the formulas d-torsions (jl.95|) and d-curvatures (jl.48J) 
with the fiber coefficients redefined for the cotangent bundle T*V n+n ). 
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A generalized Hamilton space GH" is called reducible to a Hamilton one if there 
exists a Hamilton function H (x,p) on T*V n+n such that 

= < 1109 > 

Definition 1.4.22. A Hamilton space is a pair H n = (V n , H(x,p)) such that H : 
rp*yn _^ jj^ ^ fl sca i ar function which satisfy the following conditions: 

n+n 

1. H is a differentiable function on the manifold T*V = T*V n+n \{0} and contin- 
uous on the null section of the projection n* : T*V n+n — > V n ; 

2. The Hessian of H with elements M.1U9\) is positively defined on T*V and 
g % i(x,p) is nondegenerate matrix of rank n and of constant signature. 

For Hamilton spaces, the canonical N-connection (defined by H and its Hessian) is 
introduced as 

rm - 1 r , 1 ( d 2 H d 2 H \ 

where the Poisson brackets, for arbitrary functions / and g on T*V n+n , act as 

dpi dx l dpi dx l 

The canonical metric d-connection '^D is defined by the coefficients 

fflf" — ( [c]ffi [c]rri Mrji [Ani \ 
L /3-y — { n jki n jki ° jki ° jk) 

computed for ^Nij and by respective formulas (jl.56|) with g^ — > g^- (w) , /i a6 — > g l i and 
^i*- Cfc- [c] ^, '"'when 

M#V fc = \g ls %g sk + - S s g jk ) and ^(7 ( jfc = —g^g 8 *. 

In result, we can compute the d-torsions and d-curvatures like on Lagrange or on Cartan 
spaces. On Hamilton spaces all such objects are defined by the Hamilton function H (x, p) 
and indices have to be reconsidered for co-fibers of the cotangent bundle. 

We note that there were elaborated various type of higher order generalizations (on 
the higher order tangent and contangent bundles) of the Finsler-Cartan and Lagrange- 
Hamilton geometry j2l] and on higher order supersymmetric (co) vector bundles in 
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Ref. [221 • We can generalize the d-connection to any d-connection in H" with 

prescribed torsions, like we have done in previous section for Lagrange spaces, see ()l.l()fi|L 
This type of Riemann-Cartan geometry is modelled like on a dual tangent bundle by a 
Hamilton metric structure (jl.l09j) . N-connection '^iVy, and d-connection coefficients 
\ c W jk and ®C 4 jk . 

1.4.4 Nonmetricity and generalized Finsler— affine spaces 

The generalized Lagrange and Finsler geometry may be defined on tangent bundles 
by using d-connections and d-metrics satisfying metric compatibility conditions [T4"j . 
Nonmetricity components can be induced if Berwald type d-connections are introduced 
into consideration on different type of manifolds provided with N-connection structure, 
see formulas IfPSJ) . (fTMJl. (^Ttljl and (JDSJ). 

We define such spaces as generalized Finsler spaces with nonmetricity 

Definition 1.4.23. A generalized Lagrange-affine space GLa 71 = (V n , gij(x, y), ^T^) 
is defined on manifold TV n+ri , provided with an arbitrary nontrivial N-connection struc- 
ture N = {Nj}, as a general Lagrange space GL n = (V n , gij(x, y)) (see Definition al .4- 20^ 
enabled with a d-connection structure I^T 7 a = ^r 7 ^^ distorted by arbitrary torsion, 
Tp, and nonmetricity, Qp 7 , d-fields, 

[a] T a^ = [aL]fa fi + [a] ja ^ (l.m) 

where ^Tp* is the canonical generalized Lagrange d-connection \1.1UT\) and 

[a] Z a p = ep\ T a -e a \ Tp + ^(e a \ep\ T 7 )iF + (e Q J Q^-ffr -( ep \ Q Q7 )tf 7 + ^ Q a p. 

The d-metric structure on GLa n is stated by an arbitrary N-adapted form (jl.Hrij) 
but on TV n+n , 

g[a] = g lj {x,y)dx t ® dx J + g tj {x,y)5y l <g> by . (1.112) 

The torsions and curvatures on GLa n are computed by using formulas (jl.41j) and 
fQ2l with T 7 ^ -> WT a p, 

[a] T a # [a] D ^a = + [a^ A ^ (1.113) 

and 

[ol R a ^ = [a] D( [al r^) = 5{ [a] T a p) - [a] r 7 A [a] T a (1.114) 
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Modelling in V n+n , with local coordinates u a = (x l , y k ) , a tangent bundle structure, we 
redefine the operators (jl.22j) and (jl.21|) respectively as 

«. = s. = (*, 4) = A = (A = a, - «r (») A) (i.ii5) 

and the N-elongated differentials (in brief, N-differentials) 

& = S ? = (d\ 5 k ^j = 5u a = (8x i = dx\ 5y k = dy k + N k (u) dx l ) (1.116) 

where Greek indices run the same values, ... = 1, 2, ...n (we shall use the symbol "~" 
if one would be necessary to distinguish operators and coordinates defined on h- and v- 
subspaces) . 

Let us define the h- and v-irreducible components of the d-connection ^T a a like in 
(P~27j) and (JOED, 

1 (87 _ I u jk + 2 jjfe> ^ jfc + z jfc> ° jfc i c jfci ° jfc + c jA J 

with the distorsion d-tensor 

[a] y a _ I i % J i \ 

fl ~ \ Z jkt z jki c jki C jk) 

defined as on a tangent bundle 

[a] L) k = ( [a] B Sk 5 3 )\s i = ( [L] D 5fe ^+ '»iz^)ji ! = mp jk + z' jk , 

m jk = (^B ih d j )\ff=^B k B j +^z k d j )\ff 

[a] C} k = (WD Sk i J )j5 i =([%+ HZ^)]^ 1^^ + ^ 



A- 



where for 'lifts' from the h-subspace to the v-subspace we consider that ^L % - k = ^Lj k 
and ^Cj k = ^Cj k - As a consequence, on spaces with modelled tangent space structure, 
the d-connections are distinguished as = {L % - k) Cj fc ) . 

Theorem 1.4.8. The torsion ^T a \1.1VA) of a d-connection ^T a p = ( [a] L) k , Mqj c ) 
M.lll)) has as irreducible h- v-components, '"'T" = {t^T 1 -^ , the d-torsions 

T% = -Tl = ^L\ jk + z\ jk - MP kj - z\ p (1.117) 

rpi _ _ rpi _ [L]Pii , i _ [L}Pii _ A 
1 jk — 1 kj — ° jk* c jk ° kj c kj- 
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The proof of this Theorem consists from a standard calculus for metric-affine spaces 
of Mx Q ||] but with N-adapted frames. We note that in z l j k and c* fc - it is possible to 
include any prescribed values of the d-torsions. 

Theorem 1.4.9. The curvature WR^ \1.114j ) of a d-connection 
WT a p = ( ^L % j k , ^Cj c ) 111.111}) has the h- v-components (d-curvatures), 

Hpa J [a] pi [a] pi [a] ci 1 

"•.ySTT ~~ I rt hjki r jkai ° jbci i 



[a] pi '"J .hk I [a] r m [a] r j [a] rm [a] ri M/^'* 

^' fc ~~ ^ 5 x i mfc hfc m ^ ^.ho^.jki 

f) [a]ri ( f) [a] 

[a] pi _ Zjk I u ^.js [ a ] T i [a} r l _ [a]r2 [a]™ _ [a] jp [a] pi 

jks ~ dy s \ dx k lk js - jk ds - sk - jp 

I [a] pi [a] pP 

-jp -ksi 
a [a]pi a [a] pi 
[a]qi _ -J 1 . [ a ]ph [a] pi _ [a]ph [aj^i 

jlm ~ dy m dy l - jl - hm jm w 

where ^L m hk = jk + j jk , MC* fc = M^ + c^, fe = SfN? - 8^° and WP p ks = 
dNf/dy s - ^L p ks . 

The proof consists from a straightforward calculus. 

Remark 1.4.3. As a particular case of GLa n ; we can define a Lagrange- affine space 
La n = (v n , g\j\x, y), ^T a p\ , provided with a Lagrange quadratic form g\j\x, y) hl.101]) 

inducing the canonical N -connection structure [ ci lN = { ^iVj} hi. 102]) as in a Lagrange 
space L n = (V n , gij(x, y)) (see Definition \1.4-19^ ) but with a d-connection structure 
[6]p7 ^ _ Mr 7 ^^ distorted by arbitrary torsion, Tp, and nonmetricity, Q/3 7 , d-fields, 

[b] pa _ [I]fa , [6] 

where ^Tp* zs the canonical Lagrange d-connection \1.10J$ , 

M Z% = e/3 J Tq, e a J T^ + i(e a Je^J T 7 )tf 7 + (e Q J Q/3 7 ) ^ 7 - (e^J Q Q7 )tf 7 + ^ Q a/3 , 

and i/ie (co,) frames ep and $ 7 are respectively constructed as in M.21\) and hi. 22]) by 
using ^iVj. 
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Remark 1.4.4. The Finsler-affine spaces Fa n = (V n , F (x, y) , ^T 01 ^ can be introduced 
by further restrictions of La n to a quadratic form M.85\) constructed from a Finsler 
metric F (x 4 ,?/- 7 ) inducing the canonical N-conn ection structure [F] N = { ^iV)} hl~M) 
as in a Finsler space F ra = (V n , F (x, y)) but with a d-connection structure [^r 7 a = 
^T^apfi 13 distorted by arbitrary torsion, Tg, and nonmetricity, Q/? 7 , d-fields, 

[f]ya _ [F]fia i [/] ya 
1 p — i /3+ ^ pi 

where ^T a p is the canonical Finsler d-connection hi. 88]) . 

W Z% = e/3 J T Q -e Q J Tp + ^{e a \ep\ T 7 )^ + (e a J Qp 7 )^-(ep\ Q Q7 )^ + ^ Q a p, 

and the (co) frames ep and d 1 are respectively constructed as in M.21)) and hi. 22]) by 
using ^iVj. 

Remark 1.4.5. By similar geometric constructions (see Remarks \1. 4 -3\ and \1.4-4\ ) on 

spaces modelling cotangent bundles, we can define generalized Hamilton- affine spaces 
GHa" = (V n , g l;i (x,p), ^f^) and theirs restrictions to Hamilton- affine 

Ha" = (V n ,g i [ j I] {x,p), ^t a ) and Cartan-affine spaces Ca n = (v n , g^ K] (x , p) , Mf ^ 

(see sections \l.4-3\ and \1.4-2\ ) as to contain distorsions induced by nonmetricity Q ai . The 
geometric objects have to be adapted to the corresponding N-connection and d-metric/ 
quadratic form structures (arbitrary (x,p) and d-metric 111.108]) . ^Nij (x,p) 111.110]) 
and quadratic form gFL hi. 109]) and N\f hi. 99^ and g^L, hi. 98]) . 

Finally, in this section, we note that Theorems 11.4.81 and 11.4.91 can be reformulated 
in the forms stating procedures of computing d-torsions and d-curvatures on every 
type of spaces with nonmetricity and local anisotropy by adapting the abstract symbol 
and/or coordinate calculations with respect to corresponding N-connection, d-metric 
and canonical d-connection structures. 



1.5 Conclusions 

The method of moving anholonomic frames with associated nonlinear connection (N- 
connection) structure elaborated in this work on metric-affme spaces provides a general 
framework to deal with any possible model of locally isotropic and/or anisotropic inter- 
actions and geometries defined effectively in the presence of generic off-diagonal metric 
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and linear connection configurations, in general, subjected to certain anholonomic con- 
straints. As it has been pointed out, the metric-affine gravity (MAG) contains various 
types of generalized Finsler-Lagrange-Hamilton-Cartan geometries which can be dis- 
tinguished by a corresponding N-connection structure and metric and linear connection 
adapted to the N-connection structure. 

As far as the anholonomic frames, nonmetricity and torsion are considered as fun- 
damental quantities, all mentioned geometries can be included into a unique scheme 
which can be developed on arbitrary manifolds, vector and tangent bundles and their 
dual bundles (co-bundles) or restricted to Riemann-Cartan and (pseudo) Riemannian 
spaces. We observe that a generic off-diagonal metric (which can not be diagonalized by 
any coordinate transform) defining a (pseudo) Riemannian space induces alternatively 
various type of Riemann-Cartan and Finsler like configuratons modelled by respective 
frame structures. The constructions are generalized if the linear connection structures 
are not constrained to metricity conditions. One can regard this as extensions to metric- 
affine spaces provided with N-connection structure modelling also bundle structures and 
generalized noncommutative symmetries of metrics and anholonomic frames. 

In this paper we have studied the general properties of metric-affine spaces provided 
with N-connection structure. We formulated and proved the main theorems concerning 
general metric and nonlinear and linear connections in MAG. There were stated the 
criteria when the spaces with local isotropy and/or local anisotropy can be modelled 
in metric-affine spaces and on vector/ tangent bundles. We elaborated the concept 
of generalized Finsler-affine geometry as a unification of metric-affine (with nontrivial 
torsion and nonmetricity) and Finsler like spaces (with nontrivial N-connection structure 
and locally anisotropic metrics and connections). 

In a general sense, we note that the generalized Finsler-affine geometries are con- 
tained as anhlonomic and noncommutative configurations in extra dimension gravity 
models (string and brane models and certain limits to the Einstein and gauge gravity 
defined by off-diagonal metrics and anholonomic constraints). We would like to stress 
that the N-connection formalism developed for the metric-affine spaces relates the bulk 
geometry in string and/or MAG to gauge theories in vector/tangent bundles and to 
various type of non-Riemannian gravity models. 

The approach presented here could be advantageous in a triple sense. First, it pro- 
vides a uniform treatment of all metric and connection geometries, in general, with 
vector /tangent bundle structures which arise in various type of string and brane grav- 
ity models. Second, it defines a complete classification of the generalized Finsler-affine 
geometries stated in Tables 1-11 from the Appendix. Third, it states a new geometric 
method of constructing exact solutions with generic off-diagonal metric ansatz, torsions 
and nonmetricity, depending on 2-5 variables, in string and metric-affine gravity, with 
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limits to the Einstein gravity, see Refs. [33] . 

1.6 Appendix: Classification of Generalized Finsler— 
Affine Spaces 

We outline and give a brief characterization of the main classes of generalized Finsler- 
affine spaces (see Tables irTTMl.llj) . A unified approach to such very different locally 
isotropic and anisotropic geometries, defined in the framework of the metric-affine geom- 
etry, can be elaborated only by introducing the concept on N-connection (see Definition 

imnj). 

The N-connection curvature is computed following the formula Qfj = see 
(dHI, for any N-connection JVf. A d-connection D = [T^] = [U ^ L a bk , C* jo , C a bc ] (see 
Definition OHU) defines nontrivial d-torsions T a Pl = [L\ jk] , C l ja , T a bj , C a [bc] ] and 
d-curvatures = [R i jW R a bkl , P l jka , P c bka , S* jbc , S a dbc ] adapted to the N-connection 

structure (see, respectively, the formulas ()1.45j) and f)1.48jl ). It is considered that a 
generic off-diagonal metric g a p (see Remark 11.2. 1|) is associated to a N-connection 
structure and reprezented as a d-metric g aj g = [gij,h ab ] (see formula (jl.33|0 . The 
components of a N-connection and a d-metric define the canonical d-connection D = 
\Tp ] = [L l j k , L a bk , C l j C , C a bc ] (see (11.56(0 with the corresponding values of d-torsions 

T a p and d-curvatures R"^ . The nonmetricity d-fields are computed by using formula 

Qo/37 = D a g^ = [Qijk-, Qiabi Qajki Qabc\i See f|l ,35|) . 

1.6.1 Generalized Lagrange— affine spaces 

The Table 11.11 outlines seven classes of geometries modelled in the framework of 
metric-affine geometry as spaces with nontrivial N-connection structure. There are 
emphasized the configurations: 

1. Metric-affine spaces (in brief, MA) are those stated by Definition II . 2 . 91 as certain 
manifolds V n+m of necessary smoothly class provided with arbitrary metric, g a p, 
and linear connection, T^ 7 , structures. For generic off-diagonal metrics, a MA 
space always admits nontrivial N-connection structures (see Proposition I1.3.4J1 . 
Nevertheless, in general, only the metric field g a p can be transformed into a d- 
metric one g a/ 3 = [g^, h a b], but can be not adapted to the N-connection 

structure. As a consequence, the general strength fields (T°p 7 , R a p 7T , Qa/3-y) can be 
also not N-adapted. By using the Kawaguchi's metrization process and Miron's 
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procedure stated by Theorems 11.3.51 and 11.3.61 we can consider alternative geome- 
tries with d-connections (see Definition 11 .2. 11(1 derived from the components 
of N-connection and d-metric. Such geometries are adapted to the N-connection 
structure. They are characterized by d-torsion T°jg , d-curvature R ^, and non- 
metricity d-field Q aj a 7 . 

2. Distinguished metric-affine spaces (DMA) are defined (see Definition 11.3.17)) as 
manifolds V n+m provided with N-connection structure N?, d-metric field ()1.33j) 
and arbitrary d-connection T^. In this case, all strengths (TV, R a g 7T , Qa/3 7 ) are 
N-adapted. 

3. Berwald-affine spaces (BA, see section 11.3.4(1 are metric-affine spaces provided 
with generic off-diagonal metrics with associated N-connection structure and with 
a Berwald d-connection = [ [B] T^} = \V jk , d b N^ 0, C a bc ], see (fH^l . for with 
the d-torsions [B] T a ^ = [ {B] L\ k] , 0, T a bj , C a [bc] ] and d-curvatures 

[B]r>a _[B] \pi pa pi pc qi na 1 
1V /3-yr — I 11 jkb 11 bfcZ' r jka' r bkai ° jbci ° dbc\ 

are computed by introducing the components of , respectively, in formulas 

(11.45(1 and ()1.48() . By definition, this space satisfies the metricity conditions on the 
h- and v-subspaces, Qr/fc = and Q a bc = 0, but, in general, there are nontrivial 
nonmetricity d-fields because Qi ab and Q a jk are not vanishing (see formulas (|1.63|1 ). 

4. Berwald-affine spaces with prescribed torsion (BAT, see sections 11.3.41 and ll.3.4|) 
are described by a more general class of d-connection ^- BT ^T^ = [L 1 ^, d b N k , 0, C a bc ], 

with more general h- and v-components, L l - k — > L l - k and C\ c — ► C a bc , inducing 
prescribed values t % - k and r a bc in d-torsion 

[BT]rr\a \ ji n O a T 10 - _L i- a 1 

1 /? 7 — V- 1 [jk\i + T jki U > "ij) 1 bji ° [be] + T 6cJ> 

see (|1.65p . The components of curvature ^ BT ^H a p have to be computed by in- 
troducing t BT 'r^ 7 into p. 48(1 . There are nontrivial components of nonmetricity 
d-fields, [ B ^Q a/37 = (WQctj, [BT] Q iab ) ■ 

5. Generalized Lagrange-affine spaces (GLA, see Definition 11.4.23(1 . 

GLa n = (V n , gij(x,y), ^T a g), are modelled as distinguished metric-affine spaces 
of odd-dimension, V n+n , provided with generic off-diagonal metrics with associ- 
ated N-connection inducing a tangent bundle structure. The d-metric g[ ] (11.112(1 
and the d-connection ' a 'r 7 Q/3 = ( ^L l jk , ^Cj c ) (11.111(1 are similar to those for 
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the usual Lagrange spaces (see Definition II. 4.20(1 but with distorsions ^ Z a ^ 
inducing general nontrivial nonmetricity d-fields ^Q a( g 7 . The components of d- 
torsions ^T a = (rj k ,fj^ and d-curvatures [o] R^ 7T = { [a] R\ jk , [al ^ ifca , [a] ^ j6c } 
are computed following Theorems 11.4.81 and 11.4.91 

6. Lagrange-affine spaces (LA, see Remark 11.4.3(1 . La n = (V n , g\f(x, y), ^T a p), 
are provided with a Lagrange quadratic form g\^\x,y) = f q^iq i (11.101(1 induc- 
ing the canonical N-connection structure I cL lN = { ^iVj} p. 102(1 for a Lagrange 
space L n = (V n , gij(x,y)) (see Definition 11.4.19(1 ) but with a d-connection struc- 
ture ' b 'r 7 Q , = r 7 a fl^ distorted by arbitrary torsion, Tg, and nonmetricity 

d-fields, Q^ a , when Mr^ = [i] f^ + M Z%. This is a particular case of GLA 
spaces with prescribed types of N-connection [ cL ljVj and d-metric to be like in 
Lagrange geometry. 

7. Finsler-affine spaces (FA, see Remark Q~H), Fa n = (V n , F (x, y) , [/] r°^) , in their 
turn are introduced by further restrictions of La™ to a quadratic form g\p = | 
()1.85() constructed from a Finsler metric F(x l ,yi). It is induced the canonical 
N-connection structure [F] N = { ^JVj} |D?6l as in the Finsler space F n = 
(V n , F (x, y)) but with a d-connection structure ^r 7 a/3 distorted by arbitrary 
torsion, T^ 7 , and nonmetricity, Q/3 7T , d-fields, ^T a p = ^T ^ + ^ Z"^, where 

j g canon i ca ] Finsler d-connection p. 88(1 . 



1.6.2 Generalized Hamilton— affine spaces 

The Table fl~2l outlines geometries modelled in the framework of metric-affine geom- 
etry as spaces with nontrivial N-connection structure splitting the space into any con- 
ventional a horizontal subspace and vertical subspace being isomorphic to a dual vector 
space provided with respective dual coordinates. We can use respectively the classifica- 
tion from Table 11.11 when the v-subspace is transformed into dual one as we noted in 
Remark 1 1 . 4 . 51 For simplicity, we label such spaces with symbols like N a i instead Nf where 
"inverse hat" points that the geometric object is defined for a space containing a dual 
subspaces. The local h-coordinates are labelled in the usual form, x\ with % = 1, 2, n 
but the v-coordinates are certain dual vectors y a = p a with a = n+l,n+2, ...,n+m. The 
local coordinates are denoted u a = (x\y a ) = (x\p a ) . The curvature of a N-connection 
N ai is computed as Cl ia j = SuNjj a . The h- v-irreducible components of a general d- 
connection are parametrized D = [I^J = [L l - k) L b k , C l j C , C a bc ], the d-torsions are 
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= [LV fc] ,L 6 k ,C t j c ,Ca [bc] } and the d-curvatures 

[B] pa f pi p b pi a p b a Qi be Q 

Pjt ~ i n jkli n a Mi r jk i r c k i D j > °c 



The nonmetricity d-fields are stated Q a/ 3 7 = — D a g,9 7 = [Qijk,Qi ,Q a jkiQ ]■ There 
are also considered additional labels for the Berwald, Cartan and another type d- 
connections. 

1. Metric-dual-affine spaces (in brief, MDA) are usual metric-affine spaces with a 
prescribed structure of "dual" local coordinates. 

2. Distinguished metric-dual-affine spaces (DMDA) are provided with d-metric and 
d-connection structures adapted to a N-connection N ai defining a global splitting 
into a usual h-subspace and a v-dual-subspace being dual to a usual v-subspace. 

3. Berwald-dual-affine spaces (BDA) are Berwald-affine spaces with a dual v-subspa- 
ce. Their Berwald d-connection is stated in the form 

[*] D = Pf £J = $* jk , d b N ai , 0, dJH) 
with induced d-torsions ^T"^ = [L?. fc ],0, Qi a j,f a b j,C a ] and d-curvatures 

[B] "do r pi p b pi a p b a Qi be Q dbc] 

1V /3 7 r _ [ n jkli n a kh i r jk i r c k i ° j > D a J 

computed by introducing the components of ' S T^ 7 , respectively, in formulas (jl.45j) 
and f)1.48j) re-defined for dual v-subspaces. By definition, this d-connection satis- 
fies the metricity conditions in the h- and v-subspaces, Qijk = and Q abc = but 
with nontrivial components of 

[B] Q^ 7 = - [B] D a g/3 7 = [Qijk = 0,Qi ab ,Q a jk ,Q abc = 0]. 



4. Berwald-dual-affine spaces with prescribed torsion (BDAT) are described by a 
more general class of d-connections ' BT T^ 7 = [L l j k , dbN ai , 0, C bc ] , inducing pre- 
scribed values r l - k and f bc for d-torsions 

= [U [m + r« ifc , 0, Cl iaj = 6 {i N j]a , T b p + f a bc ]. 
The components of d-curvatures 

[BT]pa r pi p 6 pi a p b a Qi be Q dbel 

/3 7 r _ [ rt jfc/) rt a kh r jki r ck i ° j ) °a J 

have to be computed by introducing ' BT lf^ 7 into dual form of formulas (J1.48D . 
There are nontrivial components of nonmetricity d-field, 

[Br] Q^ 7 = - [BT] D Qg/37 = (Q^ = 0,Q^Q° ,Q abc = 0). 
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5. Generalized Hamilton-affine spaces (GHA), GHa™ = (V n , g t:j (x,p), [°lf a oj , are 
modelled as distinguished metric-affine spaces of odd-dimension, V™ + ™, provided 
with generic off-diagonal metrics with associated N-connection inducing a cotan- 
gent bundle structure. The d-metric g[ a ] = [g^-, h ab ] and the d-connection ^r 7 Q(3 
= ( ^Lj k , ^C^ ) are similar to those for usual Hamilton spaces (see section 
ll.4.3|) but with distorsions ^ Z a a inducing general nontrivial nonmetricity d- 
fields ^Q a( 3 7 . The components of d-torsion and d-curvature, respectively, '"T"^ = 

[D y k y, Cljgj Cg bc ^\ an d [a] R% T = [R { jkl , P% S a db % are computed following Theo- 
rems 11.4.81 and 11.4.91 reformulated for cotangent bundle structures. 

6. Hamilton-affine spaces (HA, see Remark ITXBT) . Ha" = (V n , g^{x,p), [b] T a p), 

are provided with Hamilton N-connection ^Nij (x,p) f)l .1 10|) and quadratic form 
g?m (|1-109|) for a Hamilton space H™ = (V n , H(x,p)) (see section IT.4.3jO but with 

a d-connection structure ^r 7 a/3 = ^[L 1 - fc , C a bc ] distorted by arbitrary torsion, 

T a p 7 , and nonmetricity d-fields, Q^ a , when T a a = + ^ Z"^. This is a 

particular case of GHA spaces with prescribed types of N-connection ^Nij and 
d-metric gj^ = {g^m = \ dpd p ] t° be like in the Hamilton geometry. 

7. Cartan-affine spaces (CA, see Remark ll.4.5|) . Ca™ = (v n , g^(x,p), ^T a pJ , are 

dual to the Finsler spaces Fa™ = (V n , F (x, y) , ^T a p) . The CA spaces are intro- 
duced by further restrictions of Ha™ to a quadratic form g/L (jl.98|) and canonical 

N-connection Nf\j ()1.99|) . They are like usual Cartan spaces, see section lT.4.2J) but 
contain distorsions induced by nonmetricity Q Q/ 3 7 . The d-metric is parametrized 
§a/3 = [d[c] = \ dp^p ] an d the curvature ^fliaj of N-connection ^N ia is com- 
puted ^Cl ia j = 5[i ^Nj] a . The Cartan's d-connection 

[C]-p7 _ [C][ri ji fi be be] 
1 a/3 — l 1 ^ jki ^ jk) °« )°a J 

possess nontrivial d-torsions ^Tj* 1 = [L % ^ k ^ &i a j, Ca bc \ and d-curvatures 
W~R a PlT = [R} jkh computed following Theorems Q3) and refer- 

mulated on cotangent bundles with explicit type of N-connection d-metric 
gj-^p and d-connection ' y aj3 . The nonmetricity d-fields are not trivial for such 
spaces, WQ af3l = - = [Q ijh , Q^, Q a jk ,Q abc }. 
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1.6.3 Teleparallel Lagrange— affine spaces 

We considered the main properties of teleparallel Finsler-affine spaces in sect ion [1.4. 21 
(see also section [1.4. II on locally isotropic teleparallel spaces). Every type of teleparallel 
spaces is distinguished by the condition that the curvature tensor vanishes but the torsion 
plays a cornerstone role. Modelling generalized Finsler structures on metric-affine spaces, 
we do not impose the condition on vanishing nonmetricity (which is stated for usual 
teleparallel spaces). For R- a / g 7T = 0, the classification of spaces from Table H~T1 trasforms 
in that from Table [T~3l 



1. Teleparallel metric-affine spaces (in brief, TMA) are usual metric-affine ones but 
with vanishing curvature, modelled on manifolds V n+m of necessary smoothly class 
provided, for instance, with the Weitzenbock connection (|1-82|) . For generic 
off-diagonal metrics, a TMA space always admits nontrivial N-connection struc- 
tures (see Proposition 11.3.4)) . We can model teleparallel geometries with local 
anisotropy by distorting the Levi-Civita or the canonical d-connection (see 
Definition 11.2. 11J) both constructed from the components of N-connection and 
d-metric. In general, such geometries are characterized by d-torsion T°|g and 
nonmetricity d-field Q a/ 3 7 both constrained to the condition to result in zero d- 
curvatures. 

2. Distinguished teleparallel metric-affine spaces (DTMA) are manifolds V n+m pro- 
vided with N-connection structure N®, d-metric field (|1.33|) and d-connection 
with vanishing d-curvatures defined by Weitzenbock-affine d-connection ^^PS = 

^ + Z"^ + Z°jg with distorsions by nonmetricity d-fields preserving the con- 
dition of zero values for d-curvatures. 



3. Teleparallel Berwald-affine spaces (TBA) are defined by distorsions of the Weitzen- 
bock connection to any Berwald like structure, ^ WB ^Tp = ~ + Z a o + 
satisfying the condition that the curvature is zero. All constructions with generic 
off-diagonal metrics can be adapted to the N-connection and considered for d- 
objects. By definition, such spaces satisfy the metricity conditions in the h- and 
v-subspaces, = and Q a bc = 0, but, in general, there are nontrivial non- 
metricity d-fields because Qi a b and Q a jk are not vanishing (see formulas (|1.63|0 . 

4. Teleparallel Berwald-affine spaces with prescribed torsion (TBAT) are defined by a 
more general class of distorsions resulting in the Weitzenbock type d-connections, 
[wbtIy^ _ p« _|_ 2<* _|_ Z ^, with more general h- and v-components, U - k — > 
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L l - k and C a bc — > C a bc , having prescribed values r % - k and r\ c in d-torsion 

[VK-BJrria [p , i r\ qci rpa ^~<a , a ] 

X 07 — L-^ [jfc]> jfc) u > i£ ij> J 5 u [fee] "r ' fecj 

and characterized by the condition '^^^R"^ = with notrivial components of 
nonmetricity [WBT] Q a( 3-y = (Q c ij, Qiab) ■ 

5. Teleparallel generalized Lagrange-affine spaces (TGLA) are distinguished metric- 
affine spaces of odd-dimension, V n+ri , provided with generalized Lagrange d- 
metric and associated N-connection inducing a tangent bundle structure with 
vanishing d-curvature. The Weitzenblock-Lagrange d-connection r 7 a A — 
( [Wa] L) k , ^C l jc ) , where 

1 7 - 1 V 07 + ^ 07 + ^ 07 

is defined by a d-metric g[ a ] (jl.H2j) Z a a inducing general nontrivial nonmetricity 
d-fields [a] Q a/37 and ^R"^ = 0. 

6. Teleparallel Lagrange-affine spaces (TLA IT~4.3|) consist a subclass of spaces 

La" = \ V n , gf^ (x, y), ^P^J provided with a Lagrange quadratic form (x, y) = 

^ QyiQyj (ll-101jl inducing the canonical N-connection structure [ cL lN = { ^iVj} 
(jl.l02j) for a Lagrange space L" = (V n , gij (x, y)) but with vanishing d-curvature. 
The d-connection structure ^ i 'r 7 Q/3 (of Weitzenblock-Lagrange type) is the gen- 
erated as a distortion by the Weitzenbock d-torsion, ^T^, and nonmetricity d- 
fields, Q^ Q , when [WL] F< a p = T« ^ + Z a ^ + Z^. This is a generalization of 

teleparallel Finsler affine spaces (see section (jl.4.2|0 when g\j\x,y) is considered 
instead of g^ (x, y). 

7. Teleparallel Finsler-affine spaces (TEA) are particular cases of spaces of type 
Fa™ = (V n ,F(x,y), [f] T a p ), defined by a quadratic form g\f ] = QLEB 
constructed from a Finsler metric _F(x*,?/ J ) . They are provided with a canonical 
N-connection structure I F] N = { ^Nj} (fD?6l as in the Finsler space F n = 
(y n , F (x, y)) but with a Finsler- Weitzenbock d-connection structure '^'r 7 ^, 
respective d-torsion, ^^T^, and nonmetricity, Q/3 7r , d-fields, 

[VyF]-p7 -pa , rya , rwa 

1 a/3 — 1 V 07 07 ~T n 07' 

where Z ^ contains distorsions from the canonical Finsler d-connection (J1.88I) . 
Such distorsions are constrained to satisfy the condition of vanishing curvature 
d-tensors (see section (|1.4.2jl ). 
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1.6.4 Teleparallel Hamilton— affine spaces 

This class of metric-affine spaces is similar to that outlined in previous subsection, 
see Table 11.31 but derived on spaces with dual vector bundle structure and induced 
generalized Hamilton-Cartan geometry ( section [l .4 . 31 and Remark ll.4.5|) . We outline the 
main denotations for such spaces and note that they are characterized by the condition 

RQ /3 7 r = °' 

1. Teleparallel metric dual affine spaces (in brief, TMDA) define teleparalles struc- 
tures on metric-affine spaces provided with generic off-diagonal metrics and associ- 
ated N-connections modelling splitting with effective dual vector bundle structures. 

2. Distinguished teleparallel metric dual affine spaces (DTMDA) are spaces provided 
with independent d-metric, d-connection structures adapted to a N-connection in 
an effective dual vector bundle and resulting in zero d-curvatures. 

3. Teleparallel Berwald dual affine spaces (TBDA) . 

4. Teleparallel dual Berwald-affine spaces with prescribed torsion (TDBAT). 

5. Teleparallel dual generalized Hamilton-affine spaces (TDGHA). 

6. Teleparallel dual Hamilton-affine spaces (TDHA, see section H.4.3J1 . 

7. Teleparallel dual Cartan-affine spaces (TDCA). 

1.6.5 Generalized Finsler— Lagrange spaces 

This class of geometries is modelled on vector/tangent bundles [13] (see subsections 
11.4.21 and ll. 4. 3)1 or on metric-affine spaces provided with N-connection structure. There 
are also alternative variants when metric-affine structures are defined for vector/tangent 
bundles with independent generic off-diagonal metrics and linear connection structures. 
The standard approaches to generalized Finsler geometries emphasize the connections 
satisfying the metricity conditions. Nevertheless, the Berwald type connections admit 
certain nonmetricity d-fields. The classification stated in Table 11.51 is similar to that 
from Table 11.11 with that difference that the spaces are defined from the very beginning 
to be any vector or tangent bundles. The local coordinates x % are considered for base 
subspaces and y a are for fiber type subspaces. We list the short denotations and main 
properties of such spaces: 
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1. Metric affine vector bundles (in brief, MAVB) are provided with arbitrary metric 
g a p and linear connection r^ 7 structure. For generic off-diagonal metrics, we 
can introduce associated nontrivial N-connection structures. In general, only the 
metric field g a p can be transformed into a d-metric g a p = [g^, h a b], but may be 
not adapted to the N-connection structure. As a consequence, the general strength 
fields [T a p , R a p 7T , Q a /3-y = 0) , defined in the total space of the vector bundle are 
also not N-adapted. We can consider a metric-affine (MA) structure on the total 
space if Q a p~/ ^ 0. 

2. Distinguished metric-affine vector bundles (DMAVB) are provided with N-connec- 
tion structure Nf, d-metric field and arbitrary d-connection T^ 7 . In this case, all 
strengths (T°U , R a « 7r , Q Q/ 3 7 = 0) are N-adapted. A distinguished metric-affine 
(DMA) structure on the total space is considered if Q Q/ 3 7 ^ 0. 

3. Berwald metric-affine tangent bundles (BMATB) are provided with Berwald d- 
connection structure ^T. By definition, this space satisfies the metricity conditions 
in the h- and v-subspaces, Qijk = and Q a bc = 0, but, in general, there are 
nontrivial nonmetricity d-fields because Qi a b and Q a jk do not vanish (see formulas 

(HS3J)). 

4. Berwald metric-affine bundles with prescribed torsion (BMATBT) are described 
by a more general class of d-connection ^- BT ^T^ y = [L l j k , di,N%, 0, C a bc ] inducing 
prescribed values r*- A and r\ c in d-torsion 

[BT]rr\a rp j_n-& n O a r T a f^ a _l_ n- a 1 

1 /3 7 — [ Lj \jk\i " l_T jki U > 1 bji u [be] * 6cJ ' 

see (jl.65|) . There are nontrivial nonmetricity d-fields, ' Br ^Q aj g 7 = (Q C ij,Qiab)- 

5. Generalized Lagrange metric-affine bundles (GLMAB) are modelled as GLa n = 
(V n , gij(x, y), ^T a p) spaces on tangent bundles provided with generic off-diagonal 

metrics with associated N-connection. If the d-connection is a canonical one, rjg , 
the nonmetricity vanish. But we can consider arbitrary d-connections with 
nontrivial nonmetricity d-fields. 

6. Lagrange metric-affine bundles (LMAB) are defined on tangent bundles as spaces 
La n = \ V n , g\*j\x, y), ^T a ^\ provided with a Lagrange quadratic form g\j\x, y) = 

j gyiQyj inducing the canonical N-connection structure [ ci lN = { ^iVj} for a La- 
grange space L n = (V n , gij(x,y)) (see Definition 11.4. 19|) ) but with a d-connection 
structure ' b 'r 7 a = ^T 7 ^^ distorted by arbitrary torsion, Tg, and nonmetricity 
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d-fields, Q/3 7Q , when Mp^ = ^f" + M Z a p . This is a particular case of GLA 
spaces with prescribed types of N-connection [ ci ljVj and d-metric to be like in 
Lagrange geometry. 

7. Finsler metric-affine bundles (FMAB), are modelled on tangent bundles as spaces 
Fa n = (V n ,F(x,y) , [f] T a p) with quadratic form g\f ] = (gUSD constructed 

from a Finsler metric F (x\ yi) . It is induced the canonical N-connection structure 
[ F lN = { ^Nj} as in the Finsler space F n = (V n , F (x, y)) but with a d-connection 
structure ^T^ af3 distorted by arbitrary torsion, Tg , and nonmetricity, Q/3 7T , d- 

fields, Wp*, = + W Z%,where [F] T a ^ is the canonical Finsler d- 

connection ()1.88|) . 



I. 6.6 Generalized Hamilton— Cart an spaces 

Such spaces are modelled on vector/tangent dual bundles (see sections subsections 

II. 4.31 and 11.4.2)) as metric-affine spaces provided with N-connection structure. The 
classification stated in Table 11.61 is similar to that from Table 11.21 with that difference 
that the geometry is modelled from the very beginning as vector or tangent dual bundles. 
The local coordinates x l are considered for base subspaces and y a = p a are for cofiber 
type subspaces. So, the spaces from Table 11.61 are dual to those from Table 11.71 when 
the respective Lagrange-Finsler structures are changed into Hamilton-Cartan structures. 
We list the short denotations and main properties of such spaces: 

1. The metric-affine dual vector bundles (in brief, MADVB) are defined by metric- 
affine independent metric and linear connection structures stated on dual vector 
bundles. For generic off-diagonal metrics, there are nontrivial N-connection struc- 
tures. The linear connection may be not adapted to the N-connection structure. 

2. Distinguished metric-affine dual vector bundles (DMADVB) are provided with d- 
metric and d-connection structures adapted to a N-connection N ai . 

3. Berwald metric-affine dual bundles (BMADB) are provided with a Berwald d-con- 
nection 

By definition, on such spaces, there are satisfied the metricity conditions in the 
h- and v-subspaces, Qijk = and Q abc = but with nontrivial components of 
[B] CU 7 = - [B] D a g^ 7 = [Q ijk = 0, Q«\ QV Q abc = 0]. 
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4. Berwald metrical-affine dual bundles with prescribed torsion (BMADBT) are de- 
scribed by a more general class of d-connections ^ BT ^Tp y = [L l j k , dbN ai , 0, C bc ] 
inducing prescribed values r l - k and f bc for d-torsions 

[BT] TV = [L* w + r% 0, Q iaj = T a ), CM + f a bc ]. 

There are nontrivial components of nonmetricity d-field, t Br 'Q a /3 7 = ^ BT ^t) a gf} 7 = 
{Q i]k = ^Q l ab ,Q a jk ,Q ahc = ti). 

5. Generalized metric-affine Hamilton bundles (GMAHB) are modelled on dual vec- 
tor bundles as spaces GHa" = (V n , g 1 ^ (x , p) , ^T a gj , provided with generic off- 
diagonal metrics with associated N-connection inducing a cotangent bundle struc- 
ture. The d-metric g[ a ] = [g^, h ab ] and the d-connection t°T y aj3 = ( ^L l - k , ^C^) 
are similar to those for usual Hamilton spaces, with distorsions ^ Z a a induc- 
ing general nontrivial nonmetricity d-fields ^Q a( g 7 . For canonical configurations, 
[GH] t\^ we obtain ^Q aPl = 0. 

6. Metric-affine Hamilton bundles (MAHB) are defied on dual bundles as spaces 

Ha" = (v n , g l ^(x,p), ^f^j , provided with Hamilton N-connection '^iVy (x,p) 

and quadratic form g l /L for a Hamilton space H n = (V n , H(x,p)) (see section 

11.4. 3|) with a d-connection structure ^r 7 a/3 = ^ H \L % - kl C bc ] distorted by arbitrary 

torsion, T ^, and nonmetricity d-fields, Q/3 7Q , when T a p = ' H T^ + ^ % a p- 
This is a particular case of GMAHB spaces with prescribed types of N-connection 
^N%j and d-metric gj^ = [g^ = ^ ^g p ] to be like in the Hamilton geometry but 
with nontrivial nonmetricity. 

7. Metric-affine Cartan bundles (MACB) are modelled on dual tangent bundles as 
spaces Ca n = (v n , g^(x,p), ^f^J being dual to the Finsler spaces. They are 
like usual Cartan spaces, see section H. 4. 2|) but may contain distorsions induced by 
nonmetricity Q a ^. The d-metric is parametrized gj^J = [g?L = § gl^p. ] an d the 
curvature ^Cl ia j of N-connection ^N ia is computed ^VLi a j = % ^N^ a . The Car- 
tan's d-connection ^T 7 a g = ^ [L l j k , L l j k , C a bc , C bc ] possess nontrivial d-torsions 

[CiT/r = [U [jkV (l iaj , C a [bc] ] and d-curvatures [C] R% T = ™[B* jkl , P% S a dbc ] com- 
puted following Theorems II .4.81 and II .4.91 reformulated on cotangent bundles with 
explicit type of N-connection d-metric gj^] and d-connection ^If 7 ^. Distor- 
sions result in d-connection r°g = ^f^ 7 + ^ Z a ^. The nonmetricity d-fields 
are not trivial for such spaces. 
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1.6.7 Teleparallel F ins ler— Lagrange spaces 

The teleparallel configurations can be modelled on vector and tangent bundles (the 
teleparallel Finsler-affine spaces are defined in section 11.4.21 see also section 11.4.11 on 
locally isotropic teleparallel spaces) were constructed as subclasses of metric-affine spaces 
on manifolds of necessary smoothly class. The classification from Table ITTfl is a similar to 
that from Table H~3l but for direct vector/ tangent bundle configurations with vanishing 
nonmetricity. Nevertheless, certain nonzero nonmetricity d-fields can be present if the 
Berwald d-connection is considered or if we consider a metric-affine geometry in bundle 
spaces. 

1. Teleparallel vector bundles (in brief, TVB) are provided with independent metric 
and linear connection structures like in metric-affine spaces satisfying the condition 
of vanishing curvature. The N-connection is associated to generic off-diagonal met- 
rics. The TVB spaces can be provided with a Weitzenbock connection (jl.82j) 
which can be transformed in a d-connection one with respect to N-adapted frames. 
We can model teleparallel geometries with local anisotropy by distorting the Levi- 
Civita or the canonical d-connection (see Definition 11.2.11)) both constructed 
from the components of N-connection and d-metric. In general, such vector (in 
particular cases, tangent) bundle geometries are characterized by d-torsions T°jg 
and nonmetricity d-fields Q Q /3 7 both constrained to the condition to result in zero 
d-curvatures. 

2. Distinguished teleparallel vector bundles (DTVB, or vect. b.) are provided with N- 
connection structure N?, d-metric field (jl.33|) and arbitrary d-connection with 
vanishing d-curvatures. The geometric constructions are stated by the Weitzen- 
bock-affine d-connection ^°lFgL = ^ + Z°Jg + Z ^ with distorsions by non- 
metricity d-fields preserving the condition of zero values for d-curvatures. The 
standard constructions from Finsler geometry and generalizations are with vanish- 
ing nonmetricity. 

3. Teleparallel Berwald vector bundles (TBVB) are defined by Weitzenbock connec- 
tions of Berwald type structure, [ ws lr^ 7 = r° « + Z"^ + Z'V satisfying the 
condition that the curvature is zero. By definition, such spaces satisfy the metric- 
ity conditions in the h- and v-subspaces, Qijk = and Q a bc = 0, but, in general, 
there are nontrivial nonmetricity d-fields because Qi a b and Q a jk do not vanish (see 
formulas (jl. 63)) ). 

4. Teleparallel Berwald vector bundles with prescribed torsion (TBVBT) are defined 
by a more general class of distorsions resulting in the Weitzenbock d-connection, 
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[ WBr ]Pg = r° o + Z°Jg + Z ^ with prescribed values r l jfc and r a bc in d-torsion, 

[VyS]rpa rp , t p| na t-io pa i _a ] 

1 07 — L-k [jfe]' + r jki U > J bjJ ° [6c] + r 6cJ> 

characterized by the condition ^^R ^ = and nontrivial components of non- 
metricity d field, [H/jBrl Q Q/ 3 7 = (Q c ij,Qiab) ■ 

5. Teleparallel generalized Lagrange spaces (TGL) are modelled on tangent bun- 
dles (tang, b.) provided with generalized Lagrange d-metric and associated 
N-connection inducing a tangent bundle structure being enabled with zero d- 
curvature. The Weitzenblock-Lagrange d-connections 

[Wo]p7 I [Wo] ji \Wa\/~ii \ [WaL]ria -pa j_ rya , rya 

1 a/3 - { ^jki ^jc) > 1 /3 7 - 1 v /?7 + A 07 + A 07 

are defined by a d-metric g[ j (jl.H2|) Z"^ inducing ^^R^ = 0. For simplicity, 
we consider the configurations when nonmetricity d-fields WQ,* = 0. 

6. Teleparallel Lagrange spaces (TL) are modelled on tangent bundles provided with 
a Lagrange quadratic form g\j\x,y) = f^pf^j (|1-1U1|) inducing the canonical N- 

connection structure = { t cL 'iVj} (|1.102j) for a Lagrange space 

L n = (V n , gij(x,y)) but with vanishing d-curvature. The d-connection structure 

[wl] jn w e itzenblock-Lagrange type) is the generated as a distortion by the 

Weitzenbock d-torsion, ^Tg when [l4/i] r 7 Q/3 = r° Pj +Z a Pj +Z a pr For simplicity, 
we can consider configurations with zero nonmetricity d-fields, Q/3 7Q . 

7. Teleparallel Finsler spaces (TF) are modelled on tangent bundles provided with a 
quadratic form g\j = ~ g^g^j (|1-85|1 constructed from a Finsler metric F {x % ,y^) . 

They are also enabled with a canonical N-connection structure ' F ^N = { ^iVj} 
(jl.86j) as in the Finsler space F n = (V n ,F(x,y)) but with a Finsler- Weitzenbock 
d-connection structure '^'r 7 ^, respective d-torsion, W^Tp. We can write 

[VyF]-p7 -pa , rya , rya 

1 a/3 — 1 V 07 + ^ 07 + ^ 07' 

where Z ^ contains distorsions from the canonical Finsler d-connection (jl.88|) . 
Such distorsions are constrained to satisfy the condition of vanishing curvature d- 
tensors (see section (|1.4.2jl ) and, for simplicity, of vanishing nonmetricity, Q/3 7r = 0. 



1.6. CLASSIFICATION OF LAGRANGE-AFFINE SPACES 



75 



1.6.8 Teleparallel Hamilton— Cart an spaces 

This subclass of Hamilton-Cartan spaces is modelled on dual vector/ tangent bundles 
being similar to that outlined in Table 11.41 (on generalized Hamilton-Cartan geometry, 
see section 11.4.31 and Remark 11.4.5)) and dual to the subclass outlined in Table 11.71 
We outline the main denotations and properties of such spaces and note that they are 
characterized by the condition R.°/3 7T = and Q ^ = with that exception that there 
are nontrivial nonmetricity d-fields for Berwald configuratons. 

1. Teleparallel dual vector bundles (TDVB, or d. vect. b.) are provided with generic 
off-diagonal metrics and associated N-connections. In general, Q a ^ ^ 0. 

2. Distinguished teleparallel dual vector bundles spaces (DTDVB) are provided with 
independent d-metric, d-connection structures adapted to a N-connection in an 
effective dual vector bundle and resulting in zero d-curvatures. In general, Q°^ 7 7^ 
0. 

3. Teleparallel Berwald dual vector bundles (TBDVB) are provided with Berwald- 
Weitzenbock d-connection structure resulting in vanishing d-curvature. 

4. Teleparallel Berwald dual vector bundles with prescribed d-torsion (TBDVB) are 
with d-connections ' ST lf ^ 7 = [L l j k , dbN ai , 0, C a bc ] inducing prescribed values r l .- fe 

and f a bc for d-torsions [^T ^ = [D [jk] + r%, 0, (l iaj = 5 {i N j]a , T a h p C a M + f a b % 
They are described by certain distorsions to a Weitzenbock d-connection. 

5. Teleparallel generalized Hamilton spaces (TGH) consist a subclass of generalized 
Hamilton spaces with vanishing d-curvature structure, defined on dual tangent 
bundles (d. tan. b.). They are described by distorsions to a Weitzenbock d- 
connection '^"T^. In the simplest case, we consider ^^Q^ = 0. 

6. Teleparallel Hamilton spaces (TH, see section H.4.3|) . as a particular subclass of 
TGH, are provided with d-connection and N-connection structures corresponding 
to Hamilton configurations. 

7. Teleparallel Cartan spaces (TC) are particular Cartan configurations with absolut 
teleparallelism. 

1.6.9 Distinguished Riemann— Cartan spaces 

A wide class of generalized Finsler geometries can be modelled on Riemann-Cartan 
spaces by using generic off-diagonal metrics and associated N-connection structures. 
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The locally anisotropic metric-affine configurations from Table 11.11 transform into a 
Riemann-Cartan ones if we impose the condition of metricity. For the Berwald type 
connections one could be certain nontrivial nonmetricity d-fields on intersection of h- 
and v-subspaces. The local coordinates x l are considered as certain holonomic ones and 
y a are anholonomic. We list the short denotations and main properties of such spaces: 

1. Riemann-Cartan spaces (in brief, RC, see related details in section PL. 3. 5|) are cer- 
tain manifolds V n+m of necessary smoothly class provided with metric structure 
g a/ 3 and linear connection structure (constructed as a distorsion by torsion of 
the Levi-Civita connection) both satisfying the conditions of metric compatibility, 
Qa/3-y — 0. For generic off-diagonal metrics, a RC space always admits nontrivial 
N-connection structures (see Proposition II .3 .41 reformulated for the case of vanish- 
ing nonmetricity). In general, only the metric field g a p can be transformed into a 
d-metric one, g a p = [gij,h ab ], but may be not adapted to the N-connection 
structure. 

2. Distinguished Riemann-Cartan spaces (DRC) are manifolds V n+m provided with 
N-connection structure N®, d-metric field (jl.33|) and d-connection (a distor- 
sion of the Levi-Civita connection, or of the canonical d-connection) satisfying the 
condition Q a/ 3 7 = 0. In this case, the strengths (T^ , R°jg ) are N-adapted. 

3. Berwald Riemann-Cartan (BRC) are modelled if a N-connection structure is de- 
fined in a Riemann-Cartan space and distorting the connection to a Berwald d- 
connection = [ [B] T^} = [U jk , d b N^ 0, C a bc ], see 0)21) . By definition, this 
space satisfies the metricity conditions in the h- and v-subspaces, Qijk = and 
Qabc = 0, but, in general, there are nontrivial nonmetricity d-fields because Q iab 
and Qajk are not vanishing (see formulas (jl.63)0 . Nonmetricities vanish with re- 
spect to holonomic frames. 

4. Berwald Riemann-Cartan spaces with prescribed torsion (BRCT) are defined by 
a more general class of d-connection ^ BT ^T^ = [L l j k , d b N£, 0, C a bc ] inducing pre- 
scribed values T * jk and r\ c in d-torsion = [L l [jk] , +r i jk , 0, T a bj , C a [bc] + 
r a bc ], see (jl.65j) . The nontrivial components of nonmetricity d-fields are ' B ^Q a /37 = 
(Qdj,Qiab) ■ Such components vanish with respect to holonomic frames. 

5. Generalized Lagrange Riemann-Cartan spaces (GLRC) are modelled as distin- 
guished Riemann-Cartan spaces of odd-dimension, V n+n , provided with generic 
off-diagonal metrics with associated N-connection inducing a tangent bundle struc- 
ture. The d-metric g [a] (ITTT^ and the d-connection w r 7 Q/3 = ( [a] L) kJ Mq} c ) 
(jl.lllj) are those for the usual Lagrange spaces (see Definition II. 4. 20j) . 



1.6. CLASSIFICATION OF LAGRANGE-AFFINE SPACES 



77 



6. Lagrange Riemann-Cartan spaces (LRC, see Remark II .4.3(1 are provided with a 
Lagrange quadratic form g\^(x,y) = f^pf^j (11.101(1 inducing the canonical re- 
connect ion structure I cL lN = { ^iVj} (11.102(1 for a Lagrange space 

L n = (V n ,gij(x,y)) (see Definition 11.4.19]) ) and, for instance, with a canonical 
d-connection structure ^T 7 a = ^r 7 a oi?^ satisfying metricity conditions for the 

d-metric defined by g\^\x,y). 

7. Finsler Riemann-Cartan spaces (FRC, see Remark 1 1.4.4(1 are defined by a quadratic 
form g\j = |^pf~7 dUHHj) constructed from a Finsler metric F (x\ yi) . It is induced 
the canonical N-connection structure '^N = { ^iVj} (11.86(1 as in the Finsler space 
F n = (V n , F (x, y)) with ^T 01 ^ being the canonical Finsler d-connection (jl. 88(1 . 

1.6.10 Distinguished (pseudo) Riemannian spaces 

Sections 11.3.51 and 11.4.11 are devoted to modelling of locally anisotropic geometric 
configurations in (pseudo) Riemannian spaces enabled with generic off-diagonal metrics 
and associated N-connection structure. Different classes of generalized Finsler metrics 
can be embedded in (pseudo) Riemannian spaces as certain anholonomic frame configu- 
rations. Every such space is characterized by a corresponding off-diagonal metric ansatz 
and Levi-Civita connection stated with respect to coordinate frames or, alternatively 
(see Theorem 11.3.7(1 . by certain N-connection and induced d-metric and d-connection 
structures related to the Levi-Cevita connection with coefficients defined with respect to 
N-adapted anholonomic (co) frames. We characterize every such type of (pseudo) Rie- 
mannian spaces both by Levi-Civita and induced canonical/or Berwald d-connections 
which contain also induced (by former off-diagonal metric terms) nontrivial d-torsion 
and/or nonmetricity d-fields. 

1. (Pseudo) Riemann spaces (in brief, pR) are certain manifolds V n+m of necessary 
smoothly class provided with generic off-diagonal metric structure g a p of arbitrary 
signature inducing the unique torsionless and metric Levi-Civita connection . 
We can effectively diagonalize such metrics by anholonomic frame transforms with 
associated N-connection structure. We can also consider alternatively the canon- 
ical d-connection = [L l j k , L a bk , C l j C , C a bc ] ((1.56)1 defined by the coefficients of 

d-metric g Q/ 3 = [gr^, h a b] and N-connection iV". We have nontrivial d-torsions T^ 7 , 

but = 0, Q^g 7 = and Q a/ 3 7 = 0. The simplest anholonomic configurations 
are characterized by associated N-connections with vanishing N-connection cur- 
vature, ^ = 5 {l N^ = 0. The d-torsions T% = [L\ jk] , C%^, T%, C a [bc] ] and 
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d-curvatures R a 0JT = [R jk j, R a bkl , P l jka , P c bka , 5* i6c , S a dbc ] are computed by intro- 
ducing the components of T^ 7 , respectively, in formulas (jl.45j) and p.48jl . 

2. Distinguished (pseudo) Riemannian spaces (DpR) are defined as manifolds V n+m 
provided with N-connection structure N?, d-metric field and d-connection (a 
distorsion of the Levi-Civita connection, or of the canonical d-connection) satis- 
fying the condition Q Q /3 7 = 0. 

3. Berwald (pseudo) Riemann spaces (pRB) are modelled if a N-connection structure 
is defined by a generic off-diagonal metric. The Levi-Civita connection is distorted 
to a Berwald d-connection = [ [B] T^} = [L' l jk , d b N^ 0, C a bc ) } see flO)2l . By 
definition, this space satisfies the metricity conditions in the h- and v-subspaces, 
Qijk = and Q a bc = 0, but, in general, there are nontrivial nonmetricity d-fields 
because Q iab and Q a jk are n °t vanishing (see formulas ()1.63)) ). Such nonmetricities 
vanish with respect to holonomic frames. The torsion is zero for the Levi-Civita 
connection but ^T^ = [L^ 0, % T a y , C a [6c] ] is not trivial. 

4. Berwald (pseudo) Riemann spaces with prescribed d-torsion (pRBT) are defined 
by a more general class of d-connection ^ B7 ^Tp = [L l j k , d b N k , 0, C a bc ] inducing pre- 
scribed values T l jk and r\ c in d-torsion = \U m +r i jk , 0, 0$, T%, C a [bc] + 
r a bc ], see (|l.fi5j) . The nontrivial components of nonmetricity d-fields are f BT 'Q Q /37 = 

ij, ^ BT ^Qiab) ■ Such components vanish with respect to holonomic frames. 

5. Generalized Lagrange (pseudo) Riemannian spaces (pRGL) are modelled as dis- 
tinguished Riemann spaces of odd-dimension, V ra+n , provided with generic off- 
diagonal metrics with associated N-connection inducing a tangent bundle struc- 
ture. The d-metric g [a] (|1.112|) and the d-connection w r 7 a/3 = ( [a] L) k} [a] C l jc ) 

are those for the usual Lagrange spaces (see Definition ll.4.20|) but on a 
(pseudo) Riemann manifold with prescribed N-connection structure. 

6. Lagrange (pseudo) Riemann spaces (pRL) are provided with a Lagrange quadratic 
form g\j\x,y) = (jl.lUlJl inducing the canonical N-connection structure 
[ ci lN = { ^Nj} (|1.102|) for a Lagrange space L n = (V n , gij(x, y)) and, for instance, 
provided with a canonical d-connection structure ^T 7 a = ^r 7 ^^ satisfying 

metricity conditions for the d-metric defined by g\j(x,y). There is an alternative 
construction with Levi-Civita connection. 

7. Finsler (pseudo) Riemann (FpR) are defined by a quadratic form g\p = | QyiQ y j 
(|1.85|) constructed from a Finsler metric F(x\y j ). It is induced the canonical 
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n 



N-connection structure [F] N = { ^iV}} OEI) as in the Finsler space F 
(V n , F (x, y)) with ^T a ^ being the canonical Finsler d-connection f)1.88|) . 

1.6.11 Teleparallel spaces 

Teleparallel spaces were considered in sections ll .4. II and II .4.21 Here we classify what 
type of locally isotropic and anisotropic structures can be modelled in by anholonomic 
transforms of (pseudo) Riemannian spaces to teleparallel ones. The anholonomic frame 
structures are with associated N-connection with the components defined by the off- 
diagonal metric coefficients. 

1. Teleparallel spaces (in brief, T) are usual ones with vanishing curvature, modelled 
on manifolds V n+m of necessary smoothly class provided, for instance, with the 
Weitzenbock connection ^T". (jl.82j) which can be transformed in a d-connection 
one with respect to N-adapted frames. In general, such geometries are character- 
ized by torsion '^T^ constrained to the condition to result in zero d-curvatures. 
The simplest theories are with vanishing nonmetricity. 

2. Distinguished teleparallel spaces (DT) are manifolds V n+m provided with N-con- 
nection structure iV", d-metric field (jl.33|) and arbitrary d-connection with 
vanishing d-curvatures. The geometric constructions are stated by the Weitzen- 
bock d-connection '^r^ = ^ + Z°jg + Z°g 7 with distorsions without non- 
metricity d-fields preserving the condition of zero values for d-curvatures. 

3. Teleparallel Berwald spaces (TB) are defined by distorsions of the Weitzenbock 
connection on a manifold V n+m to any Berwald like structure, ^ WB ^Tp = p + 
Z°g 7 + Z ^ satisfying the condition that the curvature is zero. All constructions 
with effective off-diagonal metrics can be adapted to the N-connection and con- 
sidered for d-objects. Such spaces satisfy the metricity conditions in the h- and 
v-subspaces, = and Q a bc = 0, but, in general, there are nontrivial non- 
metricity d-fields, Qi a b and Q a jk- 

4. Teleparallel Berwald spaces with prescribed torsion (TBT) are defined by a more 
general class of distorsions resulting in the Weitzenbock d-connection, 

[WBrJ-po pa I rya , rya 

1 07 ~~ 1 V Pi + A 07 + A Pv 
having prescribed values r l j k and r a bc in d-torsion 

[w^-BJrpo frt \~A n o a i 10 - r^ a _i_ T- a l 

1 p-y — [jk]i "T r jki u 5 s 'ij> 1 bji ° [be] "+* T bc\ 
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and characterized by the condition ^- WBT ^H a ^ T = with certain nontrivial non- 
metricity d-fields, ^Q a ^ = { [WBr] Q ct „ [WBr] Q tab ) • 

5. Teleparallel generalized Lagrange spaces (TGL) are modelled as Riemann-Cartan 
spaces of odd-dimension, V n+n , provided with generalized Lagrange d-metric 
and associated N-connection inducing a tangent bundle structure with zero d- 
curvature. The Weitzenblock-Lagrange d-connection ' Wa 'r 7 Q ^ = ( ^ Wa ^Lj k , 

[Wa] C} c ), where = r« M + Z a ^ + Z a M , are defined by a d-metric g [o] (fTTT^l 

with Z a a inducing zero nonmetricity d-fields, ^'Q Q /3 7 = and zero d-curvature, 
t^RV = 0. 

6. Teleparallel Lagrange spaces (TL, see section I1.4.3J1 are Riemann-Cartan spaces 
yn+n p rov i(j e( j with a Lagrange quadratic form g\j\x, y) = \ (|1-1U1|) inducing 
the canonical N-connection structure I cL lN = { ^iVj} (jl.l()2|) for a Lagrange space 
L n = (V n , gij(x, y)) but with vanishing d-curvature. The d-connection structure 
[iyz,]p7 ( f Weitzenblock-Lagrange type) is the generated as a distortion by the 
Weitzenbock d-torsion, ^T^, but zero nonmetricity d-fields, ^^Qp^a = 0, when 

1 af3 ~ 1 V Pi + Z Pi + Z /37- 

7. Teleparallel Finsler spaces (TF) are Riemann-Cartan manifolds V n+?1 defined by 
a quadratic form gfjj^ = ()1 .85|) and a Finsler metric F (x l ,yi) . They are 

provided with a canonical N-connection structure ' F 'N = { ^'iVj} (jl.86j) as in the 
Finsler space F n = (V n , F (x, y)) but with a Finsler-Weitzenbock d-connection 
structure '^^r 7 ^, respective d-torsion, '^^T^, and vanishing nonmetricity, 

[WF] Q^r = 0, d-fields, [WF] T\ p = T«^ + Z% + Z^where Z% contains 
a distorsion from the canonical Finsler d-connection (|1.88|) . 
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Space 


N-connection/ 

AT J_ 

IN -curvature 

metric/ 

d-metric 


(d-J connection/ 
(d-) torsion 


(a-J curvature/ 
(d-)nonmetricity 


1. MA 


off.d.m. g aj3 , 

ga/3 = [9ij, h a b] 


"no 
L Pl 

1 07 


pa 

U /3-yr 
Qafi'y 


2 DMA 


N a Q a 

ga/3 = [fi'ij, h ab ] 


L 07 

1 07 


1 i a 

K 07r 

Qa/37 


3. BA 


N a Q a - 
off.d.m. # Q/3 , 

ga/3 = [gij, h a b] 


[B]rpa 

Pi 


[B] 


4. BAT 


N a Q a - 
off.d.m. 5- a/3 , 

r i 1 

ga/3 — Lffij, ^afcj 


[ST] pa 

1 07 
[ B T] T a 


[BT] T* a 

BT MT 

Qa/37 [^ia&? Qajk] 




dim i = dim a 






5. GLA 


off.d.m. q„fl, 

g[a] = [fi'ij) ^fci] 


[a]p7 

[a] rpa 

07 




6. LA 


dim i = dim a 
d-metr.g^ 


1 a/3 
[b]rpa 
1 07 


iV /3 7 T 
1 J ^a/3 7 — — 1 J1J ag/3 7 


7. FA 


dim i = dim a 
^TVj; ^ 
d-metr.gJJJ 


- 1 a/3 

[/]T« 

07 


07^ 

[/In a - - WD e [F] 

^0/37 ■ L 'a6 / g 7 



Table 1.1: Generalized Lagrange-affme spaces 
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Space 


N-connection/ 
N— curvature 
metric/ 
d-metric 


(d— ) connection/ 
(d-) torsion 


(d-) curvature/ 
(d-)nonmetricity 


1. MDA 


TV T (\ 

^ aii ^ Haj 

off.d.m. g a p 

ga/3 = [9ij,h ab ] 


■pa 

L Ji 

rpa 

1 Pi 


pa 

0a/3 7 = - D oc9Pl 


2. DMDA 


TV T /~\ 

■I* aii ^'iaj 

ga/3 = [9ij,h ab ] 


1 Pi 


_ /3 7 r 
Qa/3 7 


3. BDA 


off.d.m. g a p, 

" r 7 nhl 

ga/3 = [9ij,h ab ] 


[B]fa 

[B rpa 

P7 


[B] Q a/ 3 7 = [o,4 afe ,g a lfc ,o] 


4. BDAT 


off.d.m. g afSj 

ga/3 = « J 


[BT]rha 

Pi 


[BT1 QS 7 1 = [ '^ ab ^V°] 


5. GHA 


dim 2 = dim a. 

off.d.m. <7 a/ g, 
g[a] = [^,^] 


[a]fl 

_ a/3 
[a] Hp a 

P7 


[a] -pa 

n Pit 


6. HA 


dimi = dim a 
d-metr.gj^ 1 


[if] rpa 
1 P7 


11 /3 7 r 

[h]q _ _ [ff]D e [L] 


7. CA 


dimi = dim a 

^ ^A"iai ^ ^^iaj 

d-metr. gj^ 1 


[C]fa 

P7 
[C] T a 


v Pit 

[c]n - [c]n o- [cl 



Table 1.2: Generalized Hamilton-affine spaces 
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Space 


N-connection/ 
N-curvature 
metric/ 
d-metric 


(a- J connection/ 
(d-) torsion 


(d-j curvature/ 
(d-)nonmetricity 


1. TMA 


off.d.m. g a p, 
ga/3 = [9ij , h ab ] 


\W\-pa 
L p-y 

\W\rpa 

1 Pi 


[w] i?V = o 


2. DTMA 


N i^ij 

ga/3 = [g^, h ab \ 


Wa\ pa 
1 Pi 


[H/oJ R% T = 


3. TBA 


off.d.m. g a p, 

ga/3 = [gij, h a b] 


[WB]-pa 

A /37 
[WB]iTa 

/3 7 


= 


4. TBAT 


N a Vt a 
off.d.m. 5( Q/3 , 

_ r 7 I 

ga/3 — [gij, "-obi 


/?7 


[^]] R a^ = 


5. TGLA 


dim i = dim a 

N a n a - 

off.d.m. 

g[o] = ^fci] 


[Wa] T l 
1 a/3 

/?7 


'^RV = 
[Wa] Q a0 ^ 


6. TLA 


dim i = dim a 

[ cL ]jVj, [ cL lfi^ 
d-metr.g^ 


[WL] r i 
L a/3 

1 Pi 


[W, %V = o 

Qa/37 = — D a g^ 


7. TFA 


dim i = dim a 
d-metr.gj^ 1 


[WF] r l 
1 a/3 

1 Pi 


M RV = 

Qa/3 7 = — D a g^ 7 



Table f.3: Teleparallel Lagrange-affine spaces 
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Space 


N-connection/ 
N— curvature 
metric/ 
d-metric 


(d— ) connection/ 
(d-) torsion 


(d-)curvature/ 
(d-)nonmetricity 


1. TMDA 


A T ( ^ £" A T 

off.d.m. ^ 

ga/3 = [&j,^ ab ] 


r , ^ 

J /3 7 


Ra f3~/r = 
Qa/37 


2. DTMDA 


tvt r tit 

ga/3 = [^j,^] 


r 


1 J R ^ = 
^ ^Qa/37 


3. TBDA 


N a i, &iaj = 8[iNj] a 

off.d.m. g a p, 

ga/3 = [9ij,h ab ] 


1 /3 7 


[B, RV = 
[B] Q«^ = [Q t ab ,Q a , k ] 


4. luMl 


Nai, ^iaj "[i-^YjJa 

off.d.m. 

ga/3 = [ftj,^] 


[VKBrl-pa 

[WB-rlnpa 

1 /37 


[^]R^ tt = 


5. TDGHA 


dimi = dim a. 

ga/3 = 


[VTal"pa 
1 /37 


'^RV = 

^ ^ Qa/37 


6. TDHA 


dimi = dim a 
d-metr.g[^ ] 


i /3 7 
[WHlnna 

1 /3 7 


l^lRV = 


7. TDCA 


dimi = dim a 
d-metr. g[^ ] 


[GW]"pa 

/37 

[CW]rha 
1 /37 


i^ftV = 

^Qa/37 = - [CW] 6«gjg 



Table 1.4: Teleparallel Hamilton-affine spaces 
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Space 


N-connection/ 
N-curvature 
metric/ 
d-metric 


(d-) connection/ 
(d-)torsion 


(d-) curvature/ 
(d— )nonmetricity 


1. MAVB 


N?, fi«,off.d.m 
vect. bundle 
g a/ 3, total space 

ga/3 = [*7ij. h ab ] 


Fg , total space 

1 01 


pa 

n /3 7 T 

Qa/3 7 = 0; 

Qa/37 7^ 

for MA str. 


2. DMAVB 


go/3 = [fi'ij, ^ab] 


p» 

i /37 

1 07 


11 07^ 

Qa/3 7 = 0; 

Qa/3 7 7^ 

for DMA str. 


3. BMATB 


N a , Q a - 
off.d.m. a/3 , 

ga/3 = [fi'ij, ^ab] 


B TO 

1 Pi 


B RV 

Qa/37 [Qiab; Qajk] 


4. BMATBT 


off.d.m. Q ni R, 

ga/3 = [<7ij. ^ab] 


[BT] "pa 
i /3 7 

fBTlT-ia 
1 /3 7 


\BT\rta 

[BT] ^ 

Qa/37 \Qiabi Qajk] 


5. GLMAB 


dimi = dim a 

N a n a - 

off.d.m. g aP , 
S[gL] = [9ij,h k i] 


po pa 

1/37' 1 07 

1 /37' A 07 


T_> a 13 a 

^711 lv /3 7 T 

Qa/37 = 
^ 


6. LMAB 


dimi = dim a 

d-metr.gjfj = 
r„M _ i a 2 ^ 2 l 


[L] F a 

PI 

[b] ra 
[Ljrpa 

X 07 


[L] Qa/3 7 = 
W Qa/37 ^ 


7. FMAB 


dimi = dim a 
d-metr.gJJ 1 = 

iJF] _ 1 <9 2 F 2 1 


[F]fa 

[/] r « 
■*^/37 

PI 

[/It" 

1 07 


[F]-oa 
11 07^ 

[F] Qa/3 7 = 
1/1 Qa/37 7^0 



Table f .5: Generalized Finsler-Lagrange spaces 
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Space 


N-connection/ 
N-curvature 
metric/ 
d-metric 


(d-) connection/ 
(d-) torsion 


(d-) curvature/ 
(d-)nonmetricity 


1. MADVB 


J v ati J L iaj 

total space 
off.d.m. g a p 

r Labi 
ga/3 = [gij, h ab ] 


fa 

L Jh 

1 Pi 


pa 

"V 07 T 

0a/3 7 = -Dah-i 


2. D MADVB 


N a ii ^iaj 

ga/3 = [gij, h ab ] 


pa 

,07 

,07 


td a 

_ 07^ 

Qa/3 7 


3. BMADB 


N O 

J ' era ; J 'raj 

ga/3 = [ftj, ^ 


1 07 
[Blrpa 

1 /37 


i 1 >07T 

[B] Q a ^ = [Q t ab ,Q a 1k ] 


4. BMADBT 


Aaj, fijajr 

ga/3 = [ftj, ^ 


\BT\-pa 

1 /3 7 
[-BT] nna 


[BT] Qa, 7 = [Q 4 afe ,Q a 7fc ] 


5. GMAHB 


dimi = dim a 

TV- Q 

ga/3 = [^j,/i ab ] 


[a]f 7 [Gif] f 7 

[alnpa \GH\ npa 
1 07' 1 07 


H Qa/3 7 ^ 
^Qa/3 7 = 


6. MAHB 


dimi = dim a 
d-metr. gj^ 1 


[if]p7 f7 
_ a/3 ' 1 a/3 

[H]rha npa 
X 07' X 07 


[if] -pa -pa 
lv /3 7 t; lv /3 7 T 

[ f ] Qa/3 7 = 
Qa/3 7 7^ 


7. MACB 


dim % = dim a 

[c] N . . [C]Q. . 

d-metr. gj^ ] 


[C]"pa -pa 

, _07' 1 07 
[C npa npa 

1 /3 7 > 1 07 


[CI "pa -pa 

/3 7 T> 11 /3 7 T 

P1 Qa/3 7 = 
[C] Qa/3 7 7^ 



Table 1.6: Generalized Hamilton-Cartan spaces 
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Space 


N-connection/ 
N-curvature 
metric/ 
d-metric 


(d-) connection/ 
(d-)torsion 


(d-) curvature/ 
(d-)nonmetricity 


1. MADVB 


J ' an J L iaj 

total space 
off.d.m. g a( i 

ga/3 = [9ij,h H 


fa 
L Jl 

1 Pi 


pa 

. 07 T 

0a/3 7 = - D a()Pl 


2. DMADVB 


ga/3 = [9ij,h ab ] 


"PQ 

\Pl 

rpa 

. .07 


l > a 

_ /3 7 r 

Qa/?7 


3. BMADB 


N O 

ly an J 't<y 


[Bjpa 

r , 

[B] rpa 


[B1 Qa^ 7 =[^ afe ^ a ?fc ] 


4. BMADBT 


N a ii ^iaj 

ga/3 = [ftj,^] 


[BTJ-pa 

07 

[BT]nha 


1JfJ] RV 

[BT1 Qa/ 3 7=fe ab ,Q a 7fc ] 


5. GMAHB 


dimi = dim a 

J v «a ) J 'icy 
ga/3 = [ftj,^] 


[a]f7 [Gfl]f7 
^ a/3? x _ a/3 

[alnna \GH\ nna 
1 /3 7 ' 1 Pi 


lalna \GH\ T)a 
K /3 7 r/ K Mr 

W Qa/3 7 7^ 
[H] Qa/3 7 = 


6. MAHB 


dimi = dim a 
d-metr.gj^ 1 


[H]fl fl 

1 a,p-> \ a/3 
[H]rha rpa 

07' X 07 


[H] no T> a 
lv /3 7 r' IV /?7T 

[ f ] Qa/3 7 = 

Qa/?7 7^ 


7. MACB 


dim? = dim a 

[c] N . . [C]Q. . 
1 * ia i J L iaj 

d-metr. g[^ ] 


[C]f a fa 
G rpa rpa 

1 pv 1 Pi 


[CI "D a "Da 
^ Piti 11 /3 7 r 

[C] Qa/3 7 = 

[C1 Qa/3 7 7^ 



Table 1.7: Teleparallel Finsler-Lagrange spaces 



1.6. CLASSIFICATION OF LAGRANGE-AFFINE SPACES 



89 



Space 


N-connection/ 
N-curvature 
metric/ 
d-metric 


(d-) connection/ 
(d-) torsion 


(d-) curvature/ 
(d-)nonmetricity 


1. TDVB 


N a ii ^iaj ^[i^j]a 

g a p, d. vect. b. 

ga/3 = [9ij,h ab ], 


[W]-pa 

r ^ 

[W]nna 
1 Pi 




2. DTDVB 


N a i, &<iaj =8[iNj] a 
ga/3 = [9ij/h ab ] 


\pi 

\Wa\rria 

1 Pi 




3. TBDVB 


Naii ^iaj 0[i-Nj] a 
ga/3 — [9ij, "> J 


\WB\-ra 


l^JR^ = 

[ws]n — [n n 1 

^"6 a/37 LViafej VajfcJ 


4. TBDVB 


N a i, &<iaj 3[i-Nj] a 
ga/3 = [gij,h ab ] 


1 Pi 


l^^JRV = 


5. TGH 


dimi = dim a 

Ni a , Qiaj i 

d. tan. b. 

ga/3 = [9ij,h ij ] 


\Wa\iha 

tPi 

1 Pi 


'^R^ = 
[H/a] Q^7 = 


6. TH 


dimi = dim a 

^ ^Ni aj ^ ^Vti a j 

d-metr. gJJ 1 


i /3 7 
1 /37 


I^lRV = 
[WH] Q a pi = 


7. TC 


dimi = dim a. 

[C] N . . [C]Q. . 

d-metr. gj^ 1 


[CW]f«a 

1 07 


l^R-V = 
[cw] Q a „ = 



Table 1.8: Teleparallel Hamilton-Cartan spaces 
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Space 


N-connection/ 
N-curvature 
metric/ 
d— metric 


(d-) connection/ 
(d-)torsion 


(d-) curvature/ 
(d-)nonmetricity 


1. RC 


off.d.m. g a/3 , 

ST„ a = \Gaa h,,.h\ 
Sap [Hi] , lb ab\ 


pa 

J-/37 


n P-jt 
QaPi = 


2. DRC 


N a Q a . 

ga/3 = [gij, h a b] 


ra 

i /3 7 

1 /37 


K Pir 
Qa/3 7 = 


3. BRC 


N i, Ki 

off diag. g a p, 

ga/3 = ^ij, h a b] 


L Py 
LB rp a 

1 Pi 


r ri ■ -» ~ 
PR 
11 Pit 


4. BRCT 


N a Q a 

off diag. g a p, 

go/3 = [g^, Kb] 


[BT] T a 

1 Pi 


[BT] R a 

Qa/3 7 [Qiatj Qajfc] 




dimi = dim a 






5. GLRC 


off diag. g a/} , 
g[a] = [gij,h kt ] 


[a] pa 

/3 7 
a T>a 
1 /37 


[a] RV 

W Qa/3 7 = 


6. LRC 


dimi = dim a 

[cL] N i^ [cL]Qa 

d-metr.gj^ 


f7 

rpa 

1 /37 


n Pit 

Qa/3 7 = 


7. FRC 


dimi = dim a. 
d-metr.g^ 


LF]fa 
\ Pi 


[F]-oa 
11 /3 7 r 

[F] Q a/ 3 7 = o 



Table 1.9: Distinguished Riemann-Cartan spaces 
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Space 


AT j_ ' / 

JN -connection/ 
N-curvature 
metric/ 
d-metric 


(d-) connection/ 
(d-) torsion 


(d-) curvature/ 
(d-)nonmetricity 


1. pR 


iVf , off-d.metr. 

n?- = o,^o 

ga/3 = 
[dij, h a b] 


v = [r^ 7 ] 

D = [f%] 

T a — n 

iv Pi - u 

T% ^ 


T> a 

" /3 7 r 

= 
Qa/3 7 = 


2. DpR 


N®, off-d.metr. 
^■ = 0,^0 

g a 0, ga/3 = 
[gij, hab] 


v = [r^ 7 ] 

D = [T%] 

T vPi = ° 
T^ 7 + 


pa 

U V0V 

1 > a 

M /3 7 r 

<K*y = 
Qa(3j = 


3. pRB 


N", off-d.metr. 
^• = 0,^0 

9otf3i ga/3 = 

[gij, h a b] 


v = [r^ 7 ] 
T a — n 

1 Pi 


n VPir 

C/3 7 = 
[B] Qa/37 ^ 


4. pRBT 


Nf, off-d.metr. 

9aP, ga/3 = 

[g^, h a b] 


v = [r v/37 ] 

["ID = ^T%\ 

T V Pl = 
[BT] rpa 

1 Pi 


pa 

[BTl R a 

= 
[ST] Qa^ 7 ^ 


5. pRGL 


iVj , Qim t — Qim (i 

^• = 0,^0 

ga/3 = 

[g^, h a b] 


\7 = \T a a ] 
V [ x v/M 

D = [f £j 

T a — n 

lv 07 _ U 


"D a 
" pV 

C/3 7 = 
Qa/3 7 = 


6. pRL 


^N?;dimi = dim a 
JL] _ r [L] Mi 

&a/3 ~~ Li/ij ' i/jj J 
[J L 1 _ 1 9 2 L 2 1 


v = / J 
wd = [ wr« 7 ] 

T V 07 = 
[LI rpa 

1 Pi 


pa 

VP1 T 

= 

[L] Qa/37 = 


7. pRF 


^iV°; dimi = dim a 

iin?. = o,#o 

■S3 = blfl 

rJ^l _ i 9 2 f 2 l 


v = [r^ 7 ] 

[^D = [ Ilf^] 

T a — n 

[Flrpa 
1 07 


pa 

^ vpV 

Qa^ 7 = 
[F] Qa/3 7 = 



Table 1.10: Distinguished (pseudo) Riemannian spaces 
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Space 


N-connection/ 
N-curvature 

D ipt" T'l 1 • I 

d-metric 


(d-) connection/ 


(d-) curvature/ 

i n — in /"m i vi f^yi r*i "t~"\r 


I. T 


N a ,Vt a - 

off H m n a 
U11.U..1U. yap, 

gaf3 = [9ij, h a b] 


[W]ra 
//3 7 

[W]rpa 

01 


^ a /3 7 r = 
Qa0~f = 


2. DT 


N a ,tt a - 

ga/3 = [gij, hab] 


L 0j 

[Wa]rpa 

01 


[Wai R a ^ T = 

^Qa^ = 


3. TB 


N a ,tt a - 

Sa0 = [gij, h a b] 


[WB\-pa 

/3 7 

1 01 


i^iRV = o 


4. TBT 


N a ,tt a - 

Sa0 = [gij, h a b] 


A /37 
1 01 


i^JR^ = 


5. TGL 


diuu = dim a 

g[a] = ^ij, hkl] 


[Wa\ r i 
1 a/3 


[R,fl| RV = 

[H/al Qa^ 7 = 


6. TL 


diuu = dim a 

[ cL i_/vj, [ cL ir2^. 

d-metr.gjfj 


1 a/3 
[WL]rpa 
1 /37 


= o 

[WL] Qa /37 =0 


7. TF 


dim i = dim a 
d-metr.gjjj 


1 a0 
\WF\rpa 
1 07 


l^lRV = 

^Qa/3. = 



Table 1.11: Teleparallel spaces 
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Chapter 2 



A Method of Constructing 
Off— Diagonal Solutions in 
Metric— Affine and String Gravity 

Abstract 1 

The anholonomic frame method is generalized for non-Riemannian gravity models de- 
fined by string corrections to the general relativity and metric-affine gravity (MAG) the- 
ories. Such spacetime configurations are modelled as metric-affine spaces provided with 
generic off-diagonal metrics (which can not be diagonalized by coordinate transforms) 
and anholonomic frames with associated nonlinear connection (N-connection) structure. 
We investigate the field equations of MAG and string gravity with mixed holonomic and 
anholonomic variables. There are proved the main theorems on irreducible reduction to 
effective Einstein-Pro ca equations with respect to anholonomic frames adapted to N- 
connections. String corrections induced by the antisymmetric if-fields are considered. 
There are also proved the theorems and criteria stating a new method of constructing 
exact solutions with generic off-diagonal metric ansatz depending on 3-5 variables and 
describing various type of locally anisotropic gravitational configurations with torsion, 
nonmetricity and/or generalized Finsler-affine effective geometry. We analyze solutions, 
generated in string gravity, when generalized Finsler-affine metrics, torsion and non- 
metricity interact with three dimensional solitons. 

Pacs: 04.50.+h, 04.20.JB, 02.40.-k, 

MSC numbers: 83D05, 83C15, 83E15, 53B40, 53C07, 53C60 
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2.1 Introduction 

Nowadays, there exists an interest to non-Riemannian descriptions of gravity inter- 
actions derived in the low energy string theory pQ and/or certain noncommutative [2] 
and quantum group generalizations [H] of gravity and field theory. Such effective models 
can be expressed in terms of geometries with torsion and nonmetricity in the framework 
of metric-affine gravity (MAG) jlj and a subclass of such theories can be expressed as 
an effective Einstein-Proca gravity derived via irreducible decompositions j^J- 

In a recent work jH] we developed a unified scheme to the geometry of anholo- 
nomic frames with associated nonlinear connection (N-connection) structure for a large 
number of gauge and gravity models with locally isotropic and anisotropic interactions 
and nontrivial torsion and nonmetricity contributions and effective generalized Finsler- 
Weyl-Riemann-Cartan geometries derived from MAG. The synthesis of metric-affine 
and Finsler like theories was inspired by a number of exact solutions parametrized by 
generic off-diagonal metrics and anholonomic frames in Einstein, Einstein-Cartan, gauge 
and string gravity IB] . The resulting formalism admits inclusion of locally anisotropic 
spinor interactions and extensions to noncommutative geometry and string/brane grav- 
ity [3 EH- We concluded that the geometry of metric-affine spaces enabled with an 
additional N-connection structure is sufficient not only to model the bulk of physically 
important non-Riemannian geometries on (pseudo) Riemannian spaces but also states 
the conditions when such effective spaces with generic anisotropy can be defined as cer- 
tain generalized Finsler-affine geometric configurations constructed as exact solutions of 
field equations. It was elaborated a detailed classification of such spacetimes provided 
with N-connection structure. 

If in the Ref. jB] we paid attention to the geometrical (pre-dynamical) aspects of the 
generalized Finsler-affine configurations derived in MAG, the aim of this paper (the sec- 
ond partner) is to formulate a variatonal formalism of deriving field equations on metric- 
affine spaces provided with N-connection structure and to state the main theorems for 
constructing exact off-diagonal solutions in such generalized non-Riemannian gravity 
theories. We emphasize that generalized Finsler metrics can be generated in string grav- 
ity connected to anholonomic metric-affine configurations. In particular, we investigate 
how the so-called Obukhov's equivalence theorem |3] should be modified as to include 
various type of Finsler-Lagrange-Hamilton-Cartan metrics, see Refs. [TTJ EI] • The 
results of this paper consist a theoretical background for constructing exact solutions in 
MAG and string gravity in the third partner paper ^3] derived as exact solutions of grav- 
itational and matter field equations parametrized by generic off-diagonal metrics (which 
can not be diagonalized by local coordinate transforms) and anholonomic frames with 
associated N-connection structure. Such solutions depending on 3-5 variables (general- 
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izing to MAG the results from [7J |H1 EJ ESI ES] ) differ substantially from those elaborated 
in Refs. ^B] ; they define certain extensions to nontrivial torsion and nonmetricity fields 
of certain generic off-diagonal metrics in general relativity theory. 

The plan of the paper is as follows: In Sec. 2 we outline the necessary results on 
Finsler-afnne geometry. Next, in Sec. 3, we formulate the field equations on metric- 
affine spaces provided with N-connection structure. We consider Lagrangians and derive 
geometrically the field equations of Finsler-afnne gravity. We prove the main theorems 
for the Einstein-Proca systems distinguished by N-connection structure and analyze 
possible string gravity corrections by //-fields from the bosonic string theory. There 
are defined the restrictions on N-connection structures resulting in Einstein-Cartan and 
Einstein gravity. Section 4 is devoted to extension of the anholonomic frame method 
in MAG and string gravity. We formulate and prove the main theorems stating the 
possibility of constructing exact solutions parametrized by generic off-diagonal metrics, 
nontrivial torsion and nonmetricity structures and possible sources of matter fields. In 
Sec. 5 we construct three classes of exact solutions. The first class of solutions is stated 
for five subclasses of two dimensional generalized Finsler geometries modelled in MAG 
with possible string corrections. The second class of solutions is for MAG with effective 
variable and inhomogeneous cosmological constant. The third class of solutions are for 
the string Finsler-afnne gravity (i. e. string gravity containing in certain limits Finsler 
like metrics) with possible nonlinear three dimensional solitonic interactions, Proca fields 
with almost vanishing masses, nontrivial torsions and nonmetricity. In Sec. 6 we present 
the final remarks. In Appendices A, B and C we give respectively the details on the proof 
of the Theorem 4.1 (stating the components of the Ricci tensor for generalized Finsler- 
affine spaces), analyze the reduction of nonlinear solutions from five to four dimensions 
and present a short characterization of five classes of generalized Finsler-afnne spaces. 

Our basic notations and conventions are those from Ref. jHj and contain an interfer- 
ence of approaches elaborated in MAG and generalized Finsler geometry. The spacetime 
is considered to be a manifold V n+m of necessary smoothly class of dimension n + m. 
The Greek indices ... split into subclasses like a — (i, a) , /3 — (j,b) ... where the 
Latin indices i, j, k, ... run values 1, 2, ...n and a, b, c, ... run values n+ 1, n + 2, n + m. 
We follow the Penrose convention on abstract indices ^7j and use underlined indices like 
QL — {h Ql) j f° r decompositions with respect to coordinate frames. The symbol " ==" will 
be used is some formulas will be introduced by definition and the end of proofs will be 
stated by symbol ■. The notations for connections T a g , metrics g a p and frames e a and 
coframes or another geometrical and physical objects, are the standard ones from 
MAG if a nonlinear connection (N-connection) structure is not emphasized on the space- 
time. If a N-connection and corresponding anholonomic frame structure are prescribed, 
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we use "boldfaced" symbols with possible splitting of the objects and indices like 

V n+m , r°g 7 = [L l jk , L a hk , Cj c , C£.) , g a/ 3 = (gij, h ab ) , e a = (ej, e a ) , ... 

being distinguished by N-connection (in brief, there are used the terms d-objects, d- 
tensor, d-connection). 

2.2 Metric— Affine and Generalized Finsler Gravity 

In this section we recall some basic facts on metric-affine spaces provided with non- 
linear connection (N-connection) structure and generalized Finsler-affine geometry j^J. 

The spacetime is modelled as a manifold V n+m of dimension n + m, with n > 2 and 
m > 1, admitting (co) vector/ tangent structures. It is denoted by tt t : TV n+m —>■ TV n 
the differential of the map tt : V n+m —>■ V n defined as a fiber-preserving morphism of 
the tangent bundle (TV n+m , t e , V n ) to V n+m and of tangent bundle (TV n , r, V n ) . We 
consider also the kernel of the morphism n T as a vector subbundle of the vector bundle 
(TK n+m , te, V n+m ) . The kernel defines the vertical subbundle over V n+m , s denoted 
as (vV n+m , 7y, V n+m ) . We parametrize the local coordinates of a point u G V n+m as 
u a = (x l ,y a ), where the values of indices are i,j,k,... = 1,2, ...,n and a,b, c, ... = 
n + 1, n + 2, n + m. The inclusion mapping is written as i : vV n+m — > TV n+m . 

A nonlinear connection (N-connection) N in a space (y n+m , tt, V n ) is a morphism of 
manifolds iV : TV n+m — > vV n+m defined by the splitting on the left of the exact sequence 

-> vV n+m -> T\/ n+m /t;\/ n+m -»■ 0. (2.1) 

The kernel of the morphism N is a subbundle of (TV n+m , te, V n+m ) , called the 
horizontal subspace and denoted by (hV n+m , th, V n+m ) . Every tangent bundle (TV n+m , 
te, V n+m ) provided with a N-connection structure is a Whitney sum of the vertical and 
horizontal subspaces (in brief, h- and v- subspaces), i. e. 

T yn+m = h yn+m & v yn+m _ 

We note that the exact sequence (|2.1|) defines the N-connection in a global coordinate 
free form resulting in invariant splitting (j2.2j) (see details in Refs. [THl stated for 
vector and tangent bundles and generalizations on covector bundles, superspaces and 
noncommutative spaces [12] and [Hj). 
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A N-connection structure prescribes a class of vielbein transforms 

A?(«) 



A%{u) 



P 



e/(u) 
C <<(t*) -N b k {u)e\{u) 







(2.3) 
(2.4) 



in particular case ef = 5j and e a - = <5f with 5\ and <5f being the Kronecker symbols, 
defining a global splitting of V n+m into "horizontal" and "vertical" subspaces with the 
N-vielbein structure 



e a = e^dg_ and ^ = e^^du^. 



We adopt the convention that for the spaces provided with N-connection structure the 
geometrical objects can be denoted by "boldfaced" symbols if it would be necessary to 
distinguish such objects from similar ones for spaces without N-connection. 

A N-connection N in a space V n+m is parametrized by its components N?(u) = 
N?{x,y), 

N = N?(u)tf®d a 
and characterized by the N-connection curvature 

Q = l^.d 1 A d j ® d a , 
2 J 



with N-connection curvature coefficients 



8N a dNf ,dNf h dN a 



dy b 



dy b 



(2.5) 



On spaces provided with N-connection structure, we have to use 'N-elongated' operators 
like 8j in ()2.5)1 instead of usual partial derivatives. They are defined by the vielbein 
configuration induced by the N-connection, the N-elongated partial derivatives (in brief, 
N-derivatives) 



G/ v — — Sn 



(Si, d a ) = 



6u a 



(2.6) 



and the N-elongated differentials (in brief, N-differentials) 

& = 6? = (<T, 5 a ) = 5u a = (8x i = dx\ 5y a = dy a + N" [u) dx l ) (2.7) 
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called also, respectively, the N-frame and N-coframe. There are used both type of 
denotations e a = 5 a and = S a in order to preserve a connection to denotations from 
Refs. JEl El IHj- The 'boldfaced' symbols e Q and d 13 will be considered in order to 
emphasize that they define N-adapted vielbeins but the symbols S a and S 13 will be used 
for the N-elongated partial derivatives and, respectively, differentials. 
The N-coframe (|2.7|) satisfies the anholonomy relations 

[S a , tip] = S a 5/3 - SpS a = w 7 a/3 (u) <5 7 (2.8) 

with nontrivial anholonomy coefficients w^ 7 (u) computed as 

w °i* = " w % = ™\a = -w 6 a , = 8 a Nl (2.9) 

The distinguished objects (by a N-connection on a spaces V n+m ) are introduced in 
a coordinate free form as geometric objects adapted to the splitting (|2.2J) . In brief, they 
are called d-objects, d-tensor, d-connections, d-metrics.... 

There is an important class of linear connections adapted to the N-connection struc- 
ture: 

A d-connection D on a space V n+m is defined as a linear connection D conserving 
under a parallelism the global decomposition ()2.2)1 . 

The N-adapted components of a d-connection D a = (5 a jD) are defined by the 
equations 

from which one immediately follows 

T\ p (u) = (D a 5p)\5\ (2.10) 

The operations of h- and v-covariant derivations, I)[ = {L l j k , L^ k } and = {C* k , Cg c } 
are introduced as corresponding h- and v-parametrizations of (|2.10j) . 

L% = (D^Jd*, LI = (V k d b )\S a , C) c = (Dctyjd*, CI = (V c d b )\5 a . 

The components r 7 Q/3 = [L % j k , L bk , Cj c , C bc ) completely define a d-connection D in V n+m . 

A metric structure g on a space V n+m is defined as a symmetric covariant tensor 
field of type (0, 2) , g a p t being nondegenerate and of constant signature on V n+m . A N- 
connection N ={N^ (u)} and a metric structure g = gapdu—®du- on V n+m are mutually 
compatible if there are satisfied the conditions 

g (Si, da) =0, or equivalently, (u) - iVf (u) (u) =0, 
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where h^ = g (da, <9&) and = g (d b da) resulting in 

N b l (u) = h ab (u)g ia (u) 

(the matrix h ab is inverse to h a b', for simplicity, we do not underline the indices in the 
last formula). In consequence, we define an invariant h-v-decomposition of metric (in 
brief, a d-metric) 

g(X,Y)=hg(X,Y) +vg(X,Y). 
With respect to a N-coframe ()2.7|) . the d-metric is written 

g = g Q/3 (u) 5 a ®8? = 9ij (u) ef ® # + h ab (u) 5 a (g 5 6 , (2.11) 

where g 1 ^- = g (<5j, <5j) . The d-metric (|2.11|) can be equivalently written in "off-diagonal" 
with respect to a coordinate basis defined by usual local differentials du a = (dx\ dy a ) , 



lap 



gy + NtNth,* N*h, 
N-h be h ah 



(2.12) 



A metric, for instance, parametrized in the form ()2.12j) is generic off-diagonal if it can 
not be diagonalized by any coordinate transforms. The anholonomy coefficients (j2.9|) do 
not vanish for the off-diagonal form ()2.12|) and the equivalent d-metric (j2.11|) . 

The nonmetricity d-field 

Q = Q a/3 #* ®ti fi = Q a p5 a ®5? 

on a space V n+m provided with N-connection structure is defined by a d-tensor field 
with the coefficients 

Qa/3 = -Dg Q/3 (2.13) 
where the covariant derivative D is for a d-connection ()2.10|) r 7 a = r 7 ^^ with T 7 ^ = 

( j i t a rii r^a \ 
K^jki ^hki U jci u bc) ■ 

A linear connection Dx is compatible with a d-metric g if 

Dxg = 0, (2.14) 

i. e. if Q a p = 0. In a space provided with N-connection structure, the metricity condition 
()2.14|) may split into a set of compatibility conditions on h- and v- subspaces, 

D [h] (hg) = 1 D [v] (hg) = 0,D [h] (vg)=0,D [v] (vg) = 0. (2.15) 
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For instance, if D^(hg) = and D^(vg) = 0, but, in general, D^ h \hg) ^ and 
D^(vg) ^ we have a nontrivial nonmetricity d-field Q Q/ g = Q^^ 7 with irreducible 
h-v-components Q ia p = (Q ijk , Qabc) ■ 

In a metric-affine space, by acting on forms with a covariant derivative D, we can 
also define another very important geometric objects (the 'gravitational field potentials', 
the torsion and, respectively, curvature; see jl]): 

T a = m a = 5d a + T\Ad 13 (2.16) 

and 

R a p = BT a p = 5T a p - T 7 ^ A T a 7 (2.17) 

For spaces provided with N-connection structures, we consider the same formulas but 
for "boldfaced" symbols and change the usual differential d into N-adapted operator S. 
A general affine (linear) connection D = y + Z = {T^ a = r 7 p a + Zj a } 

r\ = r 7 ^, (2.18) 

can always be decomposed into the Riemannian r° » and post-Riemannian parts 

r a p = r« p + z a p . (2.19) 

The distorsion 1-form Z a a from ()2.19j) is expressed in terms of torsion and nonmetricity, 

Z a p = e p \T a - e a \Tp + X - (e a Je^jT 7 ) tf 7 + (e a \Q Pj ) ^ - (e p \Q ai ) ^ + ^Q a p (2.20) 

where T a is defined as (12. 16}) and Q a /3 4= —Dg a p. (We note that Z% are N a p from Ref. 
jS], but in our works we use the symbol N for N-connections .) For Qp 1 = 0, we obtain 
from ()2.20j) the distorsion for the Riemannian-Cartan geometry [T9"j . 

By substituting arbitrary (co) frames, metrics and linear connections into N-adapted 
ones, 

e a -> e Q , -d -> # a/3 -> g Q/3 = h ab ) , r 7 Q -> T 7 a , 

with Q a/3 = Q^?? 7 and T a as in ()2.16|) . into respective formulas ()2.18|) . ()2.19|) and 
(|2.20jl . we can define an affine connection D = y + Z = [r 7 ^] with respect to N- 
adapted (co) frames, 

r\ = ry, (2.2i) 

with 

r° /J = I^ /J + Z° /J) (2.22) 
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where 

rV 7Q = \ [ e iJ - e a J <W 7 - (e 7 J e Q J <%) A , (2.23) 

and 

Z Q/3 = e p \ T a - e a \ T p + ^ (e a \ T 7 ) ST + (e Q J Q^) ST - {e p \ Q Q7 ) ^ + ^Q Q/3 . (2.24) 

The h- and v-components of T a p from (|2.22jl consists from the components of ^ 
(considered for (f2~2~3jl ) and of Z Q/3 with Z° 7/3 = (Zj fe , Z fe a fc , Zj c , Z fe a c ) . We note that for 
Qa/3 = 0, the distorsion 1-form Z Q/ g defines a Riemann-Cartan geometry adapted to the 
N-connection structure. 

A distinguished metric-affine space V n+m is defined as a usual metric-affine space 
additionally enabled with a N-connection structure N = {iV"} inducing splitting into re- 
spective irreducible horizontal and vertical subspaces of dimensions n and m. This space 
is provided with independent d-metric (j2.11j) and afline d-connection ()2.10j) structures 
adapted to the N-connection. 

If a space V n+m is provided with both N-connection N and d-metric g structures, 
there is a unique linear symmetric and torsionless connection y, called the Levi-Civita 
connection, being metric compatible such that V7§o/3 = f° r Sa/3 = (9ij,h ab ), see 
(12.11)1 . with the coefficients 

computed as 

r a/3 7 = g ^ g "T + ~ 6a8 ^ + ^ W 7/3 + S^W^ - g^W^J (2.25) 

with respect to N-frames e@ = 6/3 ()2.6|) and N-coframes $ a = 5 a (|2.7p . 

We note that the Levi-Civita connection is not adapted to the N-connection struc- 
ture. Se, we can not state its coefficients in an irreducible form for the h- and v-subspaces. 
There is a type of d-connections which are similar to the Levi-Civita connection but sat- 
isfying certain metricity conditions adapted to the N-connection. They are introduced 
as metric d-connections D = (D^ h \ D^ v n in a space V n+m satisfying the metricity con- 
ditions if and only if 

4% = 0, DW 9ij = 0, Df ] h ab = 0, D^h ah = 0. (2.26) 

Let us consider an important example: The canonical d-connection D = \ D^ h \ D^j , 
equivalently r 7 Q = r" ( a0 ^, is defined by the h- v-irreducible components T 7 ^ = 
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(L) k ,L a bk ,q c ,C^, where 



L>, = Ly i S -M + -?L - -UL \ . (2.27; 



SQkr 


5gjk\ 




Sx r J 


'8h bc 


dN* 


v 5x k 


dy b ' 


dh cd 


dh bc 


dy b 


dy d 



Jjk r \5x k 

ra 9N% 1 dN* dN$ 

r™ ik &9jk 

> c " 2 g dy' 

_ 1 h ad ( dhd . 

bc ~ 2 \W 

satisfying the torsionless conditions for the h-subspace and v-subspace, respectively, 

The components of the Levi-Civita connection and the irreducible components 
of the canonical d-connection r r ^ are related by formulas 

= ( -^}fc> ^bk Q-fi Cj C + -g l Q°j k h ca , C bc J , (2.28) 

where Q% is the N-connection curvature (J2.5|) . 

We can define and calculate the irreducible components of torsion and curvature in a 
space V n+m provided with additional N-connection structure (these could be any metric- 
affine spaces j3], or their particular, like Riemann-Cartan [T^], cases with vanishing 
nonmetricity and/or torsion, or any (co) vector / tangent bundles like in Finsler geometry 
and generalizations). 

The torsion 

rpct ( r pi T - ^ rpa rpa rpa \ 

L .P~( ~ l J .j'fc5 -Ljai 1 .ijt 1 Mi 1 .be) 

of a d-connection FjL = (L^ k , L^ k , Cj c , C bc ) (|2.10|) has irreducible h- v-components (d- 
torsions) 

yi_^l [r , 

5xi 5x l '• Ji ' 
C%. (2.29) 

We note that on (pseudo) Riemanian spacetimes the d-torsions can be induced by 
the N-connection coefficients and reflect an anholonomic frame structure. Such objects 
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vanish when we transfer our considerations with respect to holonomic bases for a trivial 
N-connection and zero "vertical" dimension. 
The curvature 



"DO /pi pa pi pc qi qa 

^.Pyr — V 11 hjkl ri ' bjki r jkai r bkai ° jbci ° I 



bed J 



of a d-connection rig = (Lj k , L bk , Cj c , C bc ) (|2.10|) has irreducible h- v-components (d- 
curvatures) 

A Ti XTi 

(2.30) 
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The components of the Ricci tensor 

R a/ g = R T a/3r 

with respect to a locally adapted frame (j2.fi |) has four irreducible h- v-components R a/ 3 = 
{Rij, Ria, R a i, S a b), where 

Rij = R i j k , R ia = — P ia = — P ika , (2-31) 

p lp pb q qc 

J^ai — r ai — r aibi °ab — >-> a bc' 

We point out that because, in general, 1 P a i 7^ 2 P%a the Ricci d-tensor is non symmetric. 

Having defined a d-metric of type (j2.11|) in V n+m , we can introduce the scalar cur- 
vature of a d-connection D, 

R = g Q/3 R Q/3 = R + S, (2.32) 
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where R = g^Rij and S = h ab S a b and define the distinguished form of the Einstein 
tensor (the Einstein d-tensor), 

G a/ 3 = R a/ 3 — -g^R. (2.33) 

The introduced geometrical objects are extremely useful in definition of field equa- 
tions of MAG and string gravity with nontrivial N-connection structure. 



2.3 N— Connections and Field Equations 

The field equations of metric-affine gravity (in brief, MAG) jlJ|S] can be reformulated 
with respect to frames and coframes consisting from mixed holonomic and anholonomic 
components defined by the N-connection structure. In this case, various type of (pseudo) 
Riemannian, Riemann-Cartan and generalized Finsler metrics and additional torsion and 
nonmetricity sructures with very general local anisotropy can be embedded into MAG. 
It is known that in a metric-affine spacetime the curvature, torsion and nonmetricity 
have correspondingly eleven, three and four irreducible pieces. If the N-connection 
is defined in a metric-affine spacetime, every irreducible component of curvature splits 
additionally into six h- and v- components (|2.3U|) . every irreducible component of torsion 
splits additionally into five h- and v- components (|2.29|) and every irreducible component 
of nonmetricity splits additionally into two h- and v- components (defined by splitting 
of metrics into block ansatz ()2.11|0 . 

2.3.1 Lagrangians and field equations for Finsler— affine theories 

For an arbitrary d-connection F a j3 in a metric-affine space V n+m provided with N- 
connection structure (for simplicity, we can take n + m = 4) one holds the respective 
decompositions for d-torsion and nonmetricity d-field, 



(2.34) 
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and 



(2) Q Q/3 

(3) Qa/3 
(1) Qa/3 



- * (0 a A + A S Q ) , (4) Q Q/3 = g«,aQ, 

2 
9 



(tfaep + ^e a )J A - -g a/3 A 



Qq/3 — Qa/3 — Qa/3 _ Qcn/3, 



(2.35) 



where 



Q 

©a 



^g a/3 Q a/3 , A = 0V| (Q a/3 - Qg Q/ g) 

* [(Qa/3 - Qg a/3 ) A l^] , 

© Q - ^e Q J A 0^) 



and the Hodge dual "*" is such that rj = *1 is the volume 4-form and 



Va = G a \r] = *tf a , Tja/3 = e a \Vi3= * (&a A ftp) , ?? a/ 3 7 ^J^, =?= e rJ?7a, 



Pi 



with ^ Qj( 3 7r being totally antisymmetric. In higher dimensions, we have to consider rj = 
*1 as the volume (n + m)-form. For N-adapted h- and v-constructions, we have to 
consider couples of 'volume' forms r] = (rj^ = *^l,r)^ = *[^l) defined correspondingly 
by gaf3 = (9ij,h ab ) . 

With respect to N-adapted (co) frames e p = {5 h d a ) and § a = (d\ 5 a ) (f2~7jl . the 
irreducible decompositions (|2.34j) split into h- and v-components ( A )T a = f^T 1 , ( j4 )T a ) 
for every A = 1,2,3,4. Because, by definition, Q a/ 3 = Dg Q/3 and g a /3 = (gij,h a b) 
is a d-metric field, we conclude that in a similar form can be decomposed the non- 
metricity, Q a /3 = (Qij,Q a b)- The symmetrizations in formulas ()2.35|) hide splitting for 
^Qap,^ Qa/3 and ^Q a /3- Nevertheless, the h- and v- decompositions can be derived 
separately on h- and v-subspaces by distinguishing the interior product J = (J J ^) as 
to have r\ a = (rji = Si\r], r\ a = <9 a J?7)...and all formulas after decompositions with respect 
to N-adapted frames (co resulting into a separate relations in h- and v-subspaces, when 
{A) CU = ( (A) Q^', (A) Qab) for every A= 1, 2, 3, 4. 

A generalized Finsler-affine theory is described by a Lagrangian 



C = C 



GFA 



mat) 
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where C mat represents the Lagrangian of matter fields and 

£gfa = [-a [ Rh ]R lJ A rjij - a 0[Rv] R ab A r) ab - a [Ph]P lJ A - a [ Pv ]P ab A r] ab 

-a 0[Sh ]S lJ A rj i:j - a 0[Sv] S ab A r] ab - 2\ [h] r] [h] - 2\ [v] rj [v] (2.36) 

+T A *W I £ a M] ^T, ) + T« A *M I £ a M] [A] T a 

V[A]=1 / \[A]=1 



1 



+2 £ c [w] [I] Q t] J c [wJ] [/] Q a6 A r A *^T 6 

\[J]=2 / \[J]=2 

+Q - A I £ 6 [w] ] + Q„6 A ( ^ 6 [wJ] [/] Q afe 

\[J]=i / \[ J ] =1 

+6[W] ( [3l Q y A ^) A *M (WQ^ A # fc ) + 6 [t)5] ( [3] Q,, A A *M (MQ*' A # fc )] 



1 6 

— R y A*W{J>[Jiw] ( [/] R,- W%)+ W[m7] ^A[e fe jW ( ^R* .- ^R/)] 



2 P[^] [/]=1 



5 



+ z ^ ( [/lR ^' + [/lR ^) + z ^ k A [e t J M ( NR.* - MR/)] 
[i]=i 

+ £ z [RhI] ^ A [e fc J W ( ^R* 3 - [/ - 4] R/)]} 

[J]=7 



1 6 

■ — R ab A * [v] {^2w [RvI] (l J ]R a6 - [/1 R 6a )+^[^ 7 ]^A[e c jM (^R\- ^R 6 a )] 



2P[^] [/]=1 
+ £ z { Rvi] ( [/] R ab + [/] R 6a ) + z [Rv6] & c A [e a j M ( % c b - ^R 6 C )] 

[/]=1 

9 

+ £ ^i]<? a A [e c j M ( 1 J - 4 ]R C b - [/ - 4] R 6 c )]} 

[J]=7 
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1 p« a E w w ( [/] p^- - [/] p^) + a [e fc J [h] ( [5] P fc - rap/)] 



2P[^] [J]=1 



5 



+ £ Z[ PW] (Wp y + WP,,) + ^ 6] tf fe A fej W ( ^ , - PIP/)] 
+ E ^ A [e fc jW ( ^P*,. - [J - 4] P/)]}- 

[7]=7 

1 6 

5 

+ E ^ ( [/lp ^ + [/lp ^) + z i p ^ A M ( [21pc b - [2]p b c )} 
[i]=i 

+ E A [e c j M ( ^ 4 lp c b - [/ - 4] P 6 c )]} 

[J]=7 

— S«A*M{J> [SU] ( [/] S^- WS,,)+^ 7] ^A[e fe jW (^S^.- ras/)] 



2 P[^] [/]=1 

5 

+ E + [/ ' S ^) + W** A fej W ( l 2 ^ - PlS/)] 

+ E^.A[^ H ( N s fe r [7 - 4] s/)]}- 

[J]=7 

1 6 

S ab A*H{E^/] ( [/] S„5- [I] S ba )+w [Sv7] ^ a A[e c \^ (®S\- ®S b a )] 

+ E zisvi] ( [I] S ab + [I] S ba ) + z [Sv6] & c A [e j M ( l 2 ^ b - t 2 lS 6 c )] 

[/]=! 

+ E A [e c jM ( ^S c b - [/ - 4] S 6 c )]}. 

[J]=7 
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Let us explain the denotations used in (|2.36|) : The signature is adapted in the form 
( — h ++) and there are considered two Hodge duals, *^for h-subspace and *^for v- 
subspace, and respectively two cosmological constants, A^] and Am. The strong gravity 
coupling constants P[rh], P[Rv], P[Ph], the constants a 0[Rh] ,a 0[Rv] ,a 0[Ph] , a[ hA ], a [vA] , ... 
C[hi]i c [vi], ■■■ are dimensionless and provided with labels [R], [P], [h], [v], emphasizing that 
the constants are related, for instance, to respective invariants of curvature, torsion, 
nonmetricity and their h- and v-decompositions. 

The action (J2.36|) describes all possible models of Einstein, Einstein-Cartan and all 
type of Finsler-Lagrange-Cartan-Hamilton gravities which can be modelled on metric 
affine spaces provided with N-connection structure (i. e. with generic off-diagonal 
metrics) and derived from quadratic MAG-type Lagrangians. 

We can reduce the number of constants in Lqfa — ► £'gfa ^ we select the limit 
resulting in the usual quadratic MAG-Lagrangian [3] for trivial N-connection structure. 
In this case, all constants for h- and v- decompositions coincide with those from MAG 
without N-connection structure, for instance, 

«o = ao[Rh] = ao[Rv] = ao[Ph] = a [A] = a [hA] = a>\vA] = q/] = C[hi] = C[ v i], ... 

The Lagrangian ()2.36j) can be reduced to a more simple one written in terms of boldfaced 
symbols (emphasizing a nontrivial N-connection structure) provided with Greek indices, 



JA]=1 

4 \ / 4 



"2 ( C W [/] Q«/3 AfA*T^Q^A ^ b {1] [I] Q aP ] (2.37) 

[2]=2 / \[I]=1 



■I 



+Q«? a \ [/1 Q a/3 J + h\ ( [3] Q«/3 Af)A* ( [4] Q 7/3 a tf 7 )] 
l 6 

R^A*^^ % + «, [7] 4A(e 7 j ^W^) 
9 [i]=i 

5 9 

+ Z U) [I]Y ^ + ^7 A (e Q J [2] Y^) + A (e 7 J ^Y^)]. 

[2]=1 [2]=7 

where [I] W a(3 = [I] R a p - [I] Rp a and [I] Y af3 = [/] R Q/3 + [I] Rf3 a . This action is just 
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for the MAG quadratic theory but with e a and being adapted to the N-connection 
structure as in ()2.fij) and ()2.7j) with a corresponding splitting of geometrical objects. 
The field equations of a metric-affine space provided with N-connection structure, 

V ra+m = [iVf, g a/3 = (g i:j , hob) , r^g = (L l jk , L% k , Cj c , C fe a c )] , 

can be obtained by the Noether procedure in its turn being N-adapted to (co) frames 
e a and i?^. At the first step, we parametrize the generalized Finsler-affine Lagrangian 
and matter Lagrangian respectively as 

Cqfa = 4/«] {N?, &*, $\ Q aP , T a , R",) 

and 

Cmat = £[m) {N?, g a p, tf 7 , M) , 

where T a and are the curvature of arbitrary d-connection D and \I/ represents the 
matter fields as a p-form. The action S on V n+m is written 

5 = J 5 n+m u^\g~^\ [jC [M + C [m] ] (2.38) 

which results in the matter and gravitational (generalized Finsler-affine type) field equa- 
tions. 

Theorem 2.3.1. The Yang-Mills type field equations of the generalized Finsler-affine 
gravity with matter derived by a variational procedure adapted to the N-connection struc- 
ture are defined by the system 

r, , \ Fir, , 

= 0, (2.39) 

— ~~ S Q , 
= —A ^ 

where the material currents are defined 

~ X~ ' a ~ X„qa ' a ~~ XT'* 

dg a/3 d§ ST & 




for variations "boldfaced" 5£[ m ]/6 computed with respect to N-adapted (co) f 



rames. 
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The proof of this theorem consists from N-adapted variational calculus. The equa- 
tions (ginD transforms correspondingly into "MATTER, ZEROTH, FIRST, SECOND" 
equations of MAG 4J for trivial N-connection structures. 

Corollary 2.3.1. The system \2.39i) has respectively the h- and v-irreducible components 
D [ h] ( _dC M _\ H / dC [m] \ _ 9£h 



\ dQij J V 9Qij J d 9ij 

V. oQ ab J \ dQ ab ) dg ab 

nwf%A | D W( 9C W\ | 2 dC[fa] - 

V dT* ) +U V dT l J d& ~ 

D [h) ( dC iM \ , D [v] ( dC lM \ , 2 9C IM _ 



where 



dC [fa] x 


) + & A 


d£[/ a ] 








) + / A 




dR\ y 


5T a 



= (a iJ ,a af> ) for ^ = cr o6 = 2^M 

0#y <5/i a6 

S a = (Sj,S a ) /or Sj = r L ' 5 



■in 



A " = CA- j A 6 ) for A- J = 6C[m] A b — — 



It should be noted that the complete h- v-decomposition of the system (I2.4U|) can 
be obtained if we represent the d-connection and curvature forms as 

L* h d^ + C\ a 5y a and Y\ = L\ k dx k + C\ c 5y c , 
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see the d-connection components (|2.10|) and 



2R i j = R jkl dx k A dx l + P) ka dx k A 5y a + S l jba 5y b A 6y a , 
2R e f = R e fkl dx k A dx l + P e fka dx k A 5y a + S e fba 5y a A 5y a , 

see the d-curvature components (|2.H()jl . 

Remark 2.3.1. For instance, a Finsler configuration can be modelled on a metric affine 



space provided with N-connection structure, V 



n+m 



N? 



( 9lJ ,h ab ), wri , if 



n = m, the ansatz for N-connection is of Cartan-Finsler type 

WW 



N a 

3 



l_d_ 

8dyl 



l k ih 

y y 9[f] 



99$ + 8$ 



dx l dx k 



9_C 

dx h 



the d-metric 



r [F] 
>a/3 



IS 



defined by \2.11)) with 



9i3 



9ij = hij = ^F/dtfdy 1 



and ^'T^g is the Finsler canonical d-connection computed as \2.2Tj) . The data should 
define an exact solution of the system of field equation \2.40\) (equivalently of \2.39^l ). 

Similar Remarks hold true for all types of generalized Finsler-affine spaces considered 
in Tables 1-11 from Ref. [§]. We shall analyze the possibility of modelling various type 
of locally anisotropic geometries by the Einstein-Proca systems and in string gravity in 
next subsection. 



2.3.2 Effective Einstein— Proca systems and N— connections 

Any affine connection can always be decomposed into (pseudo) Riemannian, T° p, 
and post-Riemannian, Z a /3 , parts as T a p = p + Z a p, see formulas (|2.19j) and (|2.2(J|) 
(or (|2.22j) and (|2.24j) if any N-connection structure is prescribed). This mean that it is 
possible to split all quantities of a metric-afhne theory into (pseudo) Riemannian and 
post-Riemannian pieces, for instance, 

R a p = R% P + yZ«p + Z\ A Z\. (2.41) 

Under certain assumptions one holds the Obukhov's equivalence theorem according to 
which the field vacuum metric-affine gravity equations are equivalent to Einstein's equa- 
tions with an energy-momentum tensor determined by a Proca field jSJ 120]. We can 
generalize the constructions and reformulate the equivalence theorem for generalized 
Finsler-affine spaces and effective spaces provided with N-connection structure. 
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Theorem 2.3.2. The system of effective field equations of MAG on spaces provided with 
N-connection structure \2. 39\) ( equivalently, \2.40j ) ) for certain ansatz for torsion and 
nonmetricity fields ( see \2. 3$ and \2. 35]) ) 

(i) T « = (2) T « = 0> «Q Q/3 = (2) Q a/3 = 0, (2.42) 
Q = k 4>, A =ki<f), T =k 2 <j>, 

where k , k\, k 2 = const and the Proca 1-form is <p =(p ol 'd a = (fiidx 1 + (fi a o~y a , reduces to 
the Einstein-Proca system of equations for the canonical d-connection r 7 Q/3 \2.2 r l\j and 
massive d-field (fi a , 

y^AR^ = kY, 
<5(*H)+// 2 0= 0, 

where H =5<p, the mass \i = const and the energy-momentum is given by 

S|f]=^{(e Q J H) A *H- (e a J * H) A H+yU 2 [(e Q J </>) A *</>- (e a J * 0) A 0]} 

is the energy-momentum current of the Proca d-field and is the energy-momentum 
current of the additional matter d-fields satisfying the corresponding Euler-Largange 
equations. 

The proof of the Theorem is just the reformulation with respect to N-adapted (co) 
frames (|2.fi|) and ()2.7j) of similar considerations in Refs. 012111 • The constants ho,ki.... are 
taken in terms of the gravitational coupling constants like in [21] as to have connection 
to the usual MAG and Einstein theory for trivial N-connection structures and for the 
dimension m — * 0. We use the triplet ansatz sector (|2.42j) of MAG theories [31201 ■ It is 
a remarkable fact that the equivalence Theorem 12.3.21 holds also in presence of arbitrary 
N-connections i. e. for all type of anholonomic generalizations of the Einstein, Einstein- 
Cartan and Finsler-Lagrange and Cartan-Hamilton geometries by introducing canonical 
d-connections (we can also consider Berwald type d-connections). 

Corollary 2.3.2. In abstract index form, the effective field equations for the generalized 
Finsler-affine gravity following from \2.43\) are written 

Rc^-ig^S = «(E!g + EW), (2.44) 



(2.43) 
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with H Ufl = Durf'fj, — 0^0^ + w \ v 4>ry being the field strengths of the Abelian Proca field 
d>^,R = const, and 



E$ = H/H^ - ig^H^ET + - ^g„ ,o„o". (2. 10) 



2 



The Ricci d-tensor R a/ g and scalar R from (|2.44j) can be decomposed in irreversible 
h- and v-invariant components like (|2.3H1 and ([2.32)1 . 



Rii-^galR + S) = iihif + Y^), (2.46) 



l 

S ab -\h ab (R + s) = «(S2 + S?), (2.47) 

X Pai = ^(S^ + SLT 1 ), (2.48) 

~ 2 P ia = sfsff + SPV (2.49) 



The constants are those from [5, being related to the constants from 1)2.370 . 

" 2 = h (" 4A + + f 74 

where 

fc = 4a 2 /3 3 - 3( 73 ) 2 + 0, fcx = 9 Qa 5 A> - 7 3 7 4 ) , k 2 = 3 U/3 374 - > 
a 2 = o 2 - 2a , /3 3 = &3 + /3 4 = &4 - -|p 73 = c 3 + a , 74 = c 4 + a . 

A - ^ Qftfci + ^274) , (2.50) 

the mass of Proca field [i 2 — > 0. The system becomes like the Einstein-Maxwell one with 
the source ()2.45|) defined by the antisymmetric field H in its turn being determined 

by a solution of Dj,D^0 a = (a wave like equation in a curved space provided with 
N-connection). Even in this case the nonmetricity and torsion can be nontrivial, for 
instance, oscillating (see (|2.42Jl ). 

We note that according the Remark 12.3.11 the system (|2.44|) defines, for instance, a 
Finsler configuration if the d-metric g a p, the d-connection Y) v and the N-connection 
are of Finsler type (or contains as imbedding such objects). 



If 
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2.3.3 Einstein— Cartan gravity and N— connections 

The Einstein-Cartan gravity contains gravitational configurations with nontrivial N- 
connection structure. The simplest model with local anisotropy is to write on a space 
yn+m ^ e Einstein equations for the canonical d-connection r 7 a/3 ()2.27|) introduced in 
the Einstein d-tensor ()2.33|) . 

or in terms of differential forms, 

Va ^ A = kEH (2-51) 

which is a particular case of equations ()2.43|) . The model contains nontrivial d-torsions, 
T 7 ^, computed by introducing the components of (|2.27|) into formulas (|2.29|) . We can 
consider that specific distributions of "spin dust /fluid" of Weyssenhoff and Raabe type, 
or any generalizations, adapted to the N-connection structure, can constitute the source 
of certain algebraic equations for torsion (see details in Refs. jT^]) or even to consider 
generalizations for dynamical equations for torsion like in gauge gravity theories |2*2*] . 
A more special case is defined by the theories when the d-torsions T 7 a/3 are induced 
by specific frame effects of N-connection structures. Such models contain all possible 
distorsions to generalized Finsler-Lagrange-Cartan spacetimes of the Einstein gravity 
and emphasize the conditions when such generalizations to locally anisotropic gravity 
preserve the local Lorentz invariance or even model Finsler like configurations in the 
framework of general relativity. 

Let us express the 1-form of the canonical d-connection r 7 ^ as the deformation of 
the Levi-Civita connection T 7 -, a , 

T\ = Tl a + Z\ (2.52) 

where 

Z a/3 = e p \ T Q - e a J % + l - (e Q J e^J T 7 ) tf 7 (2.53) 

being a particular case of formulas ()2.22|) and (j2.24j) when nonmetricity vanishes, Q Q/ g = 
0. This induces a distorsion of the curvature tensor like (|2.41j) but for d-objects, express- 
ing (|2.51jl in the form 

VaPl A R^ 7 + rj aPl A Z^ 7 = kE™ (2.54) 

where 

Z% =v^. + Z^ AZ° r 
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Theorem 2.3.3. The Einstein equations \2.51)) for the canonical d-connection T 1 a con- 
structed for a d-metric field g a /3 = [gij, h a b] \2.11\) and N -connection Nf is equivalent to 
the gravitational field equations for the Einstein- Cartan theory with torsion T 7 a defined 
by the N-connection, see formulas \2.29^ . 

Proof: The proof is trivial and follows from decomposition ()2.52j) . 

Remark 2.3.2. Every type of generalized Finsler-Lagrange geometries is characterized 
by a corresponding N- and d-connection and d-metric structures, see Tables 1-11 in Ref. 

For the canonical d-connection such locally anisotropic geometries can be modelled 
on Riemann- Cartan manifolds as solutions of \2. 51\) for a prescribed type of d-torsions 

Corollary 2.3.3. A generalized Finsler geometry can be modelled in a (pseudo) Riemann 
spacetime by a d-metric g Q/ g = [g^, h a b] H2.ll)) . equivalently by generic off-diagonal met- 
ric \2.12\) . satisfying the Einstein equations for the Levi-Civita connection, 

Vaf ^AR^ = Ki:^ (2.55) 

if and only if 

Va ^ A Zj 7 = 0. (2.56) 

The proof follows from equations ()2.54|) . We emphasize that the conditions (j2.56J) are 
imposed for the deformations of the Ricci tensors computed from distorsions of the Levi- 
Civita connection to the canonical d-connection. In general, a solution g Q/ g = [gij,h a b] 
of the Einstein equations ()2.55j) can be characterized alternatively by d-connections and 
N-connections as follows from relation ()2.28j) . The alternative geometric description 
contains nontrivial torsion fields. The simplest such anholonomic configurations can be 
defined by the condition of vanishing of N-connection curvature ()2.5|) . = 0, but even 
in such cases there are nontrivial anholonomy coefficients, see (12. 9|) . w 6 ia = — w 6 ai = 
d a N^, and nonvanishing d-torsions (|2.29|) . 

~. ~ ~ dN a - 

rpi rp% /-n Q _J T>a rpa pa i ja 

1 ja ~ ~ 1 aj ~ ^.ja aIia 1 M ~ ~ 1 .ib ~ Kbi ~ ~ L .bji 

being induced by off-diagonal terms in the metric (J2.12j) . 

2.3.4 String gravity and N— connections 

The subjects concerning generalized Finsler (super) geometry, spinors and (super) 
strings are analyzed in details in Refs. [9]. Here, we consider the simplest examples 
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when Finsler like geometries can be modelled in string gravity and related to certain 
metric-affine structures. 

For instance, in the sigma model for bosonic string (see, pQ), the background connec- 
tion is taken to be not the Levi-Civita one, but a certain deformation by the strength 
(torsion) tensor 

H^i/p — fi^Bup -f- 5pB^ u -\- 5 v Bpp 
of an antisymmetric field B up , defined as 

^ = v. + ^/. 

We consider the if -field defined by using N-elongated operators (J2.6|) in order to compute 
the coefficients with respect to anholonomic frames. 

The condition of the Weyl invariance to hold in two dimensions in the lowest nontrivial 
approximation in string constant a', see jH], turn out to be 

Rpu = --h;"h vXp + 2 Vm v*A 

y x H\ u = 2( V A$)#%, 
(v$) 2 = VaV A $ + ^+^V w 
where $ is the dilaton field. For trivial dilaton configurations, $ = 0, we may write 

VxH\ u = 0. 

In Refs. jH] we analyzed string gravity models derived from superstring effective actions, 
for instance, from the 4D Neveu-Schwarz action. In this paper we consider, for simplicity, 
a model with zero dilaton field but with nontrivial if-field related to the d-torsions 
induced by the N-connection and canonical d-connection. 

A class of Finsler like metrics can be derived from the bosonic string theory if H u \ p 
and B„ p are related to the d-torsions components, for instance, with T 7 a/3 . Really, we 
can take an ansatz 

Bj/p [Bij, B{ a , B a b\ 

and consider that 

+ H,x P (2.57) 
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where Z uXp is the distorsion of the Levi-Civita connection induced by T 7 Q/3 , see f|2.53|) . 
In this case the induced by N-connection torsion structure is related to the antisymmetric 
if -field and correspondingly to the 5-field from string theory. The equations 

V"H„ Ap = V"(Z ux p + H.Ap) = (2.58) 

impose certain dynamical restrictions to the N-connection coefficients Nf and d-metric 
Sa/3 = [9ij,h a b] contained in T 7 a/3 . If on the background space it is prescribed the 
canonical d-connection D, we can state a model with ()2.58|) redefined as 

D"H„ Ap = f> (Z vXp + H uXp ) = 0, (2.59) 

where H^ Xp are computed for stated values of T 7 Q(3 . For trivial N-connections when 
Z u \p and T) u — > \/ v , the H uXp transforms into usual if -fields. 

Proposition 2.3.1. The dynamics of generalized Finsler-affine string gravity is defined 
by the system of field equations 

= K (Eg + Eg + S™) , (2.60) 

r>(z „ Ap + n vXp ) = o 

tt>^/j = T) u (f) p — D^0^ + w 7 l/ 7 6emg £/ie /ie/d strengths of the Abelian Proca field 
M , k = const, 

Eg = H/H^ - ig^H^H^ + ^0^/3 - ^gafihP, 

and 

EJ3 = El3(f,») 

contains contributions of T and $ fields. 

Proof: It follows as an extension of the Corollary 12.3.21 to sources induced by string 
corrections. The system (|2.60|) should be completed by the field equations for the matter 
fields present in Eg. 

Finally, we note that the equations (|2.6U|) reduce to equations of type ()2.54|) (for 
Riemann-Cartan configurations with zero nonmetricity) , 

rj afh A R^ 7 + r] a/3l A Z^ 7 = kY^\ 
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and to equations of type ()2.55|) and ()2.56|) (for (pseudo) Riemannian configurations) 

^ 7 A< 7 = (2.61) 
^AZ^ = 

with sources defined by torsion (related to N-connection) from string theory. 



2.4 The Anholonomic Frame Method 
in MAG and String Gravity 

In a series of papers, see Refs. [7J |SJ EH E3> the anholonomic frame method of 
constructing exact solutions with generic off-diagonal metrics (depending on 2-4 vari- 
ables) in general relativity, gauge gravity and certain extra dimension generalizations was 
elaborated. In this section, we develop the method in MAG and string gravity with ap- 
plications to different models of five dimensional (in brief, 5D) generalized Finsler-affine 
spaces. 

We consider a metric-affine space provided with N-connection structure 
N = [Nf{u a ), Nf(u a )) where the local coordinates are labelled u a = {x l ,y A = v,y 5 ), for 
i = 1,2,3. We state the general condition when exact solutions of the field equations 
of the generalized Finsler-affine string gravity depending on holonomic variables x l and 
on one anholonomic (equivalently, anisotropic) variable y 4 = v can be constructed in 
explicit form. Every coordinate from a set u a can may be time like, 3D space like, or 
extra dimensional. For simplicity, the partial derivatives are denoted a x = da/dx 1 , a* = 
da/dx 2 , a' = da/dx 3 , a* = da/dv. 

The 5D metric 

g = g af s{x\v)du a (g)du p (2.62) 

has the metric coefficients g a p parametrized with respect to the coordinate dual basis 
by an off-diagonal matrix (ansatz) 

gi + w 2 h 4 + n 2 h 5 WiW 2 /i4 + n 4 n 2 h 5 WiW 3 h 4 + riin 3 h 5 Wih^ nih 5 

wiw 2 h 4 + riin 2 h 5 g 2 + w 2 2 h 4 + n 2 2 h 5 w 2 w 3 h 4 + n 2 n 3 h 5 w 2 h 4 n 2 h 5 

w 4 w 3 h 4 + riin 3 h 5 w 2 w 3 h 4 + n 2 n 3 h 5 g 3 + w 3 h 4 + n 3 2 h 5 w 3 h 4 n 3 h 5 , (2.63) 

w 4 h 4 w 2 h 4 w 3 h 4 h 4 

n 4 h 5 n 2 h 5 n 3 h 5 h 5 

with the coefficients being some necessary smoothly class functions of type 
9i = ±1,02,3 = 92,zi,x 2 , x 3 ), h 4i5 = h 4fi (x\v) } 

Wi = Wi(x\v),Tli = Tli(x\v), 
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where the iV-coefficients from ()2.6|) and ()2.7|) are parametrized Nf = Wi and Nf = 7ij. 

Theorem 2.4.4. T7ie nontrivial components of the 5D Ricci d-tensors \2.31\) . R Q( g = 
(Rij, Ri a , R a i, S a b), for the d-metric \2.11\) and canonical d-connection T 1 nR \2. 2l ) both 
defined by the ansatz \2. 63i) . computed with respect to anholonomic frames i2.6\) and 
\2. 7| ), consist from h- and v-irreducible components: 

^- R3 - ~^ [g:> -^-^7 + sh 'l^-^ (2 ' 64) 

' [ft;* - ft; (in v^WSl)]*] , (2.65) 



q4 q5 

O4 Or^ 



2h d h 



4"-5 



i?4i = —Wi— — , (2.66) 

2/i 5 2/i 5 ' v ; 

^ = -^[nf + 7<], (2.67) 



where 
on = 



= dih* b - h* 5 di In VIM15I, P = K* ~ Ki^ VlMsl]*, 7 = 3^/2/i 5 - /1J//14 (2.68) 
/14 7^ 0, /*5 ^ cases wi/i vanishing h\ and/or h\ should be analyzed additionally. 

The proof of Theorem 12.4.41 is given in Appendix 12.71 

We can generalize the ansatz (J2.63)) by introducing a conformal factor u(x\v) and 
additional deformations of the metric via coefficients (i(x l , v) (here, the indices with 'hat' 
take values like i — 1, 2, 3, 5), i. e. for metrics of type 

g M = u 2 {x\ v)g af3 (x\ v) du a ® cfo/, (2.69) 

were the coefficients g Q/ g are parametrized by the ansatz 

gi + (wj 2 + Ci 2 )^4 + n-fhs (yoiW2 + CiCa)^ + nimhs (1U1W3 + CiC3)?M + ninafe (toi+Ci)^4 ni^5 
(lu^ +CiC2)^4 +nin 2 h 5 g 2 + (w 2 2 + ( 2 2 )h 4 +n 2 2 h 5 (w 2 w s + ( 2 (:i)h4 + n 2 n :i h 5 (w 2 + ( 2 )h 4 n 2 h 5 
(w\wz + (i(z)h4 + ninths {w 2 wz + + ninths gz + (w 3 2 + C3 2 )^4 + n£h$ (wz + (3)^4 113/15 

(tUl+Cl)^ (w 2 +C2)^4 (^3 + C3)^4 hi 

n 2 hs nzh$ /15 + £5^4 

(2.70) 

Such 5D metrics have a second order anisotropy [HJ EI] when the iV-coefficients are 
parametrized in the first order anisotropy like Nf = Wi and Nf = rij (with three an- 
holonomic, x l , and two anholonomic, y A and y 5 , coordinates) and in the second order 
anisotropy (on the second 'shell', with four holonomic, (x l , y 5 ), and one anholonomic,?/ 4 , 
coordinates) with iV? = Q, in this work we state, for simplicity, £5 = 0. For trivial values 
to — 1 and Q = 0, the metric ()2.69|) transforms into ([2 .62)1 . 

The Theorem 12.4.41 can be extended as to include the ansatz ()2.69|) : 
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Theorem 2.4.5. The nontrivial components of the 5D Ricci d-tensors \2.31)) . R ai g = 
(Rij, Ria, Rai, S a b), f or the metric h2.ll]) and canonical d-connection T 7 a/3 \2.21\j defined 
by the ansatz \2. 7UQ , computed with respect to the anholonomic frames h2. 6]) and \2. 7| ), 
are given by the same formulas h2. 6$ — hJ2. 67]) if there are satisfied the conditions 

Sih^ = and 8iU = (2-71) 

for Si = di — {uii + Q) <9 4 + Uid 5 when the values = (Q, ( 5 = 0) are to be defined as any 
solutions of \2. 71]) . 

The proof of Theorem 12.4.51 consists from a straightforward calculation of the com- 
ponents of the Ricci tensor (|2.31|) like in Appendix 12.71 The simplest way to do this is 
to compute the deformations by the conformal factor of the coefficients of the canonical 
connection (J2.27)) and then to use the calculus for Theorem 12.4.41 Such deformations 
induce corresponding deformations of the Ricci tensor (|2.Hlj) . The condition that we 
have the same values of the Ricci tensor for the (|2.12j) and (|2.7()j) results in equations 
()2.71|) which are compatible, for instance, if for instance, if 

^91/92 _ ^ 4 ^ an( j g 2 are integers), (2.72) 
and Q satisfy the equations 

diU - {wi + d)u}* = 0. (2.73) 

There are also different possibilities to satisfy the condition (|2.71|) . For instance, if 
uj = iO\ lo 2i we can consider that h 4 = uo^^ 2 lu^^ 4 for some integers qi, q 2} c?3 and q^M 
There are some important consequences of the Theorems 12.4.41 and 12.4.51 

Corollary 2.4.4. The non-trivial components of the Einstein tensor [see h2. 3 l J]) for the 

canonical d-connection] = R ^ — |R#g for the ansatz h2. 63\) and \2. 7(j\ ) given with 
respect to the N-adapted (co) frames are 

G\ = — (i?2 + S4) , G\ = G3 = — S 4 , G\ = G\ = —R\- (2.74) 

The relations (|2.74j) can be derived following the formulas for the Ricci tensor ()2.64|) - 
()2.67|) . They impose the condition that the dynamics of such gravitational fields is defined 
by two independent components R\ and S\ and result in 

Corollary 2.4.5. The system of effective 5D Einstein-Proca equations on spaces pro- 
vided with N-connection structure \2.44\) ( equivalently, the system h2. 46]) - $2. 4$ -is com- 
patible for the generic off-diagonal ansatz h2. 6S\) and \2. 70j) if the energy-momentum 
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+ ) 0/ i/ie Proca and matter fields given with respect to N- 



tensor Y Q/3 

frames is diagonal and satisfies the conditions 



T 2 = X 3 = T 2 (x 2 ,x 3 ,v), Tt = T 5 5 = T 4 (x 2 ,x 3 ), and T 1 = T 2 + T 4 . 



(2.75) 



Remark 2.4.3. Instead of the energy-momentum tensor t a p = fc(E-Lj + Ej"g) /or £/ie 
Proca and matter fields we can consider any source, for instance, with string corrections, 



when T 



sir] 
a(3 



a/3 



/zfce m ( E£ satisfying the conditions \2. 7<5| ). 



If the conditions of the Corollary 12.4.51 or Remark 12.4.31 are satisfied, the h- and 
v- irreducible components of the 5D Einstein-Proca equations (12.46)1 and ()2.49)1 . or of 
the string gravity equations (j2.fi()j) . for the ansatz (j2.fi 3j) and ()2.7()j) transform into the 
system 



p3) 



s\ 



Rii 



r-5 
D 5 



-Wi 



1 



20203 
1 

2/i 4 /i 5 

(3 ati 



9*93 id's) 



2g 2 2g 3 



+ 92~ 



'2h* 



= 0, 



9293 

203 2g 2 
2 



Y 2 (x 2 ,x 3 ,v). 



2h d 



2h 5 
+ 7<] = 0. 



-T 4 (x 2 ,a; 3 X2.76) 
(2.77) 
(2.78) 
(2.79) 



A very surprising result is that we are able to construct exact solutions of the 5D 
Einstein-Proca equations with anholonomic variables and generic off-diagonal metrics: 

Theorem 2.4.6. The system of second order nonlinear partial differential equations 
\2. 7b\/ - \2. 7yj) and \2. 1$ can be solved in general form if there are given certain values 
of functions g 2 (x 2 , x 3 ) (or, inversely, g 3 (x 2 ,x 3 )), h^(x l ,v) (or, inversely, h^{x\v)), 
oj(x\v) and of sources T 2 (x 2 ,x 3 ,v) and T 4 (x 2 , x 3 ). 

We outline the main steps of constructing exact solutions and proving this Theorem. 
• The general solution of equation ()2.76j) can be written in the form 

zu = O[ ] exp[a2X 2 (x 2 ,x 3 ) + a 3 x 3 (x 2 ,x 3 )], (2.80) 



were gjo], (X2 and 03 are some constants and the functions x 2 ' 3 (x 2 , x 3 ) define any co- 
ordinate transforms x 2,3 — > x 2,3 for which the 2D line element becomes conformally 
flat, i. e. 

g 2 (x 2 ,x 3 ){dx 2 ) 2 + g 3 {x 2 ,x 3 ){dx 3 ) 2 ^ w(x 2 ,x 3 ) [(dx 2 ) 2 + e{dx 3 ) 2 ] , (2.81) 
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where e = ±1 for a corresponding signature. In coordinates x 2,3 , the equation 
(|2.7fi|) transform into 

w (zu + w") — zu — zu' = 2zu 2 T ^(x 2 , x 3 ) 

or 

^ + < = 2T 4 (£ 2 ,x 3 ), (2.82) 



for ip = In \zu\. The integrals of (|2.82J) depends on the source T 4 . As a particular 
case we can consider that Y 4 = 0. There are three alternative possibilities to 
generate solutions of (|2.7fij) . For instance, we can prescribe that g 2 = g% and get 
the equation ()2.82|) for ip = In \g 2 \ = In | ^ 3 1 . If we suppose that g 2 = 0, for a given 
g 2 (x 2 ), we obtain from (J2.76|) 

g ---9M-i?pl = 2g 2 g 3 r 4 (x 2 ,x 3 ) 

l 92 ^93 

which can be integrated explicitly for given values of T 4 . Similarly, we can generate 
solutions for a prescribed g% (x 3 ) in the equation 



9293 _ (jhf 
2g 3 2g 2 



g ;-^-^ = 2g2g3 r 4 ( x \x 3 ) 



We note that a transform ()2.81|) is always possible for 2D metrics and the explicit 
form of solutions depends on chosen system of 2D coordinates and on the signature 
e = ±1. In the simplest case with T 4 = the equation (j2.76|) is solved by arbitrary 
two functions g 2 {x 3 ) and g 3 (x 2 ). 

For T 2 = 0, the equation (|2.77|) relates two functions /i 4 (x\v) and h 5 (x\v) fol- 
lowing two possibilities: 

a) to compute 

V\h\ = (x 1 ) + h 5[2] (x 1 ) J ^\h A {x\v) \dv, h* 4 (x\ v) ^ 0; 

= h 5[1] (x*) + h m (x*) v, hi (x\ v) = 0, (2.83) 

for some functions ^5[i,2i (% l ) stated by boundary conditions; 

b) or, inversely, to compute /i 4 for a given h 5 (x\ v) , h% ^ 0, 



V^l = h m (x l ) (y/\h 5 (x\v)\Y, (2.84) 
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with h[o] (V) given by boundary conditions. We note that the sourceless equation 
(I2.77J) is satisfied by arbitrary pairs of coefficients ft, 4 (x\ v) and (x l ) . Solutions 
with T 2 7^ can be found by ansatz of type 

h 5 [T 2 ] = h 5 , h 4 [T 2 ] = ft (x\ v) h±, (2.85) 

where fa 4 and h 5 are related by formula ()2.83|) . or (|2.84|) . Substituting ()2.85|) . we 
obtain 

ft (*» = ft [0] - / r 2 (x 2 ,x s ,v)^dv, (2.86) 
where ftp] (a; 1 ) are arbitrary functions. 

The exact solutions of ()2.78j) for (3 7^ are defined from an algebraic equation, 
Wi/3 + an = 0, where the coefficients (3 and oti are computed as in formulas (|2.68|) 
by using the solutions for ()2.76|) and f)2.77j) . The general solution is 

d k H^WM/\K\\/dMVWM/\K\l (2-87) 



with d v = d/dv and ft| 7^ 0. If ft| = 0, or even h* 5 7^ but /? = 0, the coefficients 
Wk could be arbitrary functions on (x l , v) . For the vacuum Einstein equations this 
is a degenerated case imposing the the compatibility conditions /3 = 014 — 0, which 
are satisfied, for instance, if the and I15 are related as in the formula ()2.84j) but 
with h[o] (x l ) = const. 

Having defined /i 4 and h 5 and computed 7 from ()2.68|) we can solve the equation 
f|2.79|) by integrating on variable ! V the equation n** +^n* = 0. The exact solution 
is 



n k = n fc[ i] (ar*) + n fc[2 ] (ar*) y [/i 4 /( vl^) 3 ]^, K ^ 0; 

= (x*) + n fc [ 2 ] (V) y /i 4 du, /ig = 0; (2i 

= n fc[1] (a; 4 ) + n fc[2] {x 1 ) [ [l/(^\h\) 3 ]dv, h\ = 0, 



for some functions (x l ) stated by boundary conditions. 

The exact solution of ()2.73|) is given by some arbitrary functions Q = Q (x\ v) if both 
diU = and uj* = 0, we chose Ci = for uj — const, and 

Ci = -Wi + icoT'dito, lu*^0, (2.89) 
= (uj*)~ 1 diUJ, uj* 7^ 0, for vacuum solutions. 
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The Theorem 12.4.61 states a general method of constructing exact solutions in MAG, 
of the Einstein-Proca equations and various string gravity generalizations with generic 
off-diagonal metrics. Such solutions are with associated N-connection structure. This 
method can be also applied in order to generate, for instance, certain Finsler or Lagrange 
configurations as v-irreducible components. The 5D ansatz can not be used to generate 
standard Finsler or Lagrange geometries because the dimension of such spaces can not be 
an odd number. Nevertheless, the anholonomic frame method can be applied in order to 
generate 4D exact solutions containing Finsler-Lagrange configurations, see Appendix 



Summarizing the results for the nondegenerated cases when h\ ^ and h* b ^ and 
(for simplicity, for a trivial conformal factor u), we derive an explicit result for 5D exact 

solutions with local coordinates u a = (x\y a ) when x l = fa; 1 , a; 1 ^ ,x l = (x 2 ,x 3 ) ,y a = 

(y 4 = v, y a ) and arbitrary signatures e a = (ex, e 2 , e 3 , e 4 , e 5 ) (where e a = ±1) : 

Corollary 2.4.6. Any off-diagonal metric 

5s 2 = e 1 (dx 1 ) 2 + e m (x i ^(dx k ) 2 + 

e 4 ^(x i ) [f (x\ v)} 2 \gr (x\ v) | (5v) 2 + e 5 f 2 [x\ v) [5y 5 ) 2 , 
5v = dv + w k (x\v) dx k , 5y 5 = dy 5 + n k (x\v) dx k , (2.90) 



with coefficients of necessary smooth class, where ( x 1 j is a solution of the 2D equation 
\2. 76]) for a given source T4 ( x l 



c x (*>) =*(*',.) = M - ±W)J T^, t ,)[/ 2 (*«,. )!'*>, 

and the N-connection coefficients Nf = Wi(x k ,v) and Nf = ni(x k ,v) are 

Wl = (2.91) 

and 2 

n k = n k[l] (x l ) + n m (x l ) [ 0^lM- gT (x\ v) dv, (2.92) 

J [f(x\v)\ 

define an exact solution of the system of Einstein equations with holonomic and anholo- 
nomic variables \2. 70jj - \2. 79j) for arbitrary nontrivial functions f (x l ,v) (with f* 7^ 0), 
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h^{x l ), dp] (x l ) ,rik[i] {x l ) and n^] (x 1 ) > an d sources T 2 {x k ,v), Y 4 \x l ) and any integra- 
tion constants and signatures e a — ±1 to be defined by certain boundary conditions and 
physical considerations. 

Any metric ()2.90j) with h\ ^ and h* 5 ^ has the property to be generated by 
a function of four variables / (x l , v) with emphasized dependence on the anisotropic 

coordinate v, because /* = d v f ^ and by arbitrary sources Y 2 (x^,t>), Y 4 . The 
rest of arbitrary functions not depending on v have been obtained in result of integration 
of partial differential equations. This fix a specific class of metrics generated by using 
the relation 1)2.84)1 and the first formula in (j2.88j) . We can generate also a different 
class of solutions with h\ = by considering the second formula in ()2.83)1 and respective 
formulas in ()2.88jl . The "degenerated" cases with h\ = but h* b ^ and inversely, h\ ^ 
but h\ = are more special and request a proper explicit construction of solutions. 
Nevertheless, such type of solutions are also generic off-diagonal and they could be of 
substantial interest. 

The sourceless case with vanishing T 2 and T 4 is defined following 

Remark 2.4.4. Any off-diagonal metric \2. 9(J\) with = 1, h^(x l ) = h$ = const, 
uii = and computed as in \2.9ty) but for qr — 1, defines a vacuum solution of 5D 
Einstein equations for the canonical d-connection \2.2T\) computed for the ansatz \2.9(J\) . 

By imposing additional constraints on arbitrary functions from Nf = Hi and Nf = 
Wi, we can select off-diagonal gravitational configurations with distorsions of the Levi- 
Civita connection resulting in canonical d-connections with the same solutions of the 
vacuum Einstein equations. For instance, we can model Finsler like geometries in general 
relativity, see Corollary 12.3.31 Under similar conditions the ansatz ()2.fi3j) was used for 
constructing exact off-diagonal solutions in the 5D Einstein gravity, see Refs. [3 El El • 

Let us consider the procedure of selecting solutions with off-diagonal metrics from 
an ansatz ()2.90|) with trivial N-connection curvature (such metrics consists a simplest 
subclass which can be restricted to (pseudo) Riemannian ones). The corresponding 
nontrivial coefficients the N-connection curvature (J2.5|) are computed 

= diWj — djWi + WiW* — WjW* and f^- = diUj — djUi + Win* — Wjn*. 

So, there are imposed six constraints, flfj = = 0, for i, j... = 1, 2, 4 on six functions Wi 
and Hi computed respectively as (|2.92|) and (|2.92|) which can be satisfied by a correspond- 
ing subclass of functions / (x\v) (with /* ^ 0), hl(x l ), Q[o] (x l ) ,rik[i] (x l ) , n^p] {x l ) and 

T 2 (x^, v ), T 4 (in general, we have to solve certain first order partial derivative equa- 
tions with may be reduced to algebraic relations by corresponding parametrizations). For 
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instance, in the vacuum case when Wj = 0, we obtain fq- = ditij — c^-n*. The simplest 
example when condition = d-m — d^vq = 0, with i,j = 2,3 (reducing the metric 

^^^^^ 1-3 J J 

f)2.90|) to a 4D one trivially embedded into 5D) is satisfied is to take 7i 3 m = n 3 [ 2 ] = in 
()2.92|) and consider that f = f (x 2 ,v) with n 2 [i] = n 2 [i] Or 2 ) and n 2 [ 2 ] = n 2 [2] (^ 2 ) , i- e. 
by eliminating the dependence of the coefficients on x 3 . This also results in a generic off- 
diagonal solution, because the anholonomy coefficients (|2.9|) are not trivial, for instance, 
= n\ and w\ 4 = n*. 

Another interesting remark is that even we have reduced the canonical d-connection 
to the Levi-Civita one [with respect to N-adapted (co) frames; this imposes the metric 
to be (pseudo) Riemannian] by selecting the arbitrary functions as to have Q^j = O5 one 
could be nonvanishing d-torsion components like T 41 = P| x and T| x = in ()2.29|) . Such 
objects, as well the anholonomy coefficients u>| 4 and wf 4 (which can be also considered 
as torsion like objects) are constructed by taking certain "scarps" from the coefficients 
of off-diagonal metrics and anholonomic frames. They are induced by the frame an- 
holonomy (like "torsions" in rotating anholonomic systems of reference for the Newton 
gravity and mechanics with constraints) and vanish if we transfer the constructions with 
respect to any holonomic basis. 

The above presented results are for generic 5D off-diagonal metrics, anholonomic 
transforms and nonlinear field equations. Reductions to a lower dimensional theory are 
not trivial in such cases. We emphasize some specific points of this procedure in the 
Appendix 12.81 fsee details in [To]). 

2.5 Exact Solutions 

There were found a set of exact solutions in MAG [inj 1201 IS] describing various 
configuration of Einstein-Maxwell of dilaton gravity emerging from low energy string 
theory, soliton and multipole solutions and generalized Plebanski-Demianski solutions, 
colliding waves and static black hole metrics. In this section we are going to look for 
some classes of 4D and 5D solutions of the Einstein-Proca equations in MAG related 
to string gravity modelling generalized Finsler-affine geometries and extending to such 
spacetimes some our previous results |HJ El- 

2.5.1 Finsler— Lagrange metrics in string and metric— affine gra- 
vity 

As we discussed in section 2, the generalized Finsler-Lagrange spaces can be modelled 
in metric-affine spacetimes provided with N-connection structure. In this subsection, 
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we show how such two dimensional Finsler like spaces with d-metrics depending on one 
anisotropic coordinate y 4 = v (denoted as F 2 = [V 2 , F (x 2 , x 3 , y)] , L 2 = [V 2 , L (x 2 , x 3 , y)] 
and GL 2 = [V 2 , gij [x 2 ,x 3 ,y)] according to Ref. jH]) can be modelled by corresponding 
diad transforms on spacetimes with 5D (or 4D) d-metrics being exact solutions of the 
field equations for the generalized Finsler-affine string gravity ()2.60|) (as a particular 
case we can consider the Einstein-Proca system ()2.76J) - (j2.79|) and (j2.73|0 . For every 
particular case of locally anisotropic spacetime, for instance, outlined in Appendix C, 
see Table I2IH the quadratic form g^, d-metric g a/ g = [gij, gij] and N-connection iVj 1 one 
holds 

Theorem 2.5.7. Any 2D locally anisotropic structure given by g a/ 3 and Nj can be 
modelled on the space of exact solutions of the 5D (or 4D) the generalized Finsler-affine 
string gravity system defined by the ansatz \2. 7(Jj) (or \2.12n}) ). 

We give the proof via an explicit construction. Let us consider 

g«/3 = [gij, h ab ] = [ujg 2 (x 2 , x 3 ) , ug 3 (x 2 , x 3 ) , uh 4 (x 2 , x 3 , v) , u;h 5 (x 2 , x 3 , v)] 

for oj = oj (x 2 , x 3 , v) and 

iVf = [N? = Wi (x 2 , x 3 , v) , Nf = n t (x 2 , x 3 , v)] , 

where indices are running the values a = 4, 5 and % = 2, 3 define an exact 4D solution of 
the equations (j2.6()|) (or, in the particular case, of the system (j2.7(ij) - (J2.79j) . for simplicity, 

we put u;(x 2 ,x 3 ,f) = 1). We can relate the data (g a/3 , iV") to any data ^g Q/ g,A^ a j 

via nondegenerate diadic transforms e|' = e*' (x 2 , x 3 , v ) , l l ' a = l l a (x 2 , x 3 , v) and g*' = 
q l a (x 2 ,x 3 ,f) (and theirs inverse matrices) 

9i j = 4^~g vr , h ab = VHg vr) Nt, = q a a ,Nf, . (2.93) 

Such transforms may be associated to certain tetradic transforms of the N-elongated 
(co) frames (flUD) O- If for the given data (g a/3 , Nf ) and (g Q/3 , iV?J in (12"^ . we can 
solve the corresponding systems of quadratic algebraic equations and define nondegen- 
erate matrices [e\ ) , (l l a ) and (g",) , we argue that the 2D locally anisotropic spacetime 

Nj j (really, it is a 4D spacetime with generic off-diagonal metric and associated 

N-connection structure) can be modelled on by a class of exact solutions of effective 
Einstein-Proca equations for MAG.B 

The d-metric with respect to transformed N-adapted diads is written in the form 



g =g i ' j 'e 1 ' <g> e j ' + ^e 1 ' <g> e j ' 



(2.94) 
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where 

e*' = 4dx\ e 1 ' = Z* e a , e a = dy a + N^, e( N] = qfdx 1 . 

The d-metric 1)2.94)1 has the coefficients corresponding to generalized Finsler-Lagrange 
spaces and emphasizes that any quadratic form g^ji from Table 12.11 can be related via 
an exact solution (g^, h ab , N$) . 

We note that we can define particular cases of imbedding with h ab = l l a l l b gi>j' and 
= qf,Nji for a prescribed value of = g^ji and try to model only the quadratic form 
hi'ji in MAG. Similar considerations were presented for particular cases of modelling 
Finsler structures and generalizations in Einstein and Einstein-Cartan spaces see 
the conditions ()2.61j) . 

2.5.2 Solutions in MAG with effective variable cosmological 
constant 

A class of 4D solutions in MAG with local anisotropy can be derived from ()2.44|) 
for sj^g = and almost vanishing mass /i — > of the Proca field in the source sj^. This 
holds in absence of matter fields and when the constant in the action for the Finsler-affine 
gravity are subjected to the condition ()2.5()j) . We consider that (p^ = (ft? yarj , O = OJ , 

where i,k } ... =2,3 and a, 6, ... = 4,5, with respect to a N-adapted coframe f)2.7j) and 
choose a metric ansatz of type ()2.124|) with g 2 = 1 and g% = — 1 which select a flat 
h-subspace imbedded into a general anholonomic 4D background with nontrivial h ab 
and N-connection structure N?. The h-covariant derivatives are (fr- = (d 2 (jr., d^cjr-) 
because the coefficients L % - k and C l j a are zero in (|2.27|) and any contraction with a = 

results in zero values. In this case the Proca equations, D V H^ = /i 2 M , transform in a 
Maxwell like equation, 

d 2 (d 2 ^) - 3 3 (<9 3 ^) = 0, (2.95) 

for the potential 0^, with the dynamics in the h-subspace distinguished by a N-connecti- 
on structure to be defined latter. We note that <pi is not an electromagnetic field, but a 
component of the metric-affine gravity related to nonmetricity and torsion. The relation 
Q = ko<p, A =ki<p, T =k 2 (j> from (|2.42|) transforms into Qj = /vo<fe A^ = ki(fo, Ti = k 2 (fc, 
and vanishing Q a , A a and T a , defined, for instance, by a wave solution of ()2.95|) . 

< h = 0[ O ]? COS (^^ +f[0}) ( 2 - 96 ) 

for any constants <p[op,3, <£[o] an d (fe) 2 — (f?3) 2 = 0. In this simplified model we have related 
plane waves of nonmetricity and torsion propagating on an anholonomic background 
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provided with N-connection. Such nonmetricity and torsion do not vanish even fi — ► 
and the Proca field is approximated by a massless vector field defined in the h-subspace. 

The energy-momentum tensor E-fg for the massless field (|2.9fi|) is defined by a non- 
trivial value 

#23 = ^203 - d 3 (p2 = £23\h] Sin (grf + Cp [0] ) 

with antisymmetric £23, £23 = 1, and constant Ar^i taken for a normalization E23\[h] = 

^20[o]3 — f?30[o]2- This tensor is diagonal with respect to N-adapted (co) frames, S„ = 
{T 2 ,T 2 , 0,0} with 

T 2 {x\ x 3 ) = -\\ h] sin 2 {ga 1 + m ) . (2.97) 

So, we have the case from ()2.135|) and ()2.136|) with T 2 (x 2 ,x 2 ,v) — > T 2 (x 2 ,x 2 ) and T 4 , 
i. e. 

G\ = G\ = -St = T 2 (x 2 , x 2 ) and G\ = G\ = -R\ = 0. (2.98) 

There are satisfied the compatibility conditions from Corollary 12.4.51 For the above 
stated ansatz for the d-metric and 0-field, the system (j2.44j) reduces to a particular 
case of ()2.76j) - (j2.79|) . when the first equation is trivially satisfied by g 2 = 1 and g 3 = —1 
but the second one is 



S4 q5 
A — 



1 



4 5 2h A h 



4/45 



hi* - hi (in ^\h~M)]\ = Af h] sin 2 + ^ [0] ) . (2.99) 



The right part of this equation is like a " cosmological constant", being nontrivial in the 
h-subspace and polarized by a nonmetricity and torsion wave (we can state x 2 = t and 

choose the signature ( — I )). 

The exact solution of ()2.99|) exists according the Theorem l2.4.6l fsee formulas ()2.83|) - 
(12. 86(0 . Taking any h 4 = h^X^ = 0] and /15 = h 5 [X^ h ] = 0] solving the equation with 
\[h] = 0, for instance, like in (J2.84|) . we can express the general solution with nontrivial 
source like 

h[X[ h ]] = h, h 4 [\[h]] = qx] (x\v) h 4 , 
where (for an explicit source (|2.97|) in (|2.86j) ) 

Afw . n / q \ f h d h 



q A ] (t, x 3 , v) = ftp (t, x 3 ) sin 2 (g 2 t + g 3 x 3 + </? [0 ]) J 



4'<<5 , 



h* 
"5 



where <j 4 [ ] (t,x 3 ) = 1 if we want to have q^j for A 2 h ] — ► 0. A particular class of 4D 
off-diagonal exact solutions with hl 5 7^ (see the Corollary 12.4.61 with x 2 = t stated to 
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be the time like coordinate and x l considered as the extra 5th dimensional one to be 
eliminated for reductions 5D^4D) is parametrized by the generic off-diagonal metric 

Ss 2 = (dt) 2 - (dx 3 ) - h 2 (t,x 3 ) [f* (t,x 3 ,v)} 2 \q x] (t,x 3 ,v) | (Sv) 2 - f (t,x 3 ,v) (Sy 5 ) 2 
Sv = dv + Wj t (t,x 3 ,v)dx k , 5y 5 = dy 5 + n^(t,x 3 ,v)dx k , (2.100) 



with coefficients of necessary smooth class, where yx l j is a solution of the 2D equation 
()2.76|) for a given source T 4 | r 



A 2 

q A] {t,x 3 ,v) = l + -^h 2 {t,x 3 )sm 2 (g 2 t + g 3 x 3 + <p [0] ) f (t,x 3 ,v), 
and the N-connection coefficients N~ = u/j(t, x 3 , v) and N~ = nq(t, x 3 , v) are 

d 2 , 3 q\] (t,x 3 ,v) 

and 

f [f* (t,x 3 ,v)] 2 

n 2 - 3 (t, x 3 , v) = n 2 , 3 [i] (t, x 3 ) + n 2)3 [2] (t, x 3 ) / r ' ' Xl2 fo] (*> x 3 , v ) dv, 

J lf{t,x 3 ,v)} 

define an exact 4D solution of the system of Einstein-Proca equations (|2.46|) - (|2.49j) for 
vanishing mass fi — * 0, with holonomic and anholonomic variables and 1-form field 

(jr. = (p [0] icos (g 2 t + g 3 x 3 + <p [0 ]) , 4 = 0, (fr = 

for arbitrary nontrivial functions f (t,x 3 ,v) (with /* ^ 0), hl(t,x 3 ), nmn (t, x 3 ) and 
sources T 2 (t,x 3 ) = — X 2 h ^ sin 2 (g 2 t + g 3 x 3 + yjp]) and T 4 = and any integration con- 
stants to be defined by certain boundary conditions and additional physical arguments. 
For instance, we can consider ellipsoidal symmetries for the set of space coordinates 
(x 3 ,y 4 = v,y 5 ) considered on possibility to be ellipsoidal ones, or even with topologi- 
cally nontrivial configurations like torus, with toroidal coordinates. Such exact solutions 
emphasize anisotropic dependencies on coordinate v and do not depend on y 5 . 



2.5.3 3D solitons in string Finsler— affine gravity 

The d-metric ()2.100|) can be extended as to define a class of exact solutions of gen- 
eralized Finsler affine string gravity ([2.60jh for certain particular cases describing 3D 
solitonic configurations. 
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We start with the the well known ansatz in string theory (see, for instance, [21]) f° r 
the H-Md ([23Tjl when 



H^Ap — Z v \ p + H u \ p — A[h] y \g a p\ £ vXp (2.101) 

where e v \ p is completely antisymmetric and Ar#i = const, which satisfies the field equa- 
tions for H u \ p , see ()2.59jl . The ansatz ()2.101|) is chosen for a locally anisotropic back- 
ground with Z u \ p defined by the d-torsions for the canonical d-connection. So, the 
values H„a p are constrained to solve the equations (|2.101|) for a fixed value of the cosmo- 
logical constant X[h] effectively modelling some corrections from string gravity. In this 
case, the source (j2.97|) is modified to 

X 2 X 2 X 2 X 2 

v [0]/3 , v [H]/3 _ r T , A [H] T A [H] [H] A [H] X 

and the equations ()2.98j) became more general, 

A 2 A 2 
G\ = G 3 3 = -St = T 2 (x 2 , x 2 ) + -jp and G\ = G\ = —R\ = -jp, (2.102) 

or, in component form 

R 2 2 = Rl = -J- [g »- 9 lEi-^ + g ;-^-^} = -?M, (2.103) 
2 3 2g 2 g 3 m 2g 2 2g 3 ^ 2 2g 3 2g 2 J 4 1 ; 



S? = S, 



5 



4 5 2h A h 



* A 2 

^ ft** - hi (in v1W)1] = — jp + Af h] sin 2 + y#104) 

The solution of (|2.103|) can be found as in the case for (|2.82|) . when ip = In |gf 2 1 = hi |g 3 | 
is a solution of 

A 2 

^ + ^" = -^p, (2.105) 

where, for simplicity we choose the h-variables x 2 = x 2 and x 3 = x 3 . 

The solution of ()2.104|) can be constructed similarly to the equation ()2.99|) but for 
a modified source (see Theorem 12.4.61 and formulas ()2.83j) - (J2.86j0 . Taking any h 4 = 
hi[\[h] = 0, \[h] = 0] and h 5 = h 5 [X[ h -\ = 0, \[h] = 0] solving the equation with A^j = 
and \{h] = like in (J2.84)) . we can express the general solution with nontrivial source 
like 

h5[\[h\, \h\] = h 5 , h±[\[h], A[jf]] = S[\,h\ (x\v) hi, 
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where (for an explicit source from (|2. 104)1 in (|2.86)l ) 



qx,H] {t,x 3 ,v) = Q [0 ] (t,x 3 ) - - 



X 2 [h] sin 2 (g 2 t + g 3 x 3 + </?[o]) - 



X 2 



h* 



dv, 



where ^ 4 [ ] (t, x 3 ) = 1 if we want to have ^ for A^, X 2 H ^ — > 0. 

We define a class of 4D off-diagonal exact solutions of the system (J2.60)) with h\ b ^ 
(see the Corollary 12.4.61 with x 2 = t stated to be the time like coordinate and x 1 
considered as the extra 5th dimensional one to be eliminated for reductions 5D— >4D) is 
parametrized by the generic off-diagonal metric 



5s< 



5v 



, x 3 , V 



5\ 2 



) (V) 

2 



-h 2 (t,x 3 ) [f* {t,x 3 ,v)] 2 \^ H] (t,x 3 ,v) | (5vf 
dv + u>£ (t, x 3 , v) dx k , 5y 5 = dy 5 + (t, x 3 , v ) dx k 



(2.106) 



with coefficients of necessary smooth class, where [ x l J is a solution of the 2D equation 
(|2.76)1 for a given source T 4 | ,r 



S[A,if] 



A? h] sin 2 (g 2 t + g 3 x 3 + <p[ ]) 



X 2 
[H] 



, x 3 , v) , 



and the N-connection coefficients N~ = w\(t, x 3 , v) and iV~ 5 = nq(t, x 3 , v) are 



W 2 ,3 



d2,3^[\,H] (t,x 3 ,v) 



and 



f [f* (t x 3 v)] 2 

n 2 , 3 {t,x 3 ,v) = n 2 , 3 [i] (t,x 3 ) +n 2m (t,x 3 ) / ' ' 2 q x ,x] {t,x 3 ,v) dv, 

J Ifit^^v)} 

define an exact 4D solution of the system of generalized Finsler-affine gravity equations 
()2.60)) for vanishing Proca mass fi — ► 0, with holonomic and anholonomic variables, 
1-form field 



<fo = 0[Oli(*> ^ COS (Prf + ^ + V[0]) , 04 = 0, 00 = o 



(2.107) 
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and nontrivial effective if -field H„> p — \H]y\Sa^\ £ v\p f° r arbitrary nontrivial functions 
/ (t,x 3 ,v) (with /* 7^ 0), hl(t,x 3 ), n fc [ 12 ] (t,x 3 ) and sources 

T 2 (t, x 3 ) = - Xf h] (t, x 3 ) sin 2 (^t + g 3 x 3 + tp [0] ) and T 4 = 

and any integration constants to be defined by certain boundary conditions and ad- 
ditional physical arguments. The function <f>i -q(t, x 3 ) in ([2.107(1 is taken to solve the 
equation 

d 2 [e-^ xi )d 2 <p k ] - d 3 [e-^ x3 )d 3 4> k ] = Lii&fy - L^&fa (2.108) 

where L J ki are computed for the d-metric (j2.106[) following the formulas (12.27)) . For 
if) = 0, we obtain just the plane wave equation (|2.95|) when <p^Q and AL(t, x 3 ) reduce to 
constant values. We do not fix here any value of ip (t, x 3 ) solving ()2.105j) in order to define 
explicitly a particular solution of (|2.1()8jl . We note that for any value of if) (t, x 3 ) we can 
solve the inhomogeneous wave equation (|2.1()8|) by using solutions of the homogeneous 
case. 

For simplicity, we do not present here the explicit value of a/ | g a/ 3 1 computed for the 
d-metric f)2. 1U6|) as well the values for distorsions Z v \ pi defined by d-torsions of the 
canonical d-connection, see formulas (|2.53J) and ()2.29|) (the formulas are very cumber- 
some and do not reflect additional physical properties). Having defined Z v \ p} we can 
compute 

H^Ap = \H\ \ — Z v \p. 

We note that the torsion T u Xp contained in Z u \ pi related to string corrections by 
the if -field, is different from the torsion T =k 2 <f> and nontrivial nonmetricity Q = 
k (f>, A =k\<p, from the metric-affme part of the theory, see ([2.420 . 

We can choose the function f(t,x 3 ,v) from ()2.106|h or ([2. 100(1 . as it would be a 
solution of the Kadomtsev-Petviashvili (KdP) equation [25J, i. e. to satisfy 

/" + e (/' + 6//* + /***)* = 0, e = ±l, 

or, for another locally anisotropic background, to satisfy the (2 + 1) -dimensional sine- 
Gordon (SG) equation, 

-/"+/'+/** = sin/, 

see Refs. j2H] on gravitational solitons and theory of solitons. In this case, we define 
a nonlinear model of gravitational plane wave and 3D solitons in the framework of the 
MAG with string corrections by if -field. Such solutions generalized those considered in 
Refs. [7j for 4D and 5D gravity. 
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We can also consider that F/L = f 2 (t,x 3 ,v) is just the generation function for a 
2D model of Finsler /Lagrange geometry (being of any solitonic or another type nature). 
In this case, the geometric background is characterized by this type locally anisotropic 
configurations (for Finsler metrics we shall impose corresponding homogeneity conditions 
on coordinates). 

2.6 Final Remarks 

In this paper we have investigated the dynamical aspects of metric-afline gravity 
(MAG) with certain additional string corrections defined by the antisymmetric if -field 
when the metric structure is generic off-diagonal and the spacetime is provided with 
an anholonomic frame structure with associated nonlinear connection (N-connection). 
We analyzed the corresponding class of Lagrangians and derived the field equations 
of MAG and string gravity with mixed holonomic and anholonomic variables. The 
main motivation for this work is to determine the place and significance of such models 
of gravity which contain as exact solutions certain classes of metrics and connections 
modelling Finsler like geometries even in the limits to the general relativity theory. 

The work supports the results of Refs. |H| where various classes of exact solu- 
tions in Einstein, Einstein-Cartan, gauge and string gravity modelling Finsler-Lagrange 
configurations were constructed. We provide an irreducible decomposition techniques 
(in our case with additional N-connection splitting) and study the dynamics of MAG 
fields generating the locally anisotropic geometries and interactions classified in Ref . [S] . 
There are proved the main theorems on irreducible reduction to effective Einstein-Proca 
equations with string corrections and formulated a new method of constructing exact 
solutions. 

As explicit examples of the new type of locally anisotropic configurations in MAG 
and string gravity, we have elaborated three new classes of exact solutions depending 
on 3-4 variables possessing nontrivial torsion and nonmetricity fields, describing plane 
wave and three dimensional soliton interactions and induced generalized Finsler-afnne 
effective configurations. 

Finally, it seems worthwhile to note that such Finsler like configurations do not 
violates the postulates of the general relativity theory in the corresponding limits to the 
four dimensional Einstein theory because such metrics transform into exact solutions of 
this theory. The anisotropics are modelled by certain anholonomic frame constraints 
on a (pseudo) Riemannian spacetime. In this case the restrictions imposed on physical 
applications of the Finsler geometry, derived from experimental data on possible limits 
for brocken local Lorentz invariance (see, for instance, Ref. j22|), do not hold. 
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2.7 Appendix A: Proof of Theorem 12.4.4 

We give some details on straightforward calculations outlined in Ref. [T^ for (pseudo) 
Riemannian and Riemann-Cartan spaces. In brief, the proof of Theorem 12.4.41 is to be 
performed in this way: Introducing Nf = Wi and Nf = ni in fl2.fi)) and (|2.7j) and re- 
writing f|2.63|) into a diagonal (in our case) block form f|2.11|) , we compute the h- and v- 
irreducible components of the canonical d-connection (|2.27|) . The next step is to compute 
d-curvatures ()2.30j) and by contracting of indices to define the components of the Ricci 
d-tensor ()2.31|1 which results in ()2.64)) - (j2.67j) . We emphasize that such computations 
can not be performed directly by applying any Tensor, Maple of Mathematica macros 
because, in our case, we consider canonical d-connections instead of the Levi-Civita 
connection We give the details of such calculus related to N-adapted anholonomic 
frames. 

The five dimensional (5D) local coordinates are x % and y a = {v,y), i. e. y 4 = v, 
y 5 = y, were indices i, j, k... = 1, 2, 3 and a, b, c, ... = 4, 5. Our reductions to 4D will be 
considered by excluding dependencies on the variable x 1 and for trivial embedding of 4D 
off-diagonal ansatz into 5D ones. The signatures of metrics could be arbitrary ones. In 
general, the spacetime could be with torsion, but we shall always be interested to define 
the limits to (pseudo) Riemannian spaces. 

The d-metric ()2.11|1 for an ansatz ()2.63j) with g\ = const, is written 



when the generic off-diagonal metric ()2.62|) is associated to a N-connection structure 
N°- with Nf = Wi (x k ,v) and Nf = ni (x k ,v) . We note that the metric ()2.1U9j) does 
not depend on variable y 5 = y, but emphasize the dependence on " anisotropic" variable 



If we regroup ()2. 109)1 with respect to true differentials du a = (dx\ dy a ) we obtain just 
the ansatz ()2.(i3jl . It is a cumbersome task to perform tensor calculations (for instance, 
of curvature and Ricci tensors) with such generic off-diagonal ansatz but the formulas 
simplify substantially with respect to N-adapted frames of tvpe ()2.6)) and ()2.7|) and for 
effectively diagonalized metrics like ()2.109|) . 

So, the metric ()2.62j) transform in a diagonal one with respect to the pentads (frames, 
funfbeins) 



5s 2 




(2.109) 



4 

y = v. 



e 1 = dx\ e 4 = 5v = dv + Wi (x , v) dx\ e 5 = 5y = dy + rii {x k , v) dx % (2.110) 
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or 



5u a = (dx\ 5y a = dy a + N^dx 1 ) 
being dual to the N-elongated partial derivative operators, 

e i = ^ = — - N i— = — - w ^.- n ^ ( 2 - in ) 

e 2 = 5 2 



e 3 = 



3 



d 



9 




d 


d 


d 




= 


dx 1 


1 dv 


dy 






d 


d 


d 


dx 2 


= 

2 dy a 


dx 2 


- w 2 — 

dv 


dy 


d 




d 


d 


d 


dx 3 


"if = 

6 dy a 


dx 3 


- w 3 — 

OV 


dy 


d 


d 


d 







dy 4 dv' dy 5 dy 

w ln Prl X — — ( J_ — Jt ]\[a_d_ JL 

wiieii u a du<y y dxi dxi g y a, dy b 

The N-elongated partial derivatives of a function / (u a ) = f (x\y a ) = f (x,r,v,y) 
are computed in the form when the N-elongated derivatives are 

r r fif Sf 6f df df df df df 

°2f = Tr^ = TTT = ^-=x N 2^7 L = ~ W 2^~ ~ n 2 TT- = f ~ W 2 f - 7l 2 f 

du z dx dx dx dy a dx dv dy 

where 

dx 2 dx ' dx 3 dr ' dy 4 dv 

The N-elongated differential is 

The N-elongated differential calculus should be applied if we work with respect to N- 
adapted frames. 



2.7.1 Calculation of N— connection curvature 

We compute the coefficients (|2.5|) for the d-metric (|2.1(J9|) (equivalently, the ansatz 
(|2.63Jl ) defining the curvature of N-connection iV°, by substituting Nf = W{ (x k , v) and 
Nf = rii v) , where i = 2, 3 and a = 4, 5. The result for nontrivial values is 

^23 = ~^t 3 = W 2 ~ W 3 ~ W 3W* 2 ~ W 2 W* 3 , (2.112) 
^23 = —^23 = n> 2 — n 3 — w 3 n 2 ~ ^2^3- 
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The canonical d-connection T 7 ^ = yLj k , L bk , (7j c , C bc J (|2.27jl defines the covariant 

derivative D, satisfying the metricity conditions D a g 7 5 = for g 7< 5 being the metric 
(|2.1()9jl with the coefficients written with respect to N-adapted frames. T 7 ^ has non- 
trivial d-torsions. 

We compute the Einstein tensors for the canonical d-connection T' y a g defined by the 
ansatz ()2.109|) with respect to N-adapted frames ()2.110|) and 1)2. Hip . This results in 
exactly integrable vacuum Einstein equations and certain type of sources. Such solutions 
could be with nontrivial torsion for different classes of linear connections from Riemann- 
Cartan and generalized Finsler geometries. So, the anholonomic frame method offers 
certain possibilities to be extended to in string gravity where the torsion could be not 
zero. But we can always select the limit to Levi-Civita connections, i. e. to (pseudo) 
Riemannian spaces by considering additional constraints, see Corollary 12.3.31 and/or 
conditions (J2.61)) . 



2.7.2 Calculation of the canonical d— connection 

We compute the coefficients ()2.27|) for the d-metric ([2.1 (J9|) (equivalently, the ansatz 
()2.63Jl ) when gj k = {gj} and h bc = {h b } are diagonal and g ik depend only on x 2 and x 3 
but not on y a . 

We have 

8k9ij = d k gij - wi-g-j = d k g ij} 5 k h b = d k h b - w k h* b (2.113) 
8kWi = d k Wi - w k w*, 5 k Tii = d k rii - w k n* 

resulting in formulas 

L\ = -g ir ( 59jk I 59kr - 59jk \ = -g ir ( ^ + d9kr dQjh 



jk 2 y \Sx k 5x3 Sx r J 2 y 1 Sx k 5xi Sx 



The nontrivial values of L l - k are 



7'2 92 m 72 jh '72 93 /Oil /I A 

2 = ~2g~ 2 = ° 2 ' L23 = ^9~2 = " 2 ' ^ = ~2j 2 (2 - H4) 

73 92 73 _ 9* _ • 73 _ 93 _ ' 

^22 — ~7, — > L, 23 — 7, — — a 3' -^33 ~ 7, — ~ a 3' 
l 93 ^93 ^93 



In a similar form we compute the components 



1 / f)U 

L a bk = d b N a k + -h ac [d k h bc - N d k -^ - h dc d b N d k - h db dM 
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having nontrivial values 

£42 = 7^-(hl-^2hl)=6 2 \n^m = 6 2 (3 4j (2.115) 



Ltk = ~^ n *^ ^bk = d b n k + ^ (d k h b5 - w k h* b5 - h 5 d b n k ) , (2.116) 

L\ k = nt + ^-(-h 5 nl) = ^nt (2.117) 
1 



L 5k = 777- ( 9 kh 5 - w k h* 5 ) = 5 k hi V \h 4 \ = 5 k j3 4 . 
zn 5 



We note that 



yjc 2 y ay 

because gj k = Qjk for the considered ansatz. 
The values 

c a = -h ad ( — + a/icd ^ 



q c = = (2.118) 



/fcc 2 \dy c dy b dy a 
for /iferf = [/14, /i 5 ] from the ansatz (|2.63|) have nontrivial components 

^=£*«-^ *«■ (2 ' 119) 

The set of formulas ()2. 1 14[) — f)2. 1 19[) define the nontrivial coefficients of the canonical 
d-connection f 7 a/3 = (Z) k ,L^d l jc ,d^ fj2~2Tj) for the 5D ansatz (j2~TUnj) . 

2.7.3 Calculation of torsion coefficients 

We should put the nontrivial values ()2.114|) - ()2. 1 19|) into the formulas for d-torsion 
(Jill- 
One holds Tj k = and T a hc = 0, because of symmetry of coefficients L l - k and C£ c . 
We have computed the nontrivial values of f2" i5 see ()2.112|) resulting in 

T 23 = ^23 = -^23 = W' 2 -W'- W 3 W* 2 - W 2 W* 3 , (2.120) 
T 23 = ^23 = -^23 = n 2 ~ % ~ W 3™2 ~ W 2™3- 
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ja 1 aj .ja jc cv. ^ ~ ' 



One follows 

r dy 

see (EHUD- 

For the components 

dN a 

rpa rpa -pa _ % j a 

I .bi - l .ib~ r .U - q 6 

i. e. for 

~ <9/V 4 — ^ ^ f)N 5 ^ ^ 

we have the nontrivial values 

1 ^ h 

p m = w* - — {dih 4 - Wihl) = w* - 5ipi, P\i = -rr-Ui, 

2/l4 2/i4 

= ^nj, P^ = ~{a t h 6 -w i ht) = SiPB- (2-121) 

The formulas (|2.12()jl and (|2.121jl state the nontrivial coefficients of the canonical 
d-connection for the chosen ansatz (|2.1()9jl . 



2.7.4 Calculation of the Ricci tensor 

Let us compute the value Rij = R k ^ k as in ()2.31|) for 



ryi _ ^ -hj ^-L.hk , r in i i _ r in i i _ , n t yi 

hjk — fi x k h ^.hj^mk ^.hk^mj ^ .ha^ L .jki 



from (|2.3L)p . It should be noted that C l ha = for the ansatz under consideration, see 
(12.118)) . We compute 

= d k D h] + N a k d a U h0 = d k L% + w k (U hj Y = d k L\ 3 



because do not depend on variable y A 



v. 
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Derivating (|2.114|) . we obtain 

p r2 02* (02 ) o r 2 #2 0*02 p r2 03* 1 9*9* 

22 - 7T- ~ , .2' 23 - - , .2' 33 - - — + 2 , 

2 02 2(5-2) z 92 2(g 2 ) 2g 2 2(5-2) 

p r 3 0* , 0*03 p r3 _ 03* (0*) p r3 #3 0*03 

2 03 2(53) 253 2(53) 253 2(53) 

p ,2 _ 0*' 0202 p r2 _ 02 (gg) p r2 _ 0*' 0302 

a 3 L 22 ~ TT , x 2 > ^ 23 - 77T ~ ~ 7 ,2 ' "3^ 33 - - — + 2 > 

2 02 2(52) 2 92 2(g 2 ) 2g 2 2{g 2 ) 

11 . / . / / ;\2 

p r3 _ 9 2 9 2 9 2 p r 3 _ 93 9393 p r3 _ ^3 I03J 

^03 2(53) 253 2(53) 253 2(53) 



For these values and ([2.114)1 . there are only 2 nontrivial components, 



R 



R 



323 



223 



93 



9*29*3 



(g'f 



9 l 2 l 



g\g\ 



2g 2 4(c/ 2 ) 4 0203 252 4^03 A(g 2 y 



03* + 0203 + (0 



•) 2 



9l 



0203 + (ti)' 



203 45203 4(53)2 253 4(53)2 45203 



with 



or 



f? 2 _ p3 
K 2 — K 3 



which is (jHHU). 

Now, we consider 



i?22 — —R 223 an d -^33 — R 323' 



20203 



03 



0203 _ (g£ 2 

202 25. 



; ' , // 0203 

i 02 



n 2 " 



203 



(0i) 

202 



<9L' 



6fca 



dy° 



dC 



ba 



t d /~ic 
Li i,uL^ 



dkr^ .ba 



bk^ .da 



j a /~ic \ , /~ic ryd 
Li.akS^.hd i { ~'.hd Jr _ 



bd 1 .ka 



dL 



dy 



bk /~ic I (~ic r>d 

°.6a|jfc °.M- r .fca 



from ()2.30|) . Contracting indices, we have 



dL\ 



bk 



bk 



bka 



dy a 



ria _j_ /^a p 
°.6a|fc + M 



a 73d 

ka 
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Let us denote C& = C c ba and write 

d n — £t n Area n t<i 



C.b\k — $kCb — L d bk Cd — dkCb — NJ;d e Cb — L d hk Cd — d k Cf, — w k Cl — L d hk Cd- 
We express 



R 



bk 



[l]Rbk + [2}Rbk + [3]Rbk 



where 



[l]Rbk 
[2]Rbk 
[3]Rbk 



(Ltk)\ 

-d k C b + w k C* b +L d bk C d , 



.bd r .ka 



r 1 ^ p 4 _l r 1 ^ p 5 _l r 1 ^ p 4 _l r 1 ^ p 

< ~ / .64- r .fc4 ~r ° fc4 ~r t> M-< fcK ~r fcs-t 



.65- 1 .fc4 



64 J .fc5 



.65- 1 .fc5 



and 



C 4 
C 5 



^44 + °45 



C 54 + C; 



55 







seeflHH) • 

We compute 



-R4fc — [l\R&k + [2]-R4fc + [3]R 



Ik 



with 



[l]R4k 
[2]R4k 

[3] R^k 



( L ik) = 

-d k C A + w k Cl + L\ k C 4 , L\ k = 6 k (3 4 see fj2~TT51 

-d k (fit + ft) + w k (ft + ft* + L\ k ((31 + ft) 

p4 , p5 I p4 , p5 

( -^.44- r .fc4 i" ^A5 r .kA ( - y .44- r .fc5 ' ^A5^.k5 

(51 (w* k - 5M - ft5 k (3 5 



Summarizing, we get 

Rik = w k [ft* + (ft 2 - Pip;} + (3ld k (ft + (3 5 ) - d k (3* 5 



or, for 



R * _ hi _ d k h 4 _ h\ 

/5 4 -^,9 fc /3 4 -^-,/5 5 -— ,/3 5 



2 (h b f 



we can write 

2h 5 R 4k = w k 



h** 



2h, 



h*h* 

2h d 



h% ( d k h 4 d k h 5 



JlA 



he 



d k h 



k"5 



(2.122) 
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which is equivalent to (|2.66|) 
In a similar way, we compute 



with 



Rbk = [l]R5k + [2]R5k + [3}R5k 
[l]R$k = (Ltk) , 

]Rsk — —dkCs + WkCt + L 5k C A , 



[2]-<~l5fc — —<->k^5 T «7fc0 5 -|- i/ 5 fcL'4, 

p fi p4 , ^4 p5 I p4 _j_ ^5 p5 

[3]-n-5*! — ^.U^.kA ~T °. 55^*4 ~+~ L/ . 54-^5 "+" °.55- r .fc5- 



We have 



-R5fc — (-^5fc) + -^ 4 5fcC4 + C.55-P.I4 + C.54-P.fc5 

h A nk ) h A nk \2h A + 2/15; + 2/15 2/14 n<! 2/i 4 2 % 
which can be written 

2^5* = fori? + (^K ~ hi) n\ 



i. e. (12371) 

For the values 



dL' 1 ■ / ' dC l 

pi -jfc / -3 a 1 r i W r i /nra r c /"fj \ , /nfi p6 

J litre — ^ i, TTi: r Li n\J i n Li atXj /„ "f O ,7,-T . 



jfca ~~ \ <9x fc -Ik^.ja ~ li Xa ~ ^.ak^.jc J ~ ^ .jb 1 .ka 

from ()2.30|) . we obtain zeros because Cj b = and L l - k do not depend on y k . So, 

Rja — P jia = 0- 

Taking 



8C a r)C a 

oa .fee ^ .fed , fe fa fe fa 

~ dy d dy c '"' ' '"" 



from ()2.30|) and contracting the indices in order to obtain the Ricci coefficients, 



d 



p _ u ^.bc ULy .bd _| fe fd fe fd 

~ ~~dy I ~ ~d%f c ed M - ec 



with C d bd = Cb already computed, see (|2.122J) . we obtain 

p _ I fA \* o fi I f4 f f4 f4 f4 f5 fh f4 f5 f5 
LLbc — \y.bc) ~ Uc^b T ^.& c °4 — ( - / .64 ( - y .4c — °.65°.4c — °.64°.5c — °.65°.5c- 
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There are nontrivial values, 



Introducing 



we get 



R. 



11 



R. 



55 



( \* n* _i_ in n^ \ ( \ 

pt - (pi + pit + pi (p: + pi - pi) - (Pir 

(C% 5 y-C% (-C, + 2C%) 



h* \ * h* 



PI 



PI 



Ra — Rc: 



2h d h 5 



-hi 



h* 

2h R 



(h\ 



2h* 



h*h* 

2h d 



which is just (I2.65|) . 

Theorem 12.4.41 is proven. 



2.8 Appendix B: Reductions from 5D to 4D 

To construct a 5D — > 4D reduction for the ansatz ()2.63|) and ()2.70|) is to eliminate 
from formulas the variable x 1 and to consider a 4D space (parametrized by local co- 
ordinates (x 2 , x 3 , v , y 5 )) being trivially embedded into 5D space (parametrized by local 
coordinates (x 1 , x 2 , x 3 , v , y b ) with g u = ±l,gi% = 0, a = 2,3,4,5) with possible 4D 
conformal and anholonomic transforms depending only on variables (x 2 ,x 3 ,v) . We sup- 
pose that the 4D metric could be of arbitrary signature. In order to emphasize that 
some coordinates are stated just for a such 4D space we put "hats" on the Greek in- 
dices, a, P, ... and on the Latin indices from the middle of alphabet, i, j, ... = 2, 3, where 

u a = (x\ y°^j = (x 2 , x 3 , y 4 , y 5 ) . 

In result, the Theorems 12 .4.41 and ET4~51 Corollaries 12 .4 .41 and 12.4.51 and Theorem EO~o1 
can be reformulated for 4D gravity with mixed holonomic-anholonomic variables. We 
outline here the most important properties of a such reduction. 

• The metric (I2.62|) with ansatz ()2.63|) and metric ()2.69|) with ()2.70|) are respectively 
transformed on 4D spaces to the values: 

The first type 4D off-diagonal metric is taken 

S = Ss/j du" ® dvP (2.123) 
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with the metric coefficients g a g parametrized 



g 2 + w 2 2 h 4 + n 2 2 h 5 w 2 w 3 h 4 + n 2 n 3 h 5 w 2 h 4 n 2 h 5 

w 2 w 3 h 4 + n 2 n 3 h h g 3 + w 2 h 4 + n 3 h 5 w 3 h 4 n 3 h 5 , 

w 2 h 4 w 3 h 4 h 4 

n 2 h 5 n 3 h 5 h 5 

where the coefficients are some necessary smoothly class functions of type: 

92,3 = 92,3(x 2 ,x 3 ) : h 4:5 = h 4 , 5 (x k ,v), 
wq = m-(x k ) v),nq = nq(x k ,v); i, k = 2,3. 

The anholonomically and conformally transformed 4D off-diagonal metric is 

g = uj 2 (x\ v)g^ (x 7 , v^j du & <g> dvP, (2.125) 
were the coefficients g s ^ are parametrized by the ansatz 

92 + (w 2 + C 2 2 ) /l 4 + n 2 2 h 5 (w 2 w 3 + ( 2 ( 3 )h 4 + n 2 n 3 h 5 (w 2 + (2)^4 n 2 h 5 
(w 2 w 3 + +C, 2 C,3)hA + n 2 n 3 h 5 g 3 + (w 3 2 + C 3 2 )^4 + n 3 2 h 5 (w 3 + (3)^4 n 3 h 5 
{w 2 + ( 2 )h 4 (w 3 + (3)^4 h 4 

n 2 h 5 n 3 h 5 h 5 + ( 5 h 4 

(2.126) 

where (q = (q (x k ,v^ and we shall restrict our considerations for £5 = 0. 
We obtain a quadratic line element 

5s 2 = g 2 {dx 2 ) 2 + g 3 (dx 3 ) 2 + h 4 (5v) 2 + h 5 (5y 5 ) 2 , (2.127) 

written with respect to the anholonomic co-frame (dx\ 5v, 5y 5 ^j , where 

5v = dv + w-dx 1 and 5y 5 = dy h + nqdx i (2.128) 
is the dual of d 4 ,d 5 ) , where 

&> = d i + w$ 4 + n q d 5 . (2.129) 
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If the conditions of the 4D variant of the Theorem 12.4.41 are satisfied, we have 
the same equations ()2.76)) — f)2. 79|) were we substitute /i 4 = /i 4 (^fi,v j and h 5 = 

h 5 (x^,v j . As a consequence we have ati (x k ,v) — > oq (^x k ,v j , /3 = (3 (x k ,v j and 

7 = 7 fx^, v j resulting in nr. = (x*, v\ and nq = nq (x^, v 



The 4D line element with conformal factor (|2.127j) subjected to an anhlonomic 
map with £5 = transforms into 

5s 2 = co 2 (x\v)[g 2 (dx 2 ) 2 + g 3 (dx 3 ) 2 + h A (5v) 2 + h 5 {Sy 5 ) 2 ), (2.130) 
given with respect to the anholonomic co-frame (^dx\ 8v, Sy 5 ^j , where 

Sv = dv + (w- + Qdx* and 5y 5 = dy 5 + nqdx i (2.131) 
is dual to the frame (jq, <9 4 , <9 5 j with 

h = d i~( w i + C?)^ + n 7 d 5 , 4 = <9 5 . (2.132) 

The formulas 1)2.71)) and ()2.73)) from Theorem 12.4.51 must be modified into a 4D 
form 

^4 = and &pj = (2.133) 

and the values = (£?, ( 5 = 0) are found as to be a unique solution of (J2.71)) ; for 
instance, if 

^91/92 _ ^ 4 ^ anc j ^ 2 are integers), 

(q satisfy the equations 

$w-fa + C?K = 0. (2.134) 

One holds the same formulas (J2.83)) - (J2.88j) from the Theorem 12.4.61 on the general 
form of exact solutions with that difference that their 4D analogs are to be obtained 
by reductions of holonomic indices, % — > i, and holonomic coordinates, x % — > x\ i. 
e. in the 4D solutions there is not contained the variable x 1 . 

The formulae ()2.74)) for the nontrivial coefficients of the Einstein tensor in 4D 
stated by the Corollary 12.4.41 are written 

G2 = ^3 = — ^4 = ^5 = — -^2' (2.135) 
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• For symmetries of the Einstein tensor (|2.135|) . we can introduce a matter field 
source with a diagonal energy momentum tensor, like it is stated in the Corollary 
12.4.51 bv the conditions (|2.75jl . which in 4D are transformed into 

Tj = T 3 = T 2 (x 2 , x 3 , v), T4 = Tg = T 4 (x 2 , x 3 ). (2.136) 

The 4D dimensional off-diagonal ansatz may model certain generalized Lagrange 
configurations and Lagrange-afnne solutions. They can also include certain 3D Finsler 
or Lagrange metrics but with 2D frame transforms of the corresponding quadratic forms 
and N-connections. 

2.9 Appendix C: Generalized Lagrange— Affine Spa- 
ces 

We outline and give a brief characterization of five classes of generalized Finsler- 
affine spaces (contained in the Table 1 from Ref. |0]; see also in that work the de- 
tails on classification of such geometries). We note that the N-connection curvature 
is computed following the formula = <%i\rjj, see (|2.5|) . for any N-connection iV". 
A d-connection D = [TjgL] = [L l j k , L a bk , C\, c , C a bc ] defines nontrivial d-torsions T ^ = 
[L\ jk]'C l j a , T a b j, C a [ bc ]] and d-curvatures = [R l jki-> R\ki-> P l jka i £j»fc a> ^jbc^dbd 

adapted to the N-connection structure (see, respectively, the formulas (J2.29J) and (J2.30j0 . 
Any generic off-diagonal metric g a p is associated to a N-connection structure and rep- 
resented as a d-metric = [gij,h a b] (see formula (|2.11jl ). The components of a N- 
connection and a d-metric define the canonical d-connection D = [T^L] = 
[L % - fc , L a bk , C' 1 l - c , C a bc ] (see f)2.27|l ) with the corresponding values of d-torsions and 
d-curvatures ~RP L !3lT . The nonmetricity d-fields are computed by using formula 

Qa/37 = Dag/37 = [Qijki Qiabi Qajki Qabc\i f|2. 13j) . 

The Table l2~T1 out lines five classes of geometries modelled in the framework of metric- 
affine geometry as spaces with nontrivial N-connection structure (for simplicity, we omit- 
ted the Berwald configurations, see Ref. 0). 

1. Metric-affme spaces (in brief, MA) are those stated as certain manifolds V n+m of 
necessary smoothly class provided with arbitrary metric, g a p, and linear connec- 
tion, T^ 7 , structures. For generic off-diagonal metrics, a MA space always admits 
nontrivial N-connection structures. Nevertheless, in general, only the metric field 
g a /3 can be transformed into a d-metric one g aj g = [g^, h ab ], but can be not 
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adapted to the N-connection structure. As a consequence, the general strength 
fields (T°p 7 , -R Q /3 7t , Qa/3-y) can be also not N-adapted. 

2. Distinguished metric-affine spaces (DMA) are defined as manifolds V ra+m provided 
with N-connection structure N®, d-metric field (j2.11j) and arbitrary d-connection 
FgL. In this case, all strengths {T a p , R 1 ^ , Q Q/ 3 7 ) are N-adapted. 

3. Generalized Lagrange-affine spaces (GLA), GLa n = (V n , gij(x, y), ^T a g) , are mo- 
delled as distinguished metric-affine spaces of odd-dimension, V n+n , provided with 
generic off-diagonal metrics with associated N-connection inducing a tangent bun- 
dle structure. The d-metric g[ ] and the d-connection ' a 'r 7 Q/3 = ( ^Lj k , ^Cj c ) 
are similar to those for the usual Lagrange spaces but with distorsions ^ Z a ^ 
inducing general nontrivial nonmetricity d-fields ' a ^Q a/ a 7 . 

4. Lagrange-affine spaces (LA), La n = (V n , g\f(x, y), ^T a p), are provided with a 
Lagrange quadratic form g\^\x,y) = \ QyiQ y j inducing the canonical N-connection 
structure t cL lN = { ^iVj} for a Lagrange space L n = iy n ,g%j{x,y)) but with a 
d-connection structure ^P 7 a = ^ T 7 ^^ distorted by arbitrary torsion, Tp, and 
nonmetricity d-fields, Qp lcn when ^T a p = ^Tp + ® Z"^. This is a particular 
case of GLA spaces with prescribed types of N-connection [ ci ]jVj and d-metric to 
be like in Lagrange geometry. 

5. Finsler-affine spaces (FA), Fa n = (V n ,F(x,y), ^T^) , in their turn are intro- 
duced by further restrictions of La n to a quadratic form g\^ = | g^^g constructed 
from a Finsler metric F (x l ,yi) . It is induced the canonical N-connection struc- 
ture '^N = { ^iVj} as in the Finsler space F n = (V n , F (x,y)) but with a 
d-connection structure ^T 1 aj3 distorted by arbitrary torsion, T^ 7 , and nonmetric- 
ity, Qp 1T , d-fields, WT a p = Wf a p + W Z a p ,where [F] T a ^ is the canonical 
Finsler d-connection. 
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Table 2.1: Generalized Finsler/Lagrange-affine spaces 
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Chapter 3 



Noncommutative Symmetries and 
Stability of Black Ellipsoids in 
Metric— Affine and String Gravity 

Abstract 1 

We construct new classes of exact solutions in metric-afnne gravity (MAG) with 
string corrections by the antisymmetric if-field. The solutions are parametrized by 
generic off-diagonal metrics possessing noncommutative symmetry associated to an- 
holonomy frame relations and related nonlinear connection (N-connection) structure. 
We analyze the horizon and geodesic properties of a class of off-diagonal metrics with 
deformed spherical symmetries. The maximal analytic extension of ellipsoid type met- 
rics are constructed and the Penrose diagrams are analyzed with respect to adapted 
frames. We prove that for small deformations (small eccentricities) there are such met- 
rics that the geodesic behaviour is similar to the Schwarzcshild one. We conclude that 
some static and stationary ellipsoid configurations may describe black ellipsoid objects. 
The new class of spacetimes do not possess Killing symmetries even in the limits to the 
general relativity and, in consequence, they are not prohibited by black hole uniqueness 
theorems. Such static ellipsoid (rotoid) configurations are compatible with the cosmic 
cenzorship criteria. We study the perturbations of two classes of static black ellipsoid 
solutions of four dimensional gravitational field equations. The analysis is performed 
in the approximation of small eccentricity deformations of the Schwarzschild solution. 
We conclude that such anisotropic black hole objects may be stable with respect to 

1 © S. Vacaru and E. Gaburov, Noncommutative Symmetries and Stability of Black Ellipsoids in 
Metric- Affine and String Gravity, |hep-th/0310134 
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the perturbations parametrized by the Schrodinger equations in the framework of the 
one-dimensional inverse scattering theory. We emphasize that the anholonomic frame 
method of generating exact solutions is a general one for off-diagonal metrics (and lin- 
ear and nonlinear connections) depending on 2-3 variables, in various types of gravity 
theories. 

3.1 Introduction 

In the past much effort has been made to construct and investigate exact solutions 
of gravitational field equations with spherical/cylindrical symmetries and/or with time 
dependence, paramertrized by metrics diagonalizable by certain coordinate transforms. 
Recently, the off-diagonal metrics were considered in a new manner by diagonalizing 
them with respect to anholonomic frames with associated nonlinear connection struc- 
ture PQ 12 El El- There were constructed new classes of exact solutions of Einstein's 
equations in three (3D), four (4D) and five (5D) dimensions. Such solutions posses a 
generic geometric local anisotropy (e.g. static black hole and/or cosmological solutions 
with ellipsoidal or toroidal symmetry, various soliton-dilaton 2D and 3D configurations 
in 4D gravity, and wormholes and flux tubes with anisotropic polarizations and/or run- 
ning constants with different extensions to backgrounds of rotation ellipsoids, elliptic 
cylinders, bipolar and toroidal symmetry and anisotropy). 

A number of ansatz with off-diagonal metrics were investigated in higher dimensional 
gravity (see, for instance, the Salam, Strathee, Percacci and Randjbar-Daemi works [3]) 
which showed that off-diagonal components in higher dimensional metrics are equivalent 
to including U(l), SU(2) and SU(3) gauge fields. There are various generalizations of 
the Kaluza-Klein gravity when the compactifications of off-diagonal metrics are con- 
sidered with the aim to reduce the vacuum 5D gravity to effective Einstein gravity and 
Abelian or non-Abelian gauge theories. There were also constructed 4D exact solutions 
of Einstein equations with matter fields and cosmological constants like black torus and 
black strings induced from some 3D black hole configurations by considering 4D off- 
diagonal metrics whose curvature scalar splits equivalently into a curvature term for a 
diagonal metric together with a cosmological constant term and/or a Lagrangian for 
gauge (electromagnetic) field 

We can model certain effective (diagonal metric) gravitational and matter fields inter- 
actions for some particular off-diagonal metric ansatz and redefinitions of Lagrangians. 
However, in general, the vacuum gravitational dynamics can not be associated to any 
matter field contributions. This holds true even if we consider non-Riemanian generaliza- 
tions from string and/or metric-affine gravity (MAG) jTj. In this work (being the third 
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partner of the papers El), we prove that such solutions are not with usual Killing 
symmetries but admit certain anholonomic noncommutative symmetries and preserve 
such properties if the constructions are extended to MAG and string gravity (see also 
[TU] for extensions to complex and/or noncommutative gravity). 

There are constructed the maximal analytic extension of a class of static metrics 
with deformed spherical symmetry (containing as particular cases ellipsoid configura- 
tions). We analyze the Penrose diagrams and compare the results with those for the 
Reissner-Nordstrom solution. Then we state the conditions when the geodesic congru- 
ence with 'ellipsoid' type symmetry can be reduced to the Schwarzschild configuration. 
We argue that in this case we may generate some static black ellipsoid solutions which, 
for corresponding parametrizations of off-diagonal metric coefficients, far away from the 
horizon, satisfy the asymptotic conditions of the Minkowski spacetime. 

For the new classes of "off-diagonal" spacetimes possessing noncommutative symme- 
tries, we extend the methods elaborated to investigate the perturbations and stability 
of black hole metrics. The theory of perturbations of the Schwarzschild spacetime black 
holes was initiated in Ref . [TTJ , developed in a series of works, e. g. Refs O HB] , and 
related JT3] to the theory of inverse scattering and its ramifications (see, for instance, 
Refs. |15j). The results on the theory of perturbations and stability of the Schwarzschild, 
Reissner-Nordstrom and Kerr solutions are summarized in a monograph ^H[- As alter- 
native treatments of the stability of black holes we cite Ref. . 

Our first aim is to investigate such off-diagonal gravitational configurations in MAG 
and string gravity (defined by anholonomic frames with associated nonlinear connection 
structure) which describe black hole solutions with deformed horizons, for instance, with 
a static ellipsoid hypersurface. The second aim is to study perturbations of black ellip- 
soids and to prove that there are such static ellipsoid like configurations which are stable 
with respect to perturbations of a fixed type of anisotropy (i. e. for certain imposed 
anholonomic constraints). The main idea of a such proof is to consider small (ellipsoidal, 
or another type) deformations of the Schwarzschild metric and than to apply the already 
developed methods of the theory of perturbations of classical black hole solutions, with 
a re-definition of the formalism for adapted anholonomic frames. 

We note that the solutions defining black ellipsoids are very different from those defin- 
ing ellipsoidal shapes in general relativity (see Refs. [TBI) associated to some perfect-fluid 
bodies, rotating configurations or to some families of confocal ellipsoids in Reimannian 
spaces. Our black ellipsoid metrics are parametrized by generic off-diagonal ansatz with 
anholonomically deformed Killing symmetry and not subjected to uniqueness theorems. 
Such ansatz are more general than the class of vacuum solutions which can not be written 
in diagonal form [Tj|] (see details in Refs. [201 CD]). 

The paper is organized as follows: In Sec. 2 we outline the necessary results on off- 
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diagonal metrics and anhlonomic frames with associated nonlinear connection structure. 
We write the system of Einstein-Proca equations from MAG with string corrections 
of the antisymmetric if-tensor from bosonic string theory. We introduce a general 
off-diagonal metric ansatz and derive the corresponding system of Einstein equations 
with anholonomic variables. In Sec. 3 we argue that noncommutative anholonomic 
geometries can be associated to real off-diagonal metrics and show two simple realizations 
within the algebra for complex matrices. Section 4 is devoted to the geometry and 
physics of four dimensional static black ellipsoids. We illustrate how such solutions can 
be constructed by using anholonomic deformations of the Schwarzshild metric, define 
analytic extensions of black ellipsoid metrics and analyze the geodesic behaviour of the 
static ellipsoid backgrounds. We conclude that black ellipsoid metrics posses specific 
noncommutative symmetries. We outline a perturbation theory of anisotropic black 
holes and prove the stability of black ellipsoid objects in Sec. 5. Then, in Sec. 6 we 
discuss how the method of anholonomic frame transforms can be related solutions for 
ellipsoidal shapes and generic off-diagonal solutions constructed by F. Canfora and H. 
-J. Schmidt. We outline the work and present conclusions in Sec. 7. 

There are used the basic notations and conventions stated in Refs. jHJ E] . 

3.2 Anholonomic Frames and Off— Diagonal Metrics 

We consider a 4D manifold V 3+1 (for MAG and string gravity with possible torsion 
and nonmetricity structures [31310]) enabled with local coordinates u a = (x\y a ) where 
the indices of type i,j, k, ... run values 1 and 2 and the indices a, b, c, ... take values 3 and 
4; y 3 = v = if and y 4 = t are considered respectively as the "anisotropic" and time like 
coordinates (subjected to some constraints). It is supposed that such spacetimes can 
also admit nontrivial torsion structures induced by certain frame transforms. 

The quadratic line element 



ds 2 = g a/ 3 (x l ,v) du a dvP , 



(3.1) 



is parametrized by a metric ansatz 



9a/3 



g\ + w 2 h 3 + n 2 h A Wiw 2 h 3 + n 1 n 2 h 4: W\h 3 n\h± 

W\W 2 h 3 + riin 2 h 4 g 2 + w 2 2 h 3 + n 2 2 h 4: w 2 h 3 n 2 h 4 

Wih 3 w 2 h 3 h 3 

ni/14 hi 



(3.2) 



with gi = gi (x l ) , h a = h ai [x k , v) and rii = Ui (x k , v) being some functions of necessary 
smoothly class or even singular in some points and finite regions. The coefficients gi 
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depend only on "holonomic" variables x % but the rest of coefficients may also depend 
on one "anisotropic" (anholonomic) variable y 3 = v; the ansatz does not depend on the 
time variable y A = t; we shall search for static solutions. 

The spacetime may be provided with a general anholonomic frame structure of 
tetrads, or vierbiends, 

e a = AP(u<)d/duP, (3.3) 
satisfying some anholonomy relations 

e a e/3 - e p e a = w 1 ^ (u £ ) e 7 , (3.4) 

where u>Zg (u e ) are called the coefficients of anholonomy. A 'holonomic' frame, for in- 
stance, a coordinate frame, e a = d a = d/du a , is defined as a set of tetrads satisfying the 
holonomy conditions 

d a df3 - d p d a = 0. 
We can 'effectively' diagonalize the line element (|3.1j) . 

5s 2 = gi (dx 1 ) 2 + g 2 {dx 2 ) 2 + h 3 (5v) 2 + h 4 (5y 4 ) 2 , (3.5) 

with respect to the anholonomic co-frame 

S a = (cf = dx\ 5 a = dy a + N^dx 1 ) = (d\ 8v = dv + Wi dx\ 5y 4 = dy 4 + mdx*) (3.6) 

which is dual to the anholonomic frame 

5 a = (Si = di - N?d a , d b ) = (5i = - Wid 3 - riid 4 , <9 3 , 9 4 ) , (3.7) 

where di = d/dx l and db = d/dy b are usual partial derivatives. The tetrads S a and S a 
are anholonomic because, in general, they satisfy the anholonomy relations (|3.4j) with 
some non-trivial coefficients, 

w% = 5^ - SjN?, w b ia = -w b ai = d a N b . (3.8) 

The anholonomy is induced by the coefficients Nf = Wi and Nf = Hi which "elongate" 
partial derivatives and differentials if we are working with respect to anholonomic frames. 
This results in a more sophisticate differential and integral calculus (as in the tetradic 
and/or spinor gravity), but simplifies substantially the tensor computations, because 
we are dealing with diagonalized metrics. In order to construct exact 'off-diagonal' 
solutions with 4D metrics depending on 3 variables v) it is more convenient to work 
with respect to anholonomic frames ()3.7j) and ()3.6|) for diagonalized metrics ()3.5|) than 
to consider directly the ansatz ()3.1|) [TJ 12 El H] ■ 
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There is a 'preferred' linear connection constructed only from the components 
(<7i, h a , N%), called the canonical distinguished linear connection, which is similar to the 
metric connection introduced by the Christoffel symbols in the case of holonomic bases, 
i. e. being constructed only from the metric components and satisfying the metricity 
conditions. It is parametrized by the coefficients, = (L l j k , L a bk , C*- c , C a bc ) stated 
with respect to the anholonomic frames ()3.7|) and ()3.6|) as 

L* jk = ^g in {S k g nj + SjQnk- 5 n g jk ) , (3.9) 

L\ k = d b N^ + h ac (6 k h bc -h dc d b Nt-h db d c Nt), 

C l JC = \g ik d c g jk , C\ c = h ad (d c h db + d b h dc - d d h bc ) , 

computed for the ansatz ()3.2j) . This induces a linear covariant derivative locally adapted 
to the nonlinear connection structure (N-connection, see details, for instance, in Refs. 

IU I2D1)- By straightforward calculations, we can verify that for D a defined by r a o 
with the components ()3.9|) the condition D a g^ = is satisfied. 

We note that on (pseudo) Riemannian spaces the N-connection is an object com- 
pletely defined by anholonomic frames, when the coefficients of tetradic transform ()3.3|) . 
A^ a (u 7 ) , are parametrized explicitly via certain values (iVf, i^, 5^) , where b\ and 8 b 
are the Kronecker symbols. By straightforward calculations we can compute (see, for 
instance Ref. [22]) that the coefficients of the Levi-Civita metric connection 

r 5? 7 = g (<k, vM = ^rj 7 r , 

associated to a covariant derivative operator xj, satisfying the metricity condition 

Vy9ap = for g a p = (^-, h ab ) , 

F a/3 7 = o \P/39ory + ^{ia. ~ 5 a g lj3 + 5 a r^/3 + ~ > ( 3 ' 10 ) 

are given with respect to the anholonomic basis (J3.6)) by the coefficients 

( ■ ®N k 1-t \ 

^7 = ( L l j k iL a bk 'Qyb'' ^ l j c 2^ ^i fc ^ C£1 ' ) ' (3-11) 

where Q°j k = S k Nj — SjN k . The anholonomic frame structure may induce on (pseudo) 
Riemannian spacetimes nontrivial torsion structures. For instance, the canonical con- 
nection ()3.9j) . in general, has nonvanishing torsion components 

Tn rpi ryi rpa _ rpa r^a rpa _ rpa o AT a T a iQ. 1 

ja — ~ 1 aj — i ^jai 1 jk ~ ~ 1 kj ~ "fcj; i fefc — — 1 kb ~ °b^ k ~ ^bk- {6.LZ) 
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This is a "pure" anholonomic frame effect. We can conclude that the Einstein theory 
transforms into an effective Einstein-Cartan theory with anholonomically induced tor- 
sion if the general relativity is formulated with respect to general anholonomic frame 
bases. In this paper we shall also consider distorsions of the Levi-Civita connection 
induced by nonmetricity. 

A very specific property of off-diagonal metrics is that they can define different 
classes of linear connections which satisfy the metricity conditions for a given metric, 
or inversely, there is a certain class of metrics which satisfy the metricity conditions for 
a given linear connection. This result was originally obtained by A. Kawaguchi [22] 
(Details can be found in Ref. [21], see Theorems 5.4 and 5.5 in Chapter III, formulated 
for vector bundles; here we note that similar proofs hold also on manifolds enabled with 
anholonomic frames associated to a N-connection structure.) 

The Levi-Civita connection does not play an exclusive role on non-Riemannian 
spaces. For instance, the torsion on spaces provided with N-connection is induced by 
anholonomy relation and both linear connections (|3.9|) and (|3.11|) are compatible with 
the same metric and transform into the usual Levi-Civita coefficients for vanishing re- 
connect ion and "pure" holonomic coordinates (see related details in Refs. [HIE])- This 
means that to an off-diagonal metric we can associated different covariant differential 
calculi, all being compatible with the same metric structure (like in noncommutative 
geometry, which is not a surprising fact because the anolonomic frames satisfy by defi- 
nition some noncommutative relations ()3.4j) ). In such cases we have to select a particular 
type of connection following some physical or geometrical arguments, or to impose some 
conditions when there is a single compatible linear connection constructed only from the 
metric and N-coefficients. 

The dynamics of generalized Finsler-afnne string gravity is defined by the system of 
field equations (see Proposition 3.1 in Ref. P) 




(3.13) 








for 



being the antisymmetric torsion field 
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of the antisymmetric in bosonic string theory (for simplicity, we restrict our con- 
siderations to the sigma model with if -field corrections and zero dilatonic field). The 
covariant derivative T) v is defined by the coefficients f!3.9j) (we use in our references the 
"boldfaced" indices when it is necessary to emphasize that the spacetime is provided 
with N-connection structure. The distorsion Z v \ p of the Levi-Civita connection, when 

from (|3.13J) is defined by the torsion T with the components computed for D by applying 
the formulas (|3.12|) . 

Z a/ 3 = 5/?jT a - 5 a \Tp + - ^ Q J^JT 7 ^ <5 7 , 

see Refs. jHl IH] on definition of the interior product "J" and differential forms like Tg on 
spaces provided with N-connection structure. The tensor = D u (pfi — D^0 y + u>^,</> 7 
is the field strengths of the Abelian-Proca field 0", with {x,k = const, 

where the source 

contains contributions of the torsion fields T and ~H. u \ p . The field <p a is defined by certain 
irreducible components of torsion and nonmetricity in MAG, see [7] and Theorem 3.2 in 

Our aim is to elaborate a method of constructing exact solutions of equations (|3.13jl 
for vanishing matter fields, E^ = 0. The ansatz for the field <^ is taken in the form 

</V = [<f>i (X k ) , <Pa = 0] 

for k... = 1,2 and a, b, ... = 3, 4. The Proca equations D^H 1 ^ = /i 2 *// 1 for \i — > (for 
simplicity) transform into 

di [(gi)- 1 d l cj> k \ + d 2 [{g 2 y l d 2 cj> k ] = Ll&h - L%&^> k . (3.14) 

Two examples of solutions of this equation are considered in Ref. In this paper, 
we do not state any particular configurations and consider that it is possible always to 
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define certain fa (x fc ) satisfying the wave equation (|3.14|) . The energy-momentum tensor 
S^I is computed for one nontrivial value 

H 12 = di4> 2 - d 2 fa. 

In result, we can represent the source of the fields fa as 

Ejg= [¥ a {H 12 ,x k ),V 2 {H 12 ,x k ),0,0}. 

The ansatz for the if -field is taken in the form 



H 



v\p 



v\p 



H 



v\p 



A 



yap \£v\p 



(3.15) 



where e v \ p is completely antisymmetric and \[h\ = const. This ansatz satisfies the field 
equations 'D u H l/ x P = because the metric g a p is compatible with D. The values H u \ p 
have to be defined in a form to satisfy the condition ()3.15j) for any Z v \ p derived from 
ga/3 and, as a consequence, from (|3.9|) and ()3.12|) . for instance, to compute them as 



H 



v\p 



A 



[H] 



■sotfiy^vXp 



v\p 



for defined values of Z U \ P , \h] and g a/ g. In result, we obtain the effective energy- 
momentum tensor in the form 



y W , y\H]P 



\ 2 \ 2 \ 2 \ 2 

T 2 [x ) + —, T 2 [x ) + — , — , — 



(3.16) 



For the source (JHHEJ, the system of field equations ()3.13j) defined for the metric (|3.5jl 
and connection ()3.9|) , with respect to anholonomic frames ()3.6|) and ()3.7|) , transform into 
a system of partial differential equations with anholonomic variables 12 120] j see also 
details in the section 5.3 in Ref. jU], 



R\ = R\ 



1 fn" 9 ' 92 ( g ') 2 I n" g ^ 2 ^l) 2 l 



A : 



HI 



i? 3 - R A 



^9x92 



2gi 292 
1 



2/i 3 /i 4 



2h*h 



3'H 



h* 4 *-K (in^Ml 

2/i 4 2/i 4 

h +7"*] 



X 2 



-Wi 



R 



2h* 



0. 
0. 



(3.17) 

T 2 (x^48) 
(3.19) 
(3.20) 
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where 

an = dih\ - h\d t In VIM 4 |, 7 = Zh*j2h A - ^//i 3 , (3.21) 

and the partial derivatives are denoted g\ = dgi/dx 1 , g[ = dgi/dx 2 and h\ = dh 3 /dv. 
We can additionally impose the condition SiNj = SjN? - in order to have Vt a - k = which 
may be satisfied, for instance, if 

Wi = W\ (x 1 , v) , ni = n\ [x , v ) , w 2 = n 2 = 0, 

or, inversely, if 

Wi =n 1 = 0, w 2 = w 2 (x 2 , v) , n 2 = n 2 (x 2 , v) . 
In this paper we shall select a class of static solutions parametrized by the conditions 

w\ = w 2 = n 2 = 0. (3.22) 

The system of equations (|H.17|) - (|H.2()j) can be integrated in general form [01 EHj- 
Physical solutions are selected following some additional boundary conditions, imposed 
types of symmetries, nonlinearities and singular behavior and compatibility in the locally 
anisotropic limits with some well known exact solutions. 

Finally, we note that there is a difference between our approach and the so-called 
"tetradic" gravity (see basic details and references in [221) wnen the metric coefficients 
9a/3 i ul ) are substituted by tetradic fields e§ (u 7 ) , mutually related by formula g a p = 
e a e pVap with i]aj3 chosen, for instance, to be the Minkowski metric. In our case we 
partially preserve some metric dynamics given by diagonal effective metric coefficients 
(<7i, h a ) but also adapt the calculus to tetrads respectively defied by (iVf, 8f, 5%) , see (jH.fi j) 
and (jH.7j) . This substantially simplifies the method of constructing exact solutions and 
also reflects new type symmetries of such classes of metrics. 

3.3 Anholonomic Noncommutative Symmetries 

The nontrivial anholonomy coefficients, see (j3.4j) and (j3.8j) induced by off-diagonal 
metric (j3.1j) (and associated N-connection) coefficients emphasize a kind of Lie algebra 
noncommutativity relation. In this section, we analyze a simple realizations of noncom- 
mutative geometry of anholonomic frames within the algebra of complex k x k matrices, 
Mk(TC,u a ) depending on coordinates u a on spacetime V n+m connected to complex Lie 
algebras SL (k, IC) (see Ref. [TU] for similar constructions with the group SUk)- 

We consider matrix valued functions of necessary smoothly class derived from the 
anholonomic frame relations (j3.4jl (being similar to the Lie algebra relations) with the 
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coefficients (13. 8 j) induced by off-diagonal metric terms in ()3.2|) and by N-connection 
coefficients iVf. We use algebras of complex matrices in order to have the possibility 
for some extensions to complex solutions and to relate the constructions to noncommu- 
tative/complex gravity). For commutative gravity models, the anholonomy coefficients 
wl a/3 are rea l functions but there are considered also complex metrics and tetrads related 
to noncommutative gravity [2*4*j . 

Let us consider the basic relations for the simplest model of noncommutative geome- 
try realized with the algebra of complex (k x k) noncommutative matrices j2H|, Mfc(lC). 
Any element M e M&(E) can be represented as a linear combination of the unit (k x k) 
matrix I and (k 2 — 1) hermitian traceless matrices q& with the underlined index a run- 
ning values 1, 2, k 2 — 1, i. e. 

for some constants a and (3-. It is possible to chose the basis matrices q& satisfying the 
relations ^ 

where i 2 = — 1 and the real coefficients satisfy the properties 

^ 77 7 7 7 

Qa/3 = Q~Pg_i QjP_ = ^' f~gfi = ~f~/3a> f~2Qi = 

with f-^ being the structure constants of the Lie group SL (k, 1C) and the Killing-Cartan 

metric tensor = f~ m f~rB- This algebra admits a formalism of interior derivatives <9 7 
defied by relations 

d T q^ = ad (iq^ qp = i[q x , q^ = f%q<* (3.24) 

and 

dj)p - dpda = /^<9 2 (3.25) 

(the last relation follows the Jacoby identity and is quite similar to ()3.4|) but with constant 
values f 1 ^}. 

Our idea is to associate a noncommutative geometry starting from the anholonomy 
relations of frames ()3.4|) by adding to the structure constants f\a the anholonomy coef- 
ficients w^a^ (13. 8}) (we shall put the label [N] if would be necessary to emphasize that the 
anholonomic coefficients are induced by a nonlinear connection. Such deformed structure 
constants consist from N-connection coefficients Nf and their first partial derivatives, i. 
e. they are induced by some off-diagonal terms in the metric ()3.2|) being a solution of 
the gravitational field equations. 
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We emphasize that there is a rough analogy between formulas ()3.25|) and (|3.4|) because 
the anholonomy coefficients do not satisfy, in general, the condition w^a' = 0. There is 
also another substantial difference because the anholonomy relations are defined for a 
manifold of dimension n + m, with Greek indices a, (3, ... running values from 1 to n + m 
but the matrix noncommutativity relations are stated for traceless matrices labelled by 
underlined indices a,f3, running values from 1 to k 2 — 1. It is not possible to satisfy the 
condition k 2 — 1 = n + m by using integer numbers for arbitrary n + m. We may extend 
the dimension of spacetime from n + m to any n' > n and m' > m when the condition 
k 2 — 1 = n' + m' can be satisfied by a trivial embedding of the metric (|3.2|) into higher 
dimension, for instance, by adding the necessary number of unities on the diagonal and 
writing 

" 1 ... 



9aJ3 









1 

g tl +N?N^h ab 




Nfh 



be 





N e h 

h a b 



and e, 



[N] 



6 n 



1 , 1 , • • • , <^a 



[N] 



Greek indices, a, {3... = 1,2, 



. For simplicity, we preserve the same type of underlined 
k 2 ~\ 



n 



m 



The anholonomy coefficients can be extended with some trivial zero components 



W\p. The set of 



and for consistency we rewrite them without labelled indices, w a/3 

anholonomy coefficients w^l 7 ([3.4)1 may result in degenerated matrices, for instance for 
certain classes of exact solutions of the Einstein equations. So, it would not be a well 
defined construction if we shall substitute the structure Lie algebra constants directly by 



w 



[JV] 7 
af3 



. We can consider a simple extension w 



ap ~^ ^~aj3 wnen the coefficients w-^{u- 



for any fixed value u- = would be some deformations of the structure constants of 
the Lie algebra SL (k, IC) , like 



W 



aJ3 



f— -L — 

/ a/3 i" W aj3i 



(3.26) 



being nondegenerate. 

Instead of the matrix algebra Mfc(IC), constructed from constant complex elements, 
we have also to introduce dependencies on coordinates u— = (0, ...,u a ) , for instance, like a 
trivial matrix bundle on V n +m , and denote this space Mfc(IC, u—). Any element B (u-) e 
Mfc(K,M-) with a noncommutative structure induced by W\p is represented as a linear 

combination of the unit (n' + m') x {n 1 + m') matrix I and the [(n' + m') 2 — 1] hermitian 
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traceless matrices q& (u-) with the underlined index a running values 1, 2, (n'+m') — 1, 
under condition that the following relation holds: 

with the same values of Cfgg from the Lie algebra for SL (k, 1C) but with the Killing- 
Cartan like metric tensor defined by anholonomy coefficients, i. e. paj3 (u~) = W- a ^ (u-) 
W~^p (u~) . For complex spacetimes, we shall consider that the coefficients Nf and W-^ 
may be some complex valued functions of necessary smooth (in general, with complex 
variables) class. In result, the Killing-Cartan like metric tensor pgji can be also complex. 
We rewrite (|3.4jl as 

egfip - epea = W^e^ (3.27) 

being equivalent to (|3.25J) and defining a noncommutative anholonomic structure (for 
simplicity, we use the same symbols e„ as for some 'N-elongated' partial derivatives, but 
with underlined indices). The analogs of derivation operators (J3.24j) are stated by using 



dg_qp_ (m 1 ) = ad [iq & (vX)) q$ (vX) = i \q^ (vX) qp (vX)\ = W 1 ^q 1 (3.28) 

The operators (|3.28jl define a linear space of anholonomic derivations satisfying 
the conditions ()3.27j) . denoted AderMkiJC, u-), elongated by N-connection and distin- 
guished into irreducible h- and v-components, respectively, into and e&, like e„ = 
(ei = di — Nfe & , eb = d^j ■ The space AderMkiJC, u-) is not a left module over the alge- 
bra Mfe(E, u— ) which means that there is a a substantial difference with respect to the 
usual commutative differential geometry where a vector field multiplied on the left by a 
function produces a new vector field. 

The duals to operators (|3.28|) . e^, found from e^(ea) = 5—/, define a canonical basis 
of 1-forms connected to the N-connection structure. By using these forms, we can 
span a left module over Mk(JC, u-) following q^eX (^pJ = Qq$p'I = qofi^- For an arbitrary 
vector field 

Y Y &a ^ Y Y~Gj^ — Y~Cg L , 

it is possible to define an exterior differential (in our case being N-elongated), starting 
with the action on a function <p (equivalent, a 0-form), 

5 ip (Y) = Yip = Y%ip + Y*da<P 
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when 

(5 I) (e«) = egj = ad (ie„) I = i [e„, /] = 0, i. e. 51 = 0, 

and 

<%(ea) = ea(e^) = i[e £ , e«] = W^e^. (3.29) 

Considering the nondegenerated case, we can invert ()3.29|) as to obtain a similar expres- 
sion with respect to e^, 

£( e s) = W^e^, (3.30) 

from which a very important property follows by using the Jacobi identity, 5 2 = 0, 
resulting in a possibility to define a usual Grassman algebra of p-forms with the wedge 
product A stated as 

e- A e- = ^ (e£ ® - ® e£) . 

We can write ()3.30|) as 

^ = -^v- e - 

and introduce the canonical 1-form e = g«e- being coordinate-independent and adapted 
to the N-connection structure and satisfying the condition 5e + e A e = 0. 

In a standard manner, we can introduce the volume element induced by the canonical 
Cartan-Killing metric and the corresponding star operator * (Hodge duality). We define 
the volume element a by using the complete antisymmetric tensor £a 1 a 2 ...a k2 _ 1 as 

rj = - f pSi A p— 2 A A A' +m ' 

[( n / + m /)2_ 1 ]! e ^ 2 -^'W e Ae 

to which any (/c 2 — l)-form is proportional (/c 2 — 1 = n' + m') . The integral of such a 
form is defined as the trace of the matrix coefficient in the from a and the scalar product 
introduced for any couple of p-forms w and i/j 

(w, ip) — J (w A -kip) . 

Let us analyze how a noncommutative differential form calculus (induced by an an- 
holonomic structure) can be developed and related to the Hamiltonian classical and 
quantum mechanics and Poisson bracket formalism: 

For a p-form the anti-derivation iy with respect to a vector field 
Y G AderMk(!J, u~) can be defined as in the usual formalism, 

t Y zu [p] (X l7 X 2} ...,X p ^)=w [p] (Y,X 1} X 2} ... } X p . 1 ) 
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where X 1? X 2 , X p _ x G AderM^iJC, u—). By a straightforward calculus we can check 
that for a 2-form E = 5 e one holds 

52 = 5 2 e = and L y H = 

where the Lie derivative of forms is defined as Lyzu^ = (iy 5 + 5 iy) vcr^K 

The Hamiltonian vector field Ht^ of an element of algebra tp G Mfc(IC,w-) is intro- 
duced following the equality E [Hy^Yj = Yip which holds for any vector field. Then, 
we can define the Poisson bracket of two functions (in a quantum variant, observables) 
<P and x, W, x} = 2 (H [v] ,H^) when 

{e^, ep} = E fe a , epj = i[e„, e^]. 

This way, a simple version of noncommutative classical and quantum mechanics (up to 
a factor like the Plank constant, h) is proposed, being derived by anholonomic relations 
for a certain class of exact 'off-diagonal' solutions in commutative gravity. 

In order to define the algebra of forms Q* [M^(E, u— )] over M^(E,w— ) we put f2° = 
Mfc and write 

6(p (e„) = ea(<p) 

for every matrix function <p G M fc (IC, «-). As a particular case, we have 

6q* (e,) = -W^gl 

where indices are raised and lowered with the anholonomically deformed metric pa/3 (u~) . 
This way, we can define the set of 1-forms Q 1 [Mk(C,u—)] to be the set of all elements 
of the form p5f3 with p and (3 belonging to Mfc(IC, u—). The set of all differential forms 
define a differential algebra Vt* [M fc (K, u-)} with the couple (CI* [M fc (IC, u-)} , <5) said to be 
a differential calculus in M).(1C, u—) induced by the anholonomy of certain exact solutions 
(with off-diagonal metrics and associated N-connections) in a gravity theory. 

We can also find a set of generators e— of {I 1 [Mfc(EJ, u—)] , as a left/ right -module 
completely characterized by the duality equations (e„) = 5^1 and related to 

^ = W%qPql and = q^qX 

Similarly to the formalism presented in details in Ref . [27] , we can elaborate a differential 
calculus with derivations by introducing a linear torsionless connection 

Ve^ = -uA ® 
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with the coefficients ur^ = resulting in the curvature 2-form 



This is a surprising fact that 'commutative' curved spacetimes provided with off-diagonal 
metrics and associated anhlonomic frames and N-connections may be characterized by 
a noncommutative 'shadow' space with a Lie algebra like structure induced by the frame 
anholonomy. We argue that such metrics possess anholonomic noncommutative sym- 
metries and conclude that for the 'holonomic' solutions of the Einstein equations, with 
vanishing w~^, any associated noncommutative geometry or SL (k, E) decouples from 
the off-diagonal (anholonomic) gravitational background and transforms into a trivial 
one defined by the corresponding structure constants of the chosen Lie algebra. The 
anholonomic noncommutativity and the related differential geometry are induced by 
the anholonomy coefficients. All such structures reflect a specific type of symmetries of 
generic off-diagonal metrics and associated frame/ N-connection structures. 

Considering exact solutions of the gravitational field equations, we can assert that 
we constructed a class of vacuum or nonvacuum metrics possessing a specific noncom- 
mutative symmetry instead, for instance, of any usual Killing symmetry. In general, we 
can introduce a new classification of spacetimes following anholonomic noncommutative 
algebraic properties of metrics and vielbein structures (see Ref. (2H1IIII1)- In this paper, 
we analyze the simplest examples of such spacetimes. 
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3.4 4D Static Black Ellipsoids in MAG and String 
Gravity 

We outline the black ellipsoid solutions [23 ED] and discuss their associated anholo- 
nomic noncommutative symmetries ^0] • We note that such solutions can be extended for 
the (anti) de Sitter spaces, in gauge gravity and string gravity with effective cosmological 
constant |31j . In this paper, the solutions are considered for 'real' metric-affme spaces 
and extended to nontrivial cosmological constant. We emphasize the possibility to con- 
struct solutions with locally "anisotropic" cosmological constants (such configurations 
may be also induced, for instance, from string/ brane gravity). 



3.4.1 Anholonomic deformations of the Schwarzschild metric 

We consider a particular case of effectively diagonalized ()3.5j) (and corresponding 
off-diagonal metric ansatz ()3.1)l ) when 

5s 2 = [-(l-^ + ^j 1 dr 2 -r 2 q(r)d6 2 (3.31) 

/ 2m e \ 
-r/3 (r, Lp) r 2 sin 2 9d(p 2 + i] 4 (r,Lp) ( 1 - + -J 5t 2 ] 

where the "polarization" functions 773 4 are decomposed on a small parameter e, < e <C 
1, 

r} 3 (r,(f) = rj m (r,<p) + e\ 3 (r,<p) + e 2 73 (r,<p) + (3.32) 
r? 4 (r,<p) = 1 + e\ 4 (r,(p) +e 2 >y 4 (r,(p) + 

and 

6t = dt + rii (r, (p) dr 

for rii ~ s... + e 2 terms. The functions q(r), r] 3i4 (r, if) and rii (r,ip) will be found as 
the metric will define a solution of the gravitational field equations generated by small 
deformations of the spherical static symmetry on a small positive parameter e (in the 
limits e — > and q, ^3 4 -> 1 we have just the Schwarzschild solution for a point particle 
of mass m). The metric ()3.31|) is a particular case of a class of exact solutions constructed 
in [H 121 120] • Its complexification by complex valued N-coefficients is investigated in Ref . 

ma- 
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We can state a particular symmetry of the metric ()3.31|) by imposing a corresponding 
condition of vanishing of the metric coefficient before the term St 2 . For instance, the 
constraints that 



, , 2m e 
r} 4 (r, tp) 1 + -= 



$4 = 

e 4 = 

define a rotation ellipsoid configuration if 

2m 



2m $ 4 
1 + +e 2 Q 4 = 0, 

A4 (r 2 — 2mr) + 1 
2m\ 
r J 



(3.33) 
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- + A 



4j 



and 



74 



1 - 



-A 4 1 - 



( cosy ,__L) 



2m \ 
r J 



-1 



In the first order on e one obtains a zero value for the coefficient before St if 

2m 

2m [1 — £ cos<^J, 



1 + £ COS </5 



(3.34) 



which is the equation for a 3D ellipsoid like hypersurface with a small eccentricity e. 
In general, we can consider arbitrary pairs of functions X^(r,8,ip) and 74 (r, (for 
(^-anisotropics, A4(r, and 74 (r, </?)) which may be singular for some values of r, or on 
some hypersurvaces r = r (8, if) (r = ?"■(<£>)). 

The simplest way to define the condition of vanishing of the metric coefficient before 
the value St 2 is to choose 74 and A4 as to have 9 = 0. In this case we find from ()3.33j) 



$ 

r± = m ± m\ 1 — e — - 
V m 2 

where $4 (r, if) is taken for r = 2m. 
For a new radial coordinate 



m 



1 ± 1 -£ 



$4 
2m 2 



(3.35) 



, . , , 2m £ . 

+ -j 



and 



2m 



$1 



-773(e^)r 2 (Osin 2 ^ fc 4 = 1 + 



(3.36) 
(3.37) 
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when r = r (£) is inverse function after integration in (j3.36|) . we write the metric (|3.31|) 

as 

ds 2 = -de-r 2 (Oq(Ode 2 + h 3 (^e,if)5if 2 + h 4 (^e,cp)5t 2 , (3.38) 
St = dt + ni (£> V 9 ) d£, 

where the coefficient ri\ is taken to solve the equation ()3.2()j) and to satisfy the ()3.22)1 . The 
next step is to state the conditions when the coefficients of metric (|3.31|) define solutions 
of the Einstein equations. We put g\ = —1,(72 = — f 2 (£)?(£) an d arbitrary /i 3 (£, </>) 
and /14 (£, #) in order to find solutions the equations ()3.17J) - (j3.19|) . If h 4 depends on 
anisotropic variable <p, the equation (j3.18|) may be solved if 



%| = Vo V M (3.39) 



for r] = const. Considering decompositions of type ()3.32|) we put r] = rj/e where the 
constant n is taken as to have a/I^I = 1 in the limits 



^ L ► _ = const. (3.40) 

These conditions are satisfied if the functions r/ 3 [ ] , A 3)4 and 7 3j4 are related via relations 

for arbitrary 7 3 (r, cp) . In this paper we select only such solutions which satisfy the 
conditions (|3~??nj) and (jS30D - 

For linear infinitesimal extensions on e of the Schwarzschild metric, we write the 
solution of ()3.20|) as 

m = enj (£, y?) 

where 

nti^tp) = n m (0 + n 1[2] (0 / dip m (£,¥>) I (VlmJ^pJl) 3 , Vt ^ 0; (3.41) 
= ni[i] (0 + nip] (0 J dtp n 3 (£, ip),nl = 0; 
= ni {1 ] (0 + n x p] (0 / cf<^/ [y\qj^p) |) ,r? 3 = 0; 



182 



CHAPTER 3. NONCOMMUTATIVE BLACK ELLIPSOID SOLUTIONS 



with the functions n fe [ 12 ] (£) to be stated by boundary conditions. 
The data 

9l = -l,g 2 = -r 2 (t)q(t), (3.42) 
h = -%(£,^)r 2 (£)sin 2 0, h 4 = 1- ^ + e^, 
w lt2 = 0,ni = eni (£,ip) ,n 2 = 0, 

for the metric (|3.31J1 define a class of solutions of the Einstein equations for the canonical 
distinguished connection (J3.9)) . with non-trivial polarization function rj 3 and extended 
on parameter e up to the second order (the polarization functions being taken as to make 
zero the second order coefficients). Such solutions are generated by small deformations 
(in particular cases of rotation ellipsoid symmetry) of the Schwarschild metric. 

We can relate our solutions with some small deformations of the Schwarzschild met- 
ric, as well we can satisfy the asymptotically flat condition, if we chose such functions 
n k[i.2] as nj; -> for e — > and 773 — > 1. These functions have to be selected as to 
vanish far away from the horizon, for instance, like ~ l/r 1+r ,r > 0, for long distances 
r — > 00. 



3.4.2 Black ellipsoids and anistropic cosmological constants 

We can generalize the gravitational field equations to the gravity with variable cos- 
mological constants A^] («*) and A[„] {u a ) which can be induced, for instance, from extra 
dimensions in string/brane gravity, when the non-trivial components of the Einstein 
equations are 

Rij = X[h] (x 1 ) 9ij and R ab = \ [v] (x k ,v)g ab (3.43) 

where Ricci tensor R^ v with anholonomic variables has two nontrivial components 
and R a b, and the indices take values i, k — 1, 2 and a, b = 3, 4 for x % = £ and y 3 = v = <p 
(see notations from the previous subsection). The equations ()3.43|) contain the equations 

()3.17|) and ()3.18|) as particular cases when A^j (x 1 ) = and \[ v }(x k , v) = -^p- + Y 2 (x k ) . 
For an ansatz of type ()3.5|) 



5s 2 = g 1 (dx 1 ) 2 + g 2 (dx 2 ) 2 + h 3 (x\y 3 )(Sy 3 ) 2 + h i (x\y 3 )(5y 4 ) 2 , (3.44) 
5y 3 = dy 3 + Wi (x k , y 3 ) dx l \ 5y 4 = dy 4 + ra (x k , y 3 ) dx\ 
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the Einstein equations ()3.43|) are written (see j2H| for details on computation) 

D i D 2 If 9*9* (9*) 2 , " 9\9i (^l) 2 ] \ / k\ /a ac\ 

^ = i?2 = -^ 2 -^T-^7 + ^-^-^T ] = A[ ^ x) ' (3 - 45) 

i? 3 . = - Wi Jl J_ = 0, 3.47 

#4i = -^[<* + 7<] = 0. (3.48) 
The coefficients of equations (|3.45j) - (|3.48|) are given by 

3h* h* 

a i = d i hl-htd i hiy/\hM, P = hT-K\)ny/\hM]*, 1 = ^ ± ~T L - ( 3 - 49 ) 

The various partial derivatives are denoted as a' = da/dx l ,a = da/dx 2 ,a* = da/dy 3 . 
This system of equations can be solved by choosing one of the ansatz functions (e.g. 
gi (x l ) or g 2 (x 1 )) and one of the ansatz functions (e.g. h 3 (x\y 3 ) or h A (x\y 3 )) to take 
some arbitrary, but physically interesting form. Then, the other ansatz functions can 
be analytically determined up to an integration in terms of this choice. In this way we 
can generate a lot of different solutions, but we impose the condition that the initial, 
arbitrary choice of the ansatz functions is "physically interesting" which means that 
one wants to make this original choice so that the generated final solution yield a well 
behaved metric. 

In this subsection, we show that the data ()3.42|) can be extended as to generate exact 
black ellipsoid solutions with nontrivial polarized cosmological constant which can be 
imbedded in string theory. A complex generalization of the solution (J3.42|) is analyzed 
in Ref. and the case locally isotropic cosmological constant was considered in Ref. 

At the first step, we find a class of solutions with g 1 = — 1 and g 2 = g 2 (£) solving 
the equation (|3.45j) . which under such parametrizations transforms to 

(n 9 ) 2 

9l' ~ { -^ L = 2<7 2 A W (0 • (3-50) 

Z 92 

With respect to the variable Z = (g 2 ) 2 this equation is written as 



Z" + 2X [h] (OZ = 
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which can be integrated in explicit form if Am (£) = A[m = const, 



Z = Z [0] sin ^2\ [h]0 £ + £ [0 ] 
for some constants Zr ] and £[o] which means that 



£2 = -^[o] sin 2 (yj2\ [h]0 £ + £ [0] ) (3.51) 

parametrize in 'real' string gravity a class of solution of (j3.45J) for the signature 
(— , — , — , +) . For A[ft] — >• we can approximate gi = r 2 (£) q (£) = — £ 2 and Z"L = 1 which 
has compatibility with the data ()3.42|) . The solution (J3.51)) with cosmological constant 
(of string or non-string origin) induces oscillations in the "horozontal" part of the metric 
written with respect to N-adapted frames. If we put Ary (£) in (|3.50|1 . we can search the 
solution as = u 2 where u (£) solves the linear equation 

.. , \h] (0 n 

u H — — u = 0. 

4 

The method of integration of such equations is given in Ref. [32] • The explicit forms of 
solutions depends on function A^ (£) . In this case we have to write 

92 = r 2 (0 q [u] (0 = u 2 (0 . (3.52) 

For a suitable smooth behavior of Aai (() , we can generate such it (£) and r (£) when the 
r = r (0 is the inverse function after integration in (J3.36)) . 
The next step is to solve the equation (|3.46|) . 

h? - hl[ln ^/WMY = -2X [v] (x k , v)h 3 h 4 . 

For A = a class of solution is given by any h 3 and h A related as 



^3 = Vo 

for a constant rjo chosen to be negative in order to generate the signature ( 
For non-trivial A, we may search the solution as 

h = h (f , if) f 3 (f , (p) and h 4 = h A (f , tp) , 




-,-,-,+). 
(3.53) 
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which solves ()3.46|) if f% = 1 for Ar„] =0 and 



h~1 



\\ v \h^hi 

■dip 



K 



for A[„] ^ 0. 



Now it is easy to write down the solutions of equations (J3.47)) (being a linear equation 
for Wi) and ()3.48|) (after two integrations of rij on ip), 

Wi = ewi = —ati/P, (3.54) 

were oti and (3 are computed by putting ()3.53|) into corresponding values from ()3.49j) 
(we chose the initial conditions as Wi — > for e — > 0) and 

m = eni (£, v?) 

where the coefficients 

ni(e^) = %[i](o+^i[2](o y /3(e^)%(e^)/(yRe^y[) 3 ,^^(c^.55) 

= ni[i] (0 + nip] (0 y d<£ /a (6, ¥>) % (£, ¥>) = °5 

= n im (0 + «i[2] (0 y <fy>/ (Vm^) l) , ??3 = 0; 

with the functions rik[i,2] (0 to be stated by boundary conditions. 

We conclude that the set of data g\ = —1, with non-trivial (0 > h^ w i' an d rii 
stated respectively by (|3.51jl . ()3.53j) . ()3.54|1 . ()3.55j) we can define a black ellipsoid solution 
with explicit dependence on polarized cosmological "constants" Ar^ (x 1 ) and \[ v ](x k ,v), 
i. e. a metric (|3.44j) . 

Finally, we analyze the structure of noncommutative symmetries associated to the 
(anti) de Sitter black ellipsoid solutions. The metric (J3.44j) with real and/or complex 
coefficients defining the corresponding solutions and its analytic extensions also do not 
posses Killing symmetries being deformed by anholonomic transforms. For this solution, 
we can associate certain noncommutative symmetries following the same procedure as 
for the Einstein real/ complex gravity but with additional nontrivial coefficients of an- 
holonomy and even with nonvanishing coefficients of the nonlinear connection curvature, 
ttl 2 = 6iN$ - 5 2 Nf. Taking the data (pT54"jl and (J3~55J) and formulas (pOj) . we compute 
the corresponding nontrivial anholonomy coefficients 

™ [ 2 4 = -w [ w 4 = 9ni (£> <P) l dl P = n \ (6, <P) , (3-56) 
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for Si = d/dt; — Wid/dif and S 2 = d/dO — w 2 <9/<9<^, with n\ defined by ()3.55)) and «i i2 
and P computed by using the formula (J3.49)) for the solutions 1)3.53)) . We have a 4D 
exact solution with nontrivial cosmological constant. So, for n + m = 4, the condition 
k 2 — 1 = n + m can not satisfied by any integer numbers. We may trivially extend 
the dimensions like n' — 6 and ml = m = 2 and for k = 3 to consider the Lie group 
SL (3, IC) noncommutativity with corresponding values of Qr^a an d structure constants 

f~api see (JBI2SJ) - An extension — > W~ af3 may be performed by stating the N- 

______ ■y ■y [TVl'y 

deformed "structure" constants (|3._6|) . W- a/3 = f-^ + w a ^~, with nontrivial values of 

i N h _ _ _ 

w of given by ()3.56j) . We note that the solutions with nontrivial cosmological constants 

are with induced torsion with the coefficients computed by using formulas (|3.12|) and the 
data (I3~K_T) . lCP)3|) . and ipTSSjl . 



3.4.3 Analytic extensions of black ellipsoid metrics 

For the vacuum black ellipsoid metrics the method of analytic extension was con- 
sidered in Ref. |2S1I_3]- The coefficients of the metric (|3.31|) (equivalently (|3.38j) ) writ- 
ten with respect to the anholonomic frame (J3.6|) has a number of similarities with the 
Schwrzschild and Reissner-Nordstrom solutions. The cosmological "polarized" constants 
induce some additional factors like (£) and f% (£, ip) (see, respectively, formulas ()3.52|) 
and (j3.53|0 and modify the N-connection coefficients as in ()3.54|) and (|3.55J) . For a 
corresponding class of smooth polarizations, the functions and do not change 
the singularity structure of the metric coefficients. If we identify e with e 2 , we get a 
static metric with effective "electric" charge induced by a small, quadratic on e, off- 
diagonal metric extension. The coefficients of this metric are similar to those from the 
Reissner-Nordstrom solution but additionally to the mentioned frame anholonomy there 
are additional polarizations by the functions q^ u \ /i 3 [ ], /3, 773,4, Wi and Another very 
important property is that the deformed metric was stated to define a vacuum, or with 
polarized cosmological constant, solution of the Einstein equations which differs substan- 
tially from the usual Reissner-Nordstrom metric being an exact static solution of the 
Einstein-Maxwell equations. For the limits e — ► and q, fa, h^m — > 1 the metric 1)3.31)) 
transforms into the usual Schwarzschild metric. A solution with ellipsoid symmetry can 
be selected by a corresponding condition of vanishing of the coefficient before the term 
St which defines an ellipsoidal hypersurface like for the Kerr metric, but in our case 
the metric is non-rotating. In general, the space may be with frame induced torsion if 
we do not impose constraints on Wi and ni as to obtain vanishing nonlinear connection 
curvature and torsions. 
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The analytic extension of black ellipsoid solutions with cosmological constant can 
be performed similarly both for anholonomic frames with induced or trivial torsions. 
We note that the solutions in string theory may contain a frame induced torsion with 
the components (jl.43|) (in general, we can consider complex coefficients, see Ref. [TU] ) 
computed for nontrivial Nf, = —ai>/(3 (see ()3.54|) ) and Nf = erii (£, <p) (see (13 .55(0 . This 
is an explicit example illustrating that the anholonomic frame method can be applied 
also for generating exact solutions in models of gravity with nontrivial torsion. For such 
solutions, we can perform corresponding analytic extensions and define Penrose diagram 
formalisms if the constructions are considered with respect to N-elongated vierbeins. 

The metric (13.44)1 has a singular behavior for r = r±, see ()3.35j) . The aim of this 
subsection is to prove that this way we have constructed a solution of the Einstein 
equations with polarized cosmological constant. This solution possess an "anisotropic" 
horizon being a small deformation on parameter e of the Schwarzschild's solution horizon. 
We may analyze the anisotropic horizon's properties for some fixed "direction" given in 
a smooth vicinity of any values tp — (po and r + = r + (ip ) . The final conclusions will 
be some general ones for arbitrary <p when the explicit values of coefficients will have a 
parametric dependence on angular coordinate <p. The metrics ()3.31|) . or (|3.38|) . and ()3.44|) 
are regular in the regions I (oo > r > r*), II (r* > r > rf ) and III (rf > r > 0). As in 
the Schwarzschild, Reissner-Nordstrom and Kerr cases these singularities can be removed 
by introducing suitable coordinates and extending the manifold to obtain a maximal 
analytic extension |3*3*1 . We have similar regions as in the Reissner-Nordstrom space- 
time, but with just only one possibility e < 1 instead of three relations for static electro- 
vacuum cases (e 2 < m 2 , e 2 = m 2 , e 2 > m 2 ; where e and m are correspondingly the electric 
charge and mass of the point particle in the Reissner-Nordstrom metric). So, we may 
consider the usual Penrose's diagrams as for a particular case of the Reissner-Nordstrom 
space-time but keeping in mind that such diagrams and horizons have an additional 
polarizations and parametrization on an angular coordinate. 

We can proceed in steps analogous to those in the Schwarzschild case (see details, 
for instance, in Ref. jSTl)) i n order to construct the maximally extended manifold. The 
first step is to introduce a new coordinate 




for r > r. 



and find explicitly the coordinate 




(3.57) 
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where r\ = r* with $ = 1. If r is expressed as a function on £, than r" can be also 
expressed as a function on £ depending additionally on some parameters. 

Defining the advanced and retarded coordinates, v — t + r" and w = £ — r% with 
corresponding elongated differentials 

5v = 5t + dr" and 5iu = <5t — dr" 

the metric ()3.38|) takes the form 



5s 2 = -r 2 (Og N (0^ 2 - PcO/stf, ¥>o)r 2 (£) sin 2 0ty 2 + (1 



2m $ 4 (r, y ) 
r(0 ^ 2 (0 



(3.58) 



where (in general, in non-explicit form) r(£) is a function of type r(£) = r Or") = r (y, w) 
Introducing new coordinates (v",w") by 



v = arctan 



exp 



<y 1 <y 1 

4(ri) 2 



w = arctan 



exp 



-ri. + ri 



4(r 



M2 



Defining r by 



tanv tanw = — exp 



iy 1 y 1 



2 r 



1 ^2 



r — ri 



(y — )x ' ^ y 



and multiplying ()3.58|) on the conformal factor we obtain 



6s 2 



r 2 q [u] {r)d6 2 - r/ 3 (r, <f )f 3 (r, ip )r 2 sin 2 9 Sip' 2 



a ^4 



+64- 



2m $4M U 



(3.59) 



As particular cases, we may chose rj 3 (r, (p) as the condition of vanishing of the metric 
coefficient before 5v"5w" will describe a horizon parametrized by a resolution ellipsoid 
hypersurface. We emphasize that quadratic elements ()3.58|) and (J3.59J) have respective 
coefficients as the metrics investigated in Refs. [23 ED] but the polarized cosmological 
constants introduce not only additional polarizing factors q^(r) and /^(r, <y2 ) but also 
elongate the anholonomic frames in a different manner. 

The maximal extension of the Schwarzschild metric deformed by a small parameter e 
(for ellipsoid configurations treated as the eccentricity), i. e. the extension of the metric 
()3.44|) . is defined by taking ()3.59|) as the metric on the maximal manifold on which this 
metric is of smoothly class C 2 . The Penrose diagram of this static but locally anisotropic 
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space-time, for any fixed angular value (fo is similar to the Reissner-Nordstrom solution, 
for the case e 2 — * e and e 2 < m 2 (see, for instance, Ref. |37|)). There are an infinite 
number of asymptotically flat regions of type I, connected by intermediate regions II 
and III, where there is still an irremovable singularity at r = for every region III. We 
may travel from a region I to another ones by passing through the 'wormholes' made by 
anisotropic deformations (ellipsoid off-diagonality of metrics, or anholonomy) like in the 
Reissner-Nordstrom universe because y/e may model an effective electric charge. One 
can not turn back in a such travel. Of course, this interpretation holds true only for a 
corresponding smoothly class of polarization functions. For instance, if the cosmological 
constant is periodically polarized from a string model, see the formula (|3.50jh one could 
be additional resonances, aperiodicity and singularities. 



a 

We may eliminate this coordinate degeneration by introducing another new coordinates 



It should be noted that the metric 1)3.59)1 can be analytic every were except at r = r_ 



v'" = arctan 



exp 



y 1 y 1 



2n (r\ 



2 



, w'" = arctan 



_ y j <y 1 



2n {r\ 



where the integer n > (r^_) 2 /(ri) 2 . In these coordinates, the metric is analytic every 
were except at r = ri where it is degenerate. This way the space-time manifold can 
be covered by an analytic atlas by using coordinate carts defined by (v",w",9,<p) and 
(v'", w'", 8, ip). Finally, we note that the analytic extensions of the deformed metrics were 
performed with respect to anholonomc frames which distinguish such constructions from 
those dealing only with holonomic coordinates, like for the usual Reissner-Nordstrom 
and Kerr metrics. We stated the conditions when on 'radial' like coordinates we preserve 
the main properties of the well know black hole solutions but in our case the metrics are 
generic off-diagonal and with vacuum gravitational polarizations. 



3.4.4 Geodesies on static polarized ellipsoid backgrounds 

We analyze the geodesic congruence of the metric ()3.44|) with the data ()3.42|) modified 
by polarized cosmological constant, for simplicity, being linear on e,by introducing the 
effective Lagrangian (for instance, like in Ref. [T7j] ) 

2L = 9ap-r--r- = -{l-— + -5) b" "A H W T (3-60) 



ds ds \ r r 2 J \ds J \ds 

-r] 3 {r, <p)f 3 {r,<p)r 2 sin 2 9 (^) + (l - — + ^ ) ( ^ + en^) 

\ds J \ r r z J \ds ds J 



for r = r(£). 
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The corresponding Euler-Lagrange equations, 

d dL dL 



dsd 5 -^- 

as 



are 



and 



d 

ds 


ds 


d 
ds 


ds 


£ 

+ 2 






d 


a-— + 

r 


ds 



du c 



-773/3^ sin 9 cos 9 I 

as 



(3.61; 



$4= f dt 
ds 



+ n 



1 (is ds 



£$4 



Ids ds 



0. 



(3.62) 



where, for instance, $4 = <9 Q^/dip we have omitted the variations for d£/ds which may be 
found from (|3.fi0j) . The system of equations ()3.60j) - (j3.62|) transform into the usual system 
of geodesic equations for the Schwarzschild space-time if e — > and q^ u \ 773, fz — > 1 which 
can be solved exactly [16] . For nontrivial values of the parameter e and polarizations 
r/3, / 3 even to obtain some decompositions of solutions on e for arbitrary r/ 3 and ^i[i,2]> 
see (j3.41|) . is a cumbersome task. In spite of the fact that with respect to anholonomic 
frames the metrics (J3.38j) and/or (|3.44j) has their coefficients being very similar to 
the Reissner-Nordstom solution. The geodesic behavior, in our anisotropic cases, is 
more sophisticate because of anholonomy, polarization of constants and coefficients and 
"elongation" of partial derivatives. For instance, the equations ()3.61|) state that there is 
not any angular on ip, conservation law if (773/3)* 7^ 0, even for e — > (which holds both 
for the Schwarzschild and Reissner-Nordstom metrics). One follows from the equation 
(|3.62|) the existence of an energy like integral of motion, E = E + sE\, with 



£1 



] 2m\ dt 
r J ds 



$ 4 dt 
r 2 ds 



1 - 



2m 



ds 



The introduced anisotropic deformations of congruences of Schwarzschild's space- 
time geodesies maintain the known behavior in the vicinity of the horizon hypersurface 
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defined by the condition of vanishing of the coefficient (1 — 2m/r + e$ 4 /r 2 ) in ([3.59)1 . 
The simplest way to prove this is to consider radial null geodesies in the "equatorial 
plane", which satisfy the condition (J3.6()jl with 6 = n/2,d9/ds = 0,d 2 9/ds 2 = and 
dip/ds = 0, from which follows that 



where the coordinate r" is defined in equation 1)3.57)1 . In this formula the term propor- 
tional to £ can have non-singular behavior for a corresponding class of polarizations A4, 
see the formulas ([3.33)1 . Even the explicit form of the integral depends on the type of po- 
larizations 773(7", ipo), fs(r, (f ) and values ni[i,2](r), which results in some small deviations 
of the null-geodesics, we may conclude that for an in-going null-ray the coordinate time 
t increases from —00 to +00 as r decreases from +00 to r^_, decreases from +00 to —00 
as r further decreases from r l + to ri, and increases again from —00 to a finite limit as r 
decreases from r\ to zero. We have a similar behavior as for the Reissner-Nordstrom so- 
lution but with some additional anisotropic contributions being proportional to e. Here 
we also note that as dt/ds tends to +00 for r — > r\ + and to —00 as r_ + 0, any 
radiation received from infinity appear to be infinitely red-shifted at the crossing of the 
event horizon and infinitely blue-shifted at the crossing of the Cauchy horizon. 

The mentioned properties of null-geodesics allow us to conclude that the metric 
([3.31)1 (equivalently, ([3. 38)) ) with the data (J3.42)l and their maximal analytic extension 
(|3.59|) really define a black hole static solution which is obtained by anisotropic small 
deformations on e and renormalization by 773/3 of the Schwarzchild solution (for a cor- 
responding type of deformations the horizon of such black holes is defined by ellipsoid 
hypersurfaces) . We call such objects as black ellipsoids, or black rotoids. They exists 
in the framework of general relativity as certain solutions of the Einstein equations de- 
fined by static generic off-diagonal metrics and associated anholonomic frames or can 
be induced by polarized cosmological constants. This property disinguishes them from 
similar configurations of Reissner-Norstrom type (which are static electrovacuum solu- 
tions of the Einstein-Maxwell equations) and of Kerr type rotating configurations, with 
ellipsoid horizon, also defined by off-diagonal vacuum metrics (here we emphasized that 
the spherical coordinate system is associated to a holonomic frame which is a trivial case 
of anholonomic bases). By introducing the polarized cosmological constants, the anholo- 
nomic character of N-adapted frames allow to construct solutions being very different 




The integral of this equation, for every fixed value = (fo is 




192 



CHAPTER 3. NONCOMMUTATIVE BLACK ELLIPSOID SOLUTIONS 



from the black hole solutions in (anti) de Sitter spacetimes. We selected here a class of 
solutions where cosmological factors correspond to some additional polarizations but do 
not change the singularity structure of black ellipsoid solutions. 

The metric (13.31(1 and its analytic extensions do not posses Killing symmetries being 
deformed by anholonomic transforms. Nevertheless, we can associate to such solutions 
certain noncommutative symmetries ^U]. Taking the data (|3.42j) and formulas ()3.8(1 . we 
compute the corresponding nontrivial anholonomy coefficients 

w '?2 15 = - wi 2A = dn 2 (f , <p) /d<p = n* 2 (£, <p) (3.63) 

with n 2 defined by (|3.42() . Our solutions are for 4D configuration. So for n + m = 4, 
the condition k 2 — 1 = n + m can not satisfied in integer numbers. We may trivially 
extend the dimensions like n' — 6 and ml = m = 2 and for k — 3 to consider the 
Lie group SL (3, D) noncommutativity with corresponding values of and structure 

constants f\p, see ()3.23j) . An extension u>^ 7 — > W~ a/3 may be performed by stating the 

______ sy <y [TVj'Y 

N-deformed "structure" constants (|3.26(1 . = f-^* + w gJ f, with only two nontrivial 

values of w 1 ^- given by (|3.63(1 . In a similar manner we can compute the anholonomy 
coefficients for the black ellipsoid metric with cosmological constant contributions ()3.44j) . 

3.5 Perturbations of Anisotropic Black Holes 

The stability of black ellipsoids was proven in Ref. A similar proof may hold 

true for a class of metrics with anholonomic noncommutative symmetry and possible 
complexification of some off-diagonal metric and tetradics coefficients ^U]- I n this section 
we reconsider the perturbation formalism and stability proofs for rotoid metrics defined 
by polarized cosmological constants. 

3.5.1 Metrics describing anisotropic perturbations 

We consider a four dimensional pseudo-Riemannian quadratic linear element 



ds 2 = tt(r, if) 



-(l- 2 -H + ±\ 1 dr i _ r 2 qW(r)d9 2 - V ?(r, 6, p)r 2 sin 2 65 V 2 
\ r r 2 J 



2m e . . 
1 + -zV{r,<p) 



+ 

m(r,6,(p) = rj 3 (r,e,ip)f 3 (r,9,if) 



5t 2 , (3.64) 
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with 

5 ip = dip + ewx(r, <p)dr, and St — dt + erii(r, ip)dr, 

where the local coordinates are denoted u = {u a = (r, 9, <p, £)} (the Greek indices a, j3, ... 
will run the values 1,2,3,4), e is a small parameter satisfying the conditions < e <C 1 
(for instance, an eccentricity for some ellipsoid deformations of the spherical symmetry) 
and the functions Q(r, ip), q(r), r] 3 (r, 9, ip) and r](9, cp) are of necessary smooth class. The 
metric 1)3.64)1 is static, off-diagonal and transforms into the usual Schwarzschild solution 
if £ — f and Q,q^,r]^ — > 1. For vanishing cosmological constants, it describes at least 
two classes of static black hole solutions generated as small anhlonomic deformations 
of the Schwarzschild solution [TJ El EHJ EDI ED EE] but models also nontrivial vacuum 
polarized cosmological constants. 

We can apply the perturbation theory for the metric ()3.64)) (not paying a special 
attention to some particular parametrization of coefficients for one or another class of 
anisotropic black hole solutions) and analyze its stability by using the results of Ref. ^H] 
for a fixed anisotropic direction, i. e. by imposing certain anholonomic frame constraints 
for an angle (p = (p but considering possible perturbations depending on three variables 
(u 1 = x 1 = r, u 2 = x 2 = 9, u A = t). We suppose that if we prove that there is a 
stability on perturbations for a value (po, we can analyze in a similar manner another 
values of (p. A more general perturbative theory with variable anisotropy on coordinate 
ip, i. e. with dynamical anholonomic constraints, connects the approach with a two 
dimensional inverse problem which makes the analysis more sophisticate. There have 
been not elaborated such analytic methods in the theory of black holes. 

It should be noted that in a study of perturbations of any spherically symmetric 
system and, for instance, of small ellipsoid deformations, without any loss of general- 
ity, we can restrict our considerations to axisymmetric modes of perturbations. Non- 
axisymmetric modes of perturbations with an e mip dependence on the azimutal angle ip 
(n being an integer number) can be deduced from modes of axisymmetric perturbations 
with n = by suitable rotations since there are not preferred axes in a spherically sym- 
metric background. The ellipsoid like deformations may be included into the formalism 
as some low frequency and constrained perturbations. 

We develop the black hole perturbation and stability theory as to include into con- 
sideration off-diagonal metrics with the coefficients polarized by cosmological constants. 
This is the main difference comparing to the paper [35]. For simplicity, in this section, 
we restrict our study only to fixed values of the coordinate ip assuming that anholonomic 
deformations are proportional to a small parameter e; we shall investigate the stability 
of solutions only by applying the one dimensional inverse methods. 
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We state a quadratic metric element 

ds 2 = -e^idu^-e^iduy-e^iSu'f + e^iSu 4 ) 2 



where 



with 



Su 3 = dip — qidx 1 — q 2 dx 2 — uidt, (3.65) 

5u 4 = dt + ri\dr 

fi a (x k ,t) = ^\x k ,v ) + 5^\x k ,t), (3.66) 

qi (x k ,t) = qP(r,<f ) + 5q^\x k ,t), u(x k ,t) = + 5J<\x k ,t) 



^ = n(r^ )(l - — + ^)~\ e 2 ^ = fi(r,^ )g M (r)r 2 , (3.67) 



s 9 . 9 „ u,\, , o„( £ ) . 2m . e_ 

2 ' 



e-f-a = Q( r , (f )r 2 sin 2 0% J (r> y? ), e 2 ^ =1 — + — r?(r, <po) 



and some non-trivial values for qf and erii, 

m = e (ni[i]{r) +ni[ 2 ]{r)J r] 3 (r, ip)dipj . 

We have to distinguish two types of small deformations from the spherical symmetry. 
The first type of deformations, labelled with the index (e) are generated by some e-terms 
which define a fixed ellipsoid like configuration and the second type ones, labelled with 
the index (q), are some small linear fluctuations of the metric coefficients 

The general formulas for the Ricci and Einstein tensors for metric elements of class 
(|3.65|) with tUj,rii = are given in [TB]. We compute similar values with respect to 
anholnomic frames, when, for a conventional splitting u a = (x\y a ), the coordinates x % 
and y a are treated respectively as holonomic and anholonomic ones. In this case the 
partial derivatives d/dx 1 must be changed into certain 'elongated' ones 



d 


5 


d 


d 


d 


dx 1 


dx 1 


dx 1 


Wl d(p 


~ ni Ft 


d 


5 


d 


d 




dx 2 


dx 2 


dx 2 


- w 2 —, 
dip 





see details in Refs [213 EJ I2H1 ED] ■ In the ansatz (|3.65|h the anholonomic contributions of 
Wi are included in the coefficients qi(x k ,t). For convenience, we give present bellow the 
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necessary formulas for R a/3 (the Ricci tensor) and G a p (the Einstein tensor) computed 
for the ansatz ()3.65j) with three holonomic coordinates (r, 6, if) and on anholonomic 
coordinate t (in our case, being time like), with the partial derivative operators 

_ . d d d d d d 

<h Oi = ^-wt- m— , b 2 = — - w 2 —, o 3 = — , 

or dip at ov dip dip 

and for a fixed value Pq. 

A general perturbation of an anisotropic black-hole described by a quadratic line 
element (13.65(1 results in some small quantities of the first order u and inducing 
a dragging of frames and imparting rotations, and in some functions fi a with small 
increments 5fi a , which do not impart rotations. Some coefficients contained in such 
values are proportional to e, another ones are considered only as small quantities. The 
perturbations of metric are of two generic types: axial and polar one. We shall investigate 
them separately in the next two subsection after we shall have computed the coefficients 
of the Ricci tensor. 

We compute the coefficients of the the Ricci tensor as 

and of the Einstein tensor as ^ 

G/3-y = R/3-y — 7T ##7 ^ 

for R = g^Rp-f. Straightforward computations for the quadratic line element (|3.65j) give 

Rxx = -e" 2m [5n(/i3 + M4 + M2) + ^iA*3^i(/^3 - Mi) + Si/i 2 Si(li2 - Mi) + (3.68) 
^iM4^i(M4 - Mi)] - e~ 2M2 [<5 2 2 Mi + ^Mi^(M3 + M4 + Mi - M2)] + 



e^^Mi + d m d 4 (fi 3 - M4 + Mi + M2)] - \e 2 ^~^[e^Q\ 2 + e~ 2 ^Q 2 w , 



2 

R12 = -e _Atl_M2 [5 2 5i(M3 + M2) - ^2Mi^i(M3 + Mi) - ^iM2^4(M3 + M 

?24j 



+5iM 3 5 2 M3 + <W 2 M 4 ] + ~e 2 ^- 2 ^-^Q u Q.: 



R 31 = — e 2 ^- flA ^ 2 [6 2 (e 3 ^ + ^- tll ~ , " 2 Q 21 ) + d^e^-^+^-^Q^)}, 

R33 = -e~ 2w [tf^/zg + SifjisSi. (M3 + M4 + M2 - Mi)] ~ 

e- 2 ^[5 2 2 2 /i 3 + 8 2 ^d 2 {^ + M4 - M2 + Mi)] + U 2 ^-^-^Q\ 2 + 

e- 2fl4 [d 2 u ^ + d m d 4 (fx 3 - M4 + M2 + Mi)] - ^^l^Ql* + e^Ql], 
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R 41 = -e Ml tl4 ld i 5 1 ([i 3 + fi 2 ) + 5 1 [i 3 d i ([i 3 - [i!) + 5 1 [i2d i ( y fi2- Hi) 

R 43 = _I e 2M3-^l-W[ 5l ( e 3^3-M4-W+M2g i4 ) +( 5 2 ( e 3M3-M4+Mi-M2Q 24 )] ; 

Ru = -e~ 2/M [9| 4 (//i + /i 2 + fa) + 9 4 fj, 3 d 4 (fj, 3 - yu 4 ) + d^ x d A {ni - /i 4 ) + 
d A n 2 d A {n,2 - fa)} + e~ 2w [£11/^4 + 5i// 4 5i(/i 3 + /i 4 - /it + // 2 )] + 

e- 2 ^[4^4 + <W 2 <>3 + /x 4 - Hi + fa)} - ±e 2 ^-^[e- 2 ^Ql + e^Q 2 ,], 

where the rest of coefficients are defined by similar formulas with a corresponding chang- 
ing of indices and partial derivative operators, R 22 , R i2 and R 32 is like Ru, R41 and R 3 i 
with with changing the index 1 — > 2. The values and Q i4: are defined respectively 

Qij = Sjqi - Siqj and Q i4 , = - 5^. 

The nontrivial coefficients of the Einstein tensor are 

Gn = e~ 2f12 [S 22 (fa + fa) + 5 2 (fi 3 + fa)8 2 {fa - fa) + 5 2 fx 3 5 2 n 3 ] - 
e~ 2/M [dl 4 (fa + ijl 2 ) + d 4 (fa + fa)d ll (fa - fa) + <9 4 /i3<9 4 /i3] + 
e~ 2fil [81/14 + <5i(>3 + /i 2 ) + <5i/U 3 <5i/! 2 ] - (3.69) 

-e^fe -2 ^ 1 ^ 2 ^ 2 , — e~ 2(/tl+At4 )<3i 4 + e -2 ^ 2 ^ 3 -^ 2 ^], 



G 33 = e~ 2>11 {5 2 u{fa + fa) + bifa&i{fa- Hi + fa) + bifa^iifa- Hi)} + 
e~ 2M2 [<5 22 (>4 + /ii) + 8 2 {fa - Hi + Hi) + 8 2 fad 2 {fa ~ H2)] ~ 
e -2 M4 ^^ i _|_ ^ _|_ g^d^fa - ha) + dAfad±{fa - Hi) + %*i<9 4 // 2 ] + 

^ 2 W r -2dui+ W )n2 _ -2(/ii+ W )r) 2 _ ^"2(^2+^)^2 1 

e [e ^12 e 1^14 e V24J5 



G44 = e 2w [511(^3 + ^2) +5i/i 3 5i(/i3-/ii+/i 2 ) +5i/i 2 (5i( / U 2 -/ii)] - 

e~ 2M2 [4^3 + + ^(/i 3 -H2 + Hi) + ^HMfa ~ H2)} ~ ^e 2 ^~^~^Q 2 12 
+e~ 2lM [d m d 4 ( l x 1 + h 2 ) + d m d m ] - ie 2 ^-^)[ e -^Q? 4 - e~ 2 ^Q 2 2A }. 

The component G 22 is to be found from Gu by changing the index 1 — >• 2. We note that 
the formulas (J3.69)) transform into similar ones from Ref. [HE] if S 2 — > d 2 . 
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3.5.2 Axial metric perturbations 

Axial perturbations are characterized by non-vanishing uo and qi which satisfy the 
equations 

Rzi = o, 



see the explicit formulas for such coefficients of the Ricci tensor in ()3.fi8|) . The resulting 
equations governing axial perturbations, SR31 = 0, 5Rs 2 = 0, are respectively 



5 2 (e^+^-^-^Q 
6 1 (M'^-tf-WQ 



14, 



(3.70) 



where 



Qij = S i q j - Sjq h Q iA = d A qi - 5iU 



(3.71) 



and for //j there are considered unperturbed values [i f . Introducing the values of coef- 
ficients (I3.fifij) and ()3.67j) and assuming that the perturbations have a time dependence 
of type exp(icrt) for a real constant a, we rewrite the equations ()3.7()|) 



1 + e (A" 1 + 3r 2 0/2) 
r 4 sin 3 0(?7f ] ) 3 / 2 



S 2 Q 



in) 



A 



r 4 sin 3 %^) 3 /2 



61 <Q 



2 V A 



r 2 (f) 



—ia5 r u — a 2 qi, (3.72) 
iadgu + a 2 q2 (3.73) 



for 



Q (r?) (r, 9, <^ , t) = AQ 12 sin 3 9 = A sin 3 6(d 2qi - S 1 q 2 ), A = r 2 - 2mr, 



where = for solutions with Q — 1 and <f>(r, (p) = 773 (r, 6, <p) sin 2 6, i. e. 773 (r, 6, <p) ~ 
sin -2 # for solutions with Q — 1 + £.... 

We can exclude the function a; and define an equation for if we take the sum 
of the (|3.72|) subjected by the action of operator d 2 and of the (|3.73j) subjected by the 
action of operator Si. Using the relations (|3.71|) . we write 



r% 



A 



W) 3/2 



St 



V T 2 



e ( 77 — 1 



A 



+ 



sin 3 0ft, 



1 + ^(A" 1 + 3r 2 0/2) 
sin 3 ^ 1 ) 3 / 2 



S 2 Q M 



+ 



<r 2 r 4 







('/) 
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The solution of this equation is searched in the form = Q + eQ^ which results in 



r 4 di 



A 



r\m ) 3/2 



dxQ +sm 3 6d 2 



sin 3 6(r] [ p) 3 / 2 



d 2 Q + 



a 2 r 4 



A(r/^) 3 / 2 



Q = eA (r, 9, ip ) 



(3.74) 



where 



A(r,e,<p ) = r% 



A 



W) s/a 



i 4, 



A 



lrf J)3/2 



sin 3 #<5 2 



1 +e(A" 1 + 3r 2 0/2) 
sin 3 ^ 1 ) 3 / 2 



A(< J ) 3 / 2 



g 



(i) 



with a time dependence like expfzat] 

It is possible to construct different classes of solutions of the equation ([3.74)1 . At the 
first step we find the solution for Q when e = 0. Then, for a known value of Q (r, 9, ipo) 
from 

=Q + eQ {l \ 

we can define from the equations ()3.72j) and ()3.73|) by considering the values pro- 
portional to e which can be written 



diQ (1) = B l {r,6,^) 
d 2 QW = B 2 (r,9,<p ) 



(3.75) 



The integrability condition of the system 1)3.75)) . d±B 2 = d 2 B\ imposes a relation between 
the polarization functions 773, rj, w i and n\ (for a corresponding class of solutions). In 
order to prove that there are stable anisotropic configurations of anisotropic black hole 
solutions, we may consider a set of polarization functions when A (r, 9, <po) = and the 
solution with = is admitted. This holds, for example, if 

Ani = n r 4 (77^ ) 3//2 , n = const. 

In this case the axial perturbations are described by the equation 



tf ] ) 3/ V9 a 



A 



1(77 N)3/2 



d 1 Q)+ sin 3 95 2 



a 2 r 4 



-r^ 2 g + — g = 

sin 9 



A 



(3.76) 



which is obtained from (|3.74J) for 773 = 773 (r, </?o) , or for 0(r, </? ) = % (r, 9, ip ) sin 2 6*. 
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In the limit 773 — > 1 the solution of equation ()3.76|) is investigated in details in 
Ref. PHI- Here, we prove that in a similar manner we can define exact solutions for 
non-trivial values of rj^\ The variables r and 9 can be separated if we substitute 

Q(r,9, Vo ) = Qo(r, Vo )C l+ T(9), 

where C% are the Gegenbauer functions generated by the equation 

^-sm 2v 9-^ + n(n + 2v)sm 2u 9 C v n {9) = 0. 
do do 



The function C l ^l' 2 {9) is related to the second derivative of the Legendre function Pi(9) 



by formulas 



Ci + f(9) = sin 3 ^-- 



d 
d~9 



1 dP0) 
sin 9 d9 



The separated part of (j3.76|) depending on radial variable with a fixed value <£>o transforms 
into the equation 



dr 



dr 



(3.77) 



where n 2 = (I — 1)(/ + 2) for i = 2,3, ... A further simplification is possible for rj^ 
r)^\r, (fio) if we introduce in the equation (J3.77)) a new radial coordinate 



(4" ] ) 3/2 (r, Vo )r 2 dr 



and a new unknown function Z™ = r 1 Qo( r )- The equation for is an Schrodinger 
like one-dimensional wave equation 



d 2 a 2 
+ 



dr% (^i)3/2 



(3.78) 



with the potential 
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and polarized parameter 

? 2 = *7tf ] ) 3/2 - 

This equation transforms into the so-called Regge- Wheeler equation if 773 = 1. For 
instance, for the Schwarzschild black hole such solutions are investigated and tabulated 
for different values of I = 2, 3 and 4 in Ref. jlfij . 

We note that for static anisotropic black holes with nontrivial anisotropic conformal 
factor, Q = 1 + £..., even 773 may depend on angular variable 9 because of condition 
that 0(r, ip ) = r/P (r, 6, ipo) sin 2 9 the equation (J3.76j) transforms directly in ()3.78j) with 
fi = without any separation of variables r and 9. It is not necessary in this case to 
consider the Gegenbauer functions because Qo does not depend on 9 which corresponds 
to a solution with 1 = 1. 

We may transform (|3.78jl into the usual form, 

if we introduce the variable 

r* = J rfr # (#)- 3/2 (r # ,^ ) 

for = (r]^) 3 ^ 2 V^ . So, the polarization function rj^\ describing static anholonomic 
deformations of the Schwarzshild black hole, " renormalizes" the potential in the one- 
dimensional Schrodinger wave-equation governing axial perturbations of such objects. 

We conclude that small static "ellipsoid" like deformations and polarizations of con- 
stants of spherical black holes (the anisotropic configurations being described by generic 
off-diagonal metric ansatz) do not change the type of equations for axial petrubations: 
one modifies the potential barrier, 

= — [(/x 2 + 2) r - 6m] — ► V® 

and re-defines the radial variables 

r* = r + 2m In (r/2m — 1) — > r *{vo) 

with a parametric dependence on anisotropic angular coordinate which is caused by the 
existence of a deformed static horizon. 
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3.5.3 Polar metric perturbations 

The polar perturbations are described by non-trivial increments of the diagonal met- 
ric coefficients, 8fi a = S^ia + 8fi a « , for 

^ = v a + 

where 8/j,a\x k ,t) parametrize time depending fluctuations which are stated to be the 
same both for spherical and/or spheroid configurations and 8^ is a static deformation 
from the spherical symmetry. Following notations (J3.66|) and ()3.67|) we write 

e Vl =r/^/\A\,e V2 = r^\q^(r)\,e V3 = rh 3 sin 6, e m = A/r 2 

and 

= ~\ (A" 1 + r 2 t) , 6$ = 8^ = -|r 2 0, 6$ = || 

where = for the solutions with Q = 1. 

Examining the expressions for i? 4i , RnR 33 and Gn (see respectively ()3.68j) and ()3.69j) 
) we conclude that the values Qij appear quadratically which can be ignored in a linear 
perturbation theory. Thus the equations for the axial and the polar perturbations de- 
couple. Considering only linearized expressions, both for static e-terms and fluctuations 
depending on time about the Schwarzschild values we obtain the equations 



Si (S/12 + Sfi 3 ) + - 81/14) (8fjL 2 + Sn 3 ) - 2r _1 5/ii 


= 


{8Rai 


= 0), 


82 {8 Hi + 8/j 3 ) + (5/J.2 - 8/j 3 ) cot 9 


= 


(8R42 


= 0), 


8 2 8i (5fi 3 + <fy/ 4 ) - 81 (8/j, 2 - 5/i 3 ) cot 9— 








(r _1 - 5i/i 4 ) 8 2 {8ii4) - (r _1 + 5i/i 4 ) 6 2 {Sfi 1 ) 


= 


(8R42 


= 0), 


e 2 M4 | 2 ^.-1 + Si(8fx 3 ) + r" 1 ^ (8^3 + 8fx 4 - 8m + 8fx 2 ) + 






(3.80) 


81 [8i{8fi 3 )\ - 2r~ 1 5 / i 1 (r- 1 + 28 m )} - 2e~ 2 ^ d A [d A {8 /x 3 )] + 








r~ 2 {8 2 [8 2 (8 /i 3 )] + 8 2 (2<5/i 3 + 8/j, 4 + 8/ji - 8/j, 2 ) cot 9 + 2<5/i 2 } 


= 


(8R 33 


= 0), 


e- 2 ^[r- 1 8 1 (8^) + (r" 1 + S^a) 8± (fy 2 + fy 3 ) - 








2^8/2, (r- 1 + 28ifi 4 )\ - e- 2 ^d 4 [d 4 (8fi 3 + 8fi 2 )\ 








+r- 2 {8 2 [82{8H 3 )] + 8 2 (28fi 3 + 5// 4 - 8/i 2 ) cot 9 + 28fi 2 } 


= 


(8G n 


= 0). 



The values of type 8/i a = Sfia + 8/ia from ()3.80|) contain two components: the first 
ones are static, proportional to e, and the second ones may depend on time coordinate 
t. We shall assume that the perturbations 8/ia have a time-dependence exp[cx£] so that 
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the partial time derivative "<9 4 " is replaced by the factor ia. In order to treat both type 
of increments in a similar fashion we may consider that the values labelled with (e) also 
oscillate in time like expfa^t] but with a very small (almost zero) frequency — ► 0. 
There are also actions of "elongated" partial derivative operators like 

Si (SfMa) = di (5 Ha) - en x d A (8fjL a ) ■ 

To avoid a calculus with complex values we associate the terms proportional en\d A to 
amplitudes of type ein\d 4 and write this operator as 

Si (5 Ha) = di (S/ia) + en x a (8fjL a ) . 

For the "non-perturbed" Schwarzschild values, which are static, the operator Si reduces 
to d%, i.e. 8\v a = div a . Hereafter we shall consider that the solution of the system (|3.80|) 
consists from a superposition of two linear solutions, 5fi a = 8[J>a +8fJ>a] the first class of 
solutions for increments will be provided with index (e), corresponding to the frequency 
cr^) and the second class will be for the increments with index (q) and correspond to the 
frequency We shall write this as 8/j,^ and <tm) for the labels A = e or q and suppress 
the factors expfc^ A H] in our subsequent considerations. The system of equations f!3.80|) 
will be considered for both type of increments. 

We can separate the variables by substitutions (see the method in Refs. [HI EE]) 

8fi[ A) = L (A) (r)P / (cos^), 5/4 A) = [T (A) (r)P (cos 9) + V (A \r)d 2 P l /d6 2 ] , (3.81) 
SfjM = [T (A) (r)P / (cos0) + V {A \r) cot OdPi/dO] , 8fi{ A) = iV (A) (r)P(cos#) 

and reduce the system of equations ()3.80j) to 

8i(N^-L^) = (r- 1 -d 1 u 4 )N^ + {r- 1 + d 1 u 4 )L^ A \ 
8 X LW + (2r- x - d^ A ) = - [8 X X^ + (r" 1 - «V 4 ) X™] , (3.82) 

and 

2r- 1 5 1 (N {A) ) - 1(1 + l)r~ V 2 " 4 iV (A) - 2r~ 1 (r~ 1 + 2d 1 u 4 )L {A) - 2(r" x + (3.83) 
8^)81 [N^ + + 2)K (A) /2] + 2)r- 2 e~ 2vi {V {A) - L (A) ) - 

2°U) e ~ 4V4 l L(A) + ( l ~ W + 2 )^ (A) /2] = 0, 
where we have introduced new functions 



X< A ) = hi- l)(l + 2)V {A) 
2 
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and considered the relation 



T {A) _ y(A) + L (A) = q ( § R 42 =0). 



We can introduce the functions 



L (A) = L (A) +ea{A) J niL (A) d ^ N {A)= N {A) +£a{A) l niN (A) d ^ (3 _g 4) 
f{A) = N (A) +£(T{a) I niN (A) dr ^ y(A) = y{A) +£a{A) f ^(A)^ 



for which 

djZM = 5 1 , = 5 1 (JV< A >) , 0^ = 8 X (T< A >) , djV^ = 5, (V^) , 

and, this way it is possible to substitute in (|3.82|) and (|3.83|) the elongated partial deriva- 
tive 5i by the usual one acting on "tilded" radial increments. 

By straightforward calculations (see details in Ref. ^H]) one can check that the 
functions 

(+) 2 6mX^)/r(/ -!)(/ + 2) - 
^ r r (l- l)(/ + 2)/2 + 3m 

satisfy one-dimensional wave equations similar to ()3.78j) for Z^' with 773 = 1, when 

= r*, 



f ^ _L rP- \ ?(+) T/(+) 



7(+) 



/(+) 



(A): 



£0" 



(3.85) 



(.4) 



where 



2A 



r 5 [r(/-l)(/ + 2)/2 + 3m] 



- x {9m 2 -(/-!)(/ + 2) +m 



(3.86) 



+ i(/-l) 2 (/ + 2)V 



2 r 



For e — > 0, the equation ()3.85|) transforms in the usual Zerilli equation [iTH ITB]. 
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To complete the solution we give the formulas for the "tilded" L-, X- and iV-factors, 
L<» = ^>-^±%> (3.87) 

5tw = (i " 1 || i + 2) ($' A » + ^ ) ) ), 



m — 



m 2 + r^f A) \ $W _ (/-i)(/ + 2 )r ggjg 
r-2m J r 2 2(7 - 1)(7 + 2) + 12m dr # 
(/-!)(/ + 2) 



[r(7-l)(Z + 2) + 6mf 

1 2 777 ^ 7* 

+ 3m(Z -!)(/ + 2) + -(/ -!)(/ + 2) [(/ -!)(/ + 2) + 2] 



where 



Z 



(+) 



Following the relations (|3.84|) we can compute the corresponding "untilded" values an 
put them in (j3.81j) in order to find the increments of fluctuations driven by the system 
of equations (|3.80|) . For simplicity, we omit the rather cumbersome final expressions. 

The formulas (|3.87|) together with a solution of the wave equation (|3.85j) complete the 
procedure of definition of formal solutions for polar perturbations. In Ref. ^B] there are 
tabulated the data for the potential ()3.86|) for different values of I and (I — 1) (Z + 2)/2. In 
the anisotropic case the explicit form of solutions is deformed by terms proportional to 
en\<j. The static ellipsoidal like deformations can be modelled by the formulas obtained 
in the limit o< e \ — > 0. 



3.5.4 The stability of polarized black ellipsoids 

The problem of stability of anholonomically deformed Schwarzschild metrics to ex- 
ternal perturbation is very important to be solved in order to understand if such static 
black ellipsoid like objects may exist in general relativity and its cosmological constant 
generalizations. We address the question: Let be given any initial values for a static lo- 
cally anisotropic configuration confined to a finite interval of r*, for axial perturbations, 
and r#, for polar perturbations, will one remain bounded such perturbations at all times 
of evolution? The answer to this question is to obtained similarly to Refs. [16J and B6 
with different type of definitions of functions g and for different type of black 
holes. 
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We have proved that even for anisotropic configurations every type of perturbations 
are governed by one dimensional wave equations of the form 

^- + a 2 Z = VZ (3.88) 
dp 

where p is a radial type coordinate, Z is a corresponding Z^ or zf^ with respec- 
tive smooth real, independent of a > potentials V^' or with bounded inte- 
grals. For such equations a solution Z(p, a, (p ) satisfying the boundary conditions 
Z e ia P + R{a)e- lup (p -> +oo) and Z T{a)e iap {p -oo) (the first ex- 
pression corresponds to an incident wave of unit amplitude from +oo giving rise to a 
reflected wave of amplitude R(<j) at +oo and the second expression is for a transmitted 
wave of amplitude T(a) at — oo), provides a basic complete set of wave functions which 
allows to obtain a stable evolution. For any initial perturbation that is smooth and 
confined to finite interval of p, we can write the integral 

/+oo 
$(a,0)Z(p,a)da 
-oo 

and define the evolution of perturbations, 

/+oo 
^(a,0)e M Z(p,a)da. 
-oo 

The Schrodinger theory states the conditions 

x> r+oo r+oo 

m P ,0)\ 2 dp= / ma,0)\ 2 da= / |^(p,0)| 2 cip, 



from which the boundedness of ip(p,t) follows for all t > 0. 

In our consideration we have replaced the time partial derivative d/dt by ia, which 
was represented by the approximation of perturbations to be periodic like e lcrt . This is 
connected with a time-depending variant of ()3.88|) . like 

= ^£ _ vz 

dt 2 dp 2 

Multiplying this equation on dZ/dt, where Z denotes the complex conjugation, and 
integrating on parts, we obtain 



f +co fdZd 2 Z dZ d 2 Z Trry dZ\ . 

L {-m^F + ^p-dWp- + vz ^) dp = 
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providing the conditions of convergence of necessary integrals. This equation added to 
its complex conjugate results in a constant energy integral, 



dZ 



Of 



+ 



dZ 



dp 



V \Z\ dp = const, 



which bounds the expression \dZ/dt\ 2 and excludes an exponential growth of any bound- 
ed solution of the equation ()3.88|) . We note that this property holds for every type of 
"ellipsoidal" like deformation of the potential, V — ► V+eV^, with possible dependencies 
on polarization functions as we considered in (|3.79|) and/or ()3.86j) . 

The general properties of the one-dimensional Schrodinger equations related to per- 
turbations of holonomic and anholonomic solutions of the Einstein equations allow us to 
conclude that there are locally anisotropic static configurations which are stable under 
linear deformations. 

In a similar manner we may analyze perturbations (axial or polar) governed by a 
two-dimensional Schrodinger waive equation like 

d 2 Z d 2 Z A . x d 2 Z rr/ 

+ A(p,cp,t)—-V(p, y,t)Z 



dt 



dp 2 



dcp 2 



for some functions of necessary smooth class. The stability in this case is proven if exists 
an (energy) integral 



+00 



dZ 



dt 



dZ 



dp 



+ 



dp 



V \Z\ ] dpdcp = const 



which bounds \dZ/dt\ 2 for two-dimensional perturbations. For simplicity, we omitted 
such calculus in this work. 

We emphasize that this way we can also prove the stability of perturbations along 
"anisotropic" directions of arbitrary anholonomic deformations of the Schwarzschild so- 
lution which have non-spherical horizons and can be covered by a set of finite regions 
approximated as small, ellipsoid like, deformations of some spherical hypersurfaces. We 
may analyze the geodesic congruence on every deformed sub-region of necessary smoothly 
class and proof the stability as we have done for the resolution ellipsoid horizons. In 
general, we may consider horizons of with non-trivial topology, like vacuum black tori, 
or higher genus anisotropic configurations. This is not prohibited by the principles of 
topological censorship [41J if we are dealing with off-diagonal metrics and associated 
anholonomic frames [Tj. The vacuum anholonomy in such cases may be treated as an 
effective matter which change the conditions of topological theorems. 
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3.6 Two Additional Examples of Off— Diagonal Exact 
Solutions 

There are some classes of exact solutions which can be modelled by anholonomic 
frame transforms and generic off-diagonal metric ansatz and related to configurations 
constructed by using another methods ^HJEHj- We analyze in this section two classes of 
such 4D spacetimes. 



3.6.1 Anholonomic ellipsoidal shapes 



The present status of ellipsoidal shapes in general relativity associated to some 
perfect-fluid bodies, rotating configurations or to some families of confocal ellipsoids 
in Riemannian spaces is examined in details in Ref . ^H] ■ We shall illustrate in this sub- 
section how such configurations may be modelled by generic off-diagonal metrics and/or 
as spacetimes with anisotropic cosmo logical constant. The off-diagonal coefficients will 
be subjected to certain anholonomy conditions resulting (roughly speaking) in effects 
similar to those of perfect-fluid bodies. 

We consider a metric ansatz with conformal factor like in ()3.64j) 



5s 2 
Sv 
St 



tt(9, v) [ gi d9 2 + g 2 (9)dip 2 + h 3 (9, v)bv 2 + fc 4 (0, u)5t 2 ] 
dv + Wi(9, v)d9 + w 2 (9, v)dip, 
dt + n\(9, v)d9 + n 2 (9, u)dip, 



(3.89) 



where the coordinated (x 1 
the timelike coordinate y A 
when 



9, x 2 = (p) are holonomic and the coordinate y 3 = v and 
t are 'anisotropic' ones. For a particular parametrization 



tt = fyo](f) = v (P)P 2 > 9i = !> 

92 = g2[o] = sin 2 9, h 3 = h 3 [o] = l,h 4 = h m = -1, 

Wx = 0, w 2 = w 2 [ ](9) = sin 2 9, n 1 = 0, n 2 = n 2 [o](9) = 2R cos9 

and the coordinate v is defined related to p as 

P 



(3.90) 





f(p) 


/ 


v(p) 



we obtain the metric element for a special case spacetimes with co-moving ellipsoidal 
symmetry defined by an axially symmetric, rigidly rotating perfect-fluid configuration 
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with confocal inside ellipsoidal symmetry (see formula (4.21) and related discussion in 
Ref . [IE] , where the status of constant _R and functions v (p) and / (p) are explicitly 
defined) . 

By introducing nontrivial "polarization" functions (0) and 7/3,4(0, v) for which 

92 = #2[o]9 M (0) , h,4 = 7/3,4(0, v)h 3A [o] 

we can state the conditions when the ansatz ()3.89|) defines a) an off-diagonal ellipsoidal 
shape or b) an ellipsoidal configuration induced by anisotropically polarized cosmological 
constant. 

Let us consider the case a). The Theorem 2 from Ref. j20] and the formula (72) in 
Ref. (see also the Appendix in 10 j) states that any metric of type (|3.89|) is vacuum 
if fipi/w = h 3 for some integers pi and P2, the factor Q = Qm(9,u)Quj\(u) satisfies the 
condition 

diQ - { Wi + C<) d u Q = 
for any additional deformation functions Q(9, v) and the coefficients 

9i = 1,92 = 92[Q\q [v] (0) , h A = r] 3A (9,u)h 3A[0] ,Wi(9,u),ni(9,u) (3.91) 

satisfy the equations ()3.17|) - (j3.20j) . The procedure of constructing such exact solutions 
is very similar to the considered in subsection 4.1 for black ellipsoids. For anholonomic 
ellipsoidal shapes (they are characterized by nontrivial anholonomy coefficients ()3.8|) 
and respectively induced noncommutative symmetries) we have to put as "boundary" 
condition in integrals of type ()3.41j) just to have rii = 0, n 2 = 7i2[o](0) = 2_R o cos0 from 
data ()3.90j) in the limit when dependence on "anisotropic" variable v vanishes. The 
functions Wi(9,u) and 7^(0, v) must be subjected to additional constraints if we wont 
to construct ellipsoidal shape configurations with zero anholonomically induced torsion 
(|1.43|) and N-connection curvature, Vt a - k = SkNj — SjNg = 0. 

b) The simplest way to construct an ellipsoidal shape configuration induced by 
anisotropic cosmological constant is to find data ()3.91|) solving the equations (j3.43|) fol- 
lowing the procedure defined in subsection 4.2. We note that we can solve the equation 
(j3~KTij) for g 2 = 92 (0) = sin 2 with (0) = 1 if X [h]0 = 1/2, see solution (j33T]l with 
£ — » 0. For simplicity, we can consider that Am = 0. Such type configurations contain, 
in general, anholonomically induced torsion. 

We conclude, that by using the anholonomic frame method we can generate ellip- 
soidal shapes (in general, with nontrivial polarized cosmological constants and induced 
torsions). Such solutions are similar to corresponding rotation configurations in gen- 
eral relativity with rigidly rotating perfect-fluid sources. The rough analogy consists in 
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the fact that by certain frame constraints induced by off-diagonal metric terms we can 
model gravitational-matter like metrics. In previous section we proved the stability of 
black ellipsoids for small excentricities. Similar investigations for ellipsoidal shapes is a 
task for future (because the shapes could be with arbitrary excentricity). In Ref. [THj . 
there were discussed points of matchings of locally rotationally symmetric spacetimes to 
Taub-NUT metrics. We emphasize that this topic was also specifically elaborated by 
using anholonomic frame transforms in Refs. [3]. 



3.6.2 Generalization of Canfora— Schmidt solutions 

In general, the solutions generated by anholonomic transforms cannot be reduced to 
a diagonal transform only by coordinate transforms (this is stated in our previous works 
[H [21 IK HI HUl I20l I2ni EOl EH ESI HOI , see also Refs. [A] for modelling Finsler like geome- 
tries in (pseudo) Riemannian spacetimes). We discus here how 4D off-diagonal ansatz 
(13. 2J) generalize the solutions obtained in Ref. JH] by a corresponding parametrization 
of coordinates as i 1 = x, x 2 = t,y 3 = v = y and y A = p. If we consider for f!3.2|) 
( equivalent ly, for ()3.5|) ) the non-trivial data 

9i = 9i[o] = 1, 92 = 92[o](x 1 ) = -B (x) P(x) 2 - C{x), 

h = fafflix 1 ) = A (x) > 0, h 4 = h^x 1 ) = B (x) , 

Wi = 0,n 1 = 0,n 2 = n 2[0] (x l ) = P{x)/B{x) (3.92) 

we obtain just the ansatz (12) from Ref. JH] (in this subsection we use a different label 
for coordinates) which, for instance, for B + C = 2, B — C = In \x\,P = — 1/(B — C) with 
e _1 < y[x| < e for a constant e, defines an exact 4D solution of the Einstein equation 
(see metric (27) from JHl)- By introducing 'polarization' functions rjk = f]k{x l ) [when 
i, k, ... = 1, 2] and r\ a = r] a (x\ u) [when a, b, ... = 3, 4] we can generalize the data ()3.92j) 
as to have 

9k{x l ) = Vk{x l )9k{o], h a {x\ v) = 7] a (x\ is)h a[0] 

and certain nontrivial values Wi = Wj(x*,z/) and rii = n^x 1 \v) solving the Einstein 
equations with anholonomic variables ()3.17j) - (j3.20j) . We can easy find new classes of 
exact solutions, for instance, for r\\ = 1 and r] 2 = ^(x 1 ). In this case gi = 1 and the 
function g2(x 1 ) is any solution of the equation 

92 - ^ = (3.93) 

(see equation ()3.50|) for Am = 0), g' = dg2/dx 1 which is solved as a particular case if 
g2 = (x 1 ) 2 . This impose certain conditions on ^(x 1 ) if we wont to take g2[o](x l ) just as 
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in ()3.92j) . For more general solutions with arbitrary we have to take solutions of 

equation ()3.17|) and not of a particular case like ()3.93j) . 

We can generate solutions of ()3.18j) for any r] a (x\ v) satisfying the condition ()3.39|) . 

\f\rQ\ = T/ ^a/I^I) , r] = const. For instance, we can take arbitrary r/ 4 and using 

elementary derivations with r/l = dn^/dv and a nonzero constant 770, to define v/j^]"- 
For the vacuum solutions, we can put Wi = because (3 = oti = (see formulas (|3.18j) 
and (j3.21|0 . In this case the solutions of ()3.19|) are trivial. Having defined 7^ a (x l ,z/) we 
can integrate directly the equation (|3.20j) and find n^x 1 ^) like in formula (J3.41)) with 
fixed value e = 1 and considering dependence on all holonomic variables, 

m (x fc , v) = m[i] (x k ) + m\2] (% k ) J dl/ V3 (% k , v) I (^J\n 4 (x k ,v) |) ,^^0; 

= mi!] ( xk ) + n W M J du % (x\ v),vt = 0; (3.94) 
= n m (x k ) + n i[2] (x h ) J dvj (yVhW^)t)\ V*s = 0- 

These values will generalize the data ()3.92|) if we identify nipj (x fc ) = and (x k ) = 
n 2\o]{ xl ) — P(x)/B(x). The solutions with vanishing induced torsions and zero non- 
linear connection curvatures are to be selected by choosing rii v) and 773 (x k , v) (or 
774 (x k , v \ ) as to reduce the canonical connection ()3.9)1 to the Levi-Civita connection (as 
we discussed in the end of Section 2). 

The solution defined by the data ()3.92|) is compared in Ref. [19, with the Kasner di- 
agonal solution which define the simplest models of anisotropic cosmology. The metrics 
obtained by F. Canfora and H.-J. Schmidt (CS) is generic off-diagonal and can not writ- 
ten in diagonal form by coordinate transforms. We illustrated that the CS metrics can be 
effectively diagonalized with respect to N-adapted anholonomic frames (like a more gen- 
eral ansatz ()3.2|) can be reduced to ()3.5j0 and that by anholonomic frame transforms of 
the CS metric we can generate new classes of generic off-diagonal solutions. Such space- 
times may describe certain models of anisotropic and/or inhomogeneous cosmologies 
(see, for instance, Refs. were we considered a model of Friedman-Robert son- Walker 
metric with ellipsoidal symmetry). The anholonomic generalizations of CS metrics are 
with nontrivial noncommutative symmetry because the anholonomy coefficients (j3.8J) 
(see also (j3.26p ) are not zero being defined by nontrivial values f!3.94|) . 
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3.7 Outlook and Conclusions 

The work is devoted to investigation of a new class of exact solutions in metric-affine 
and string gravity describing static back rotoid (ellipsoid) and shape configurations 
possessing hidden noncommutative symmetries. There are generated also certain generic 
off-diagonal cosmological metrics. 

We consider small, with nonlinear gravitational polarization, static deformations of 
the Schwarschild black hole solution (in particular cases, to some resolution ellipsoid like 
configurations) preserving the horizon and geodesic behavior but slightly deforming the 
spherical constructions. It was proved that there are such parameters of the exact solu- 
tions of the Einstein equations defined by off-diagonal metrics with ellipsoid symmetry 
constructed in Refs. [TJ |21 1201 EH HUB EH] as the vacuum solutions positively define static 
ellipsoid black hole configurations. 

We illustrate that the new class of static ellipsoidal black hole solutions posses some 
similarities with the Reissner-Nordstrom metric if the metric's coefficients are defined 
with respect to correspondingly adapted anholonomic frames. The parameter of ellip- 
soidal deformation results in an effective electromagnetic charge induced by off-diagonal 
vacuum gravitational interactions. We note that effective electromagnetic charges and 
Reissner-Nordstrom metrics induced by interactions in the bulk of extra dimension grav- 
ity were considered in brane gravity [12] ■ in our works we proved that such Reissner- 
Nordstrom like ellipsoid black hole configurations may be constructed even in the frame- 
work of vacuum Einstein gravity. It should be emphasized that the static ellipsoid black 
holes posses spherical topology and satisfy the principle of topological censorship [89] . 
Such solutions are also compatible with the black hole uniqueness theorems |4H| . In 
the asymptotical limits at least for a very small eccentricity such black ellipsoid met- 
rics transform into the usual Schwarzschild one. We have proved that the stability of 
static ellipsoid black holes can be proved similarly by considering small perturbations 
of the spherical black holes [23 EH] even the solutions are extended to certain classes of 
spacetimes with anisotropically polarized cosmological constants. (On the stability of 
the Schwarzschild solution see details in Ref. [TB].) 

The off-diagonal metric coefficients induce a specific spacetime distorsion comparing 
to the solutions with metrics diagonalizable by coordinate transforms. So, it is necessary 
to compare the off-diagonal ellipsoidal metrics with those describing the distorted diag- 
onal black hole solutions (see the vacuum case in Refs. jH] and an extension to the case 
of non- vanishing electric fields |45j). For the ellipsoidal cases, the distorsion of spacetime 
can be of vacuum origin caused by some anisotropies (anholonomic constraints) related 
to off-diagonal terms. In the case of "pure diagonal" distorsions such effects follow from 
the fact that the vacuum Einstein equations are not satisfied in some regions because of 
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presence of matter. 

The off-diagonal gravity may model some gravity-matter like interactions like in 
Kaluza-Klein theory (for some particular configurations and topological compactifica- 
tions) but, in general, the off-diagonal vacuum gravitational dynamics can not be as- 
sociated to any effective matter dynamics. So, we may consider that the anholonomic 
ellipsoidal deformations of the Schwarzschild metric are some kind of anisotropic off- 
diagonal distorsions modelled by certain vacuum gravitational fields with the distorsion 
parameteres (equivalently, vacuum gravitational polarizations) depending both on radial 
and angular coordinates. 

There is a common property that, in general, both classes of off-diagonal anisotropic 
and "pure" diagonal distorsions (like in Refs. JH|) result in solutions which are not 
asymptotically flat. However, it is possible to find asymptotically flat extensions even 
for ellipsoidal configurations by introducing the corresponding off-diagonal terms (the 
asymptotic conditions for the diagonal distorsions are discussed in Ref. (25!; t° satisfy 
such conditions one has to include some additional matter fields in the exterior portion 
of spacetime). 

We analyzed the conditions when the anholonomic frame method can model ellip- 
soid shape configurations. It was demonstrated that the off-diagonal metric terms and 
respectively associated nonlinear connection coefficients may model ellipsoidal shapes 
being similar to those derived from solutions with rotating perfect fluids (roughly speak- 
ing, a corresponding frame anholnomy/ anisotropy may result in modelling of specific 
matter interactions but with polarizations of constants, metric coefficients and related 
frames) . 

In order to point to some possible observable effects, we note that for the ellip- 
soidal metrics with the Schwarzschild asymptotic, the ellipsoidal character could result 
in some observational effects in the vicinity of the horizon (for instance, scattering of 
particles on a static ellipsoid; we can compute anisotropic matter accretion effects on an 
ellipsoidal black hole put in the center of a galactic being of ellipsoidal or another con- 
figuration). A point of further investigations could be the anisotropic ellipsoidal collapse 
when both the matter and spacetime are of ellipsoidal generic off-diagonal symmetry 
and/or shape configurations (former theoretical and computational investigations were 
performed only for rotoids with anisotropic matter and particular classes of perturbations 
of the Schwarzshild solutions (2Hj)- For very small eccentricities, we may not have any 
observable effects like perihelion shift or light bending if we restrict our investigations 
only to the Schwarzshild-Newton asymptotic. 

We present some discussion on mechanics and thermodynamics of ellipsoidal black 
holes. For the static black ellipsoids with flat asymptotic, we can compute the area of 
the ellipsoidal horizon, associate an entropy and develop a corresponding black ellipsoid 
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thermodynamics. This can be done even for stable black torus configurations. But 
this is a very rough approximation because, in general, we are dealing with off-diagonal 
metrics depending anisotropically on two/three coordinates. Such solutions are with 
anholonomically deformed Killing horizons and should be described by a thermodynamics 
(in general, both non-equilibrium and irreversible) of black ellipsoids self-consistently 
embedded into an off-diagonal anisotropic gravitational vacuum. This is a ground for 
numerous new conceptual issues to be developed and related to anisotropic black holes 
and the anisotropic kinetics and thermodynamics [2J as well to a framework of isolated 
anisotropic horizons |17j which is a matter of our further investigations. As an example 
of a such new concept, we point to a noncommutative dynamics which can be associated 
to black ellipsoids. 

We emphasize that it is a remarkable fact that, in spite of appearance complexity, 
the perturbations of static off-diagonal vacuum gravitational configurations are gov- 
erned by similar types of equations as for diagonal holonomic solutions. Perhaps in a 
similar manner (as a future development of this work) by using locally adapted "N- 
elongated" partial derivatives we can prove stability of very different classes of exact 
solutions with ellipsoid, toroidal, dilaton and spinor-soliton symmetries constructed in 
Refs. [TJ |21 12H1 HH1 EDI EE] • The origin of this mystery is located in the fact that by an- 
holnomic transforms we effectively diagonalized the off-diagonal metrics by "elongating" 
some partial derivatives. This way the type of equations governing the perturbations is 
preserved but, for small deformations, the systems of linear equations for fluctuations be- 
came " slightly" nondiagonal and with certain tetradic modifications of partial derivatives 
and differentials. 

It is known that in details the question of relating the particular integrals of such 
systems associated to systems of linear differential equations is investigated in Ref. [To] . 
For anholonomic configurations, one holds the same relations between the potentials 
and VH and wave functions and Z^} with that difference that the physical 
values and formulas where polarized by some anisotropy functions r] 3 (r, 9, ip), 0(r, <p), 
q(r),rj(r,(p), wi(r,<p) and nx(r,(p) and deformed on a small parameter e. It is not clear 
that a similar procedure could be applied in general for proofs of stability of ellipsoidal 
shapes but it would be true for small deformations from a supposed to be stable primor- 
dial configuration. 
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We conclude that there are static black ellipsoid vacuum configurations as well in- 
duced by nontrivially polarized cosmological constants which are stable with respect to 
one dimensional perturbations, axial and/or polar ones, governed by solutions of the 
corresponding one-dimensional Schrodinger equations. The problem of stability of such 
objects with respect to two, or three, dimensional perturbations, and the possibility of 
modelling such perturbations in the framework of a two-, or three-, dimensional inverse 
scattering problem is a topic of our further investigations. The most important problem 
to be solved is to find a geometrical interpretation for the anholonomic Schrodinger me- 
chanics of stability to the anholonomic frame method and to see if we can extend the 
approach at least to the two dimensional scattering equations. 
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Chapter 4 



Locally Anisotropic Black Holes in 
Einstein Gravity 

Abstract 1 

By applying the method of moving frames modelling one and two dimensional local 
anisotropies we construct new solutions of Einstein equations on pseudo-Riemannian 
spacetimes. The first class of solutions describes non-trivial deformations of static spher- 
ically symmetric black holes to locally anisotropic ones which have elliptic (in three di- 
mensions) and ellipsoidal, toroidal and elliptic and another forms of cylinder symmetries 
(in four dimensions). The second class consists from black holes with oscillating elliptic 
horizons. 



4.1 Introduction 

In recent years, there has been great interest in investigation of gravitational models 
with anisotropies and applications in modern cosmology and astrophysics. There are 
possible locally anisotropic inflational and black hole like solutions of Einstein equations 
in the framework of so-called generalized Finsler-Kaluza-Klein models |S] and in low- 
energy locally anisotropic limits of (super) string theories jlOj . 

In this paper we shall restrict ourselves to a more limited problem of definition of 
black hole solutions with local anisotropy in the framework of the Einstein theory (in 
three and four dimensions). Our purpose is to construct solutions of gravitational field 
equations by imposing symmetries differing in appearance from the static spherical one 



1 © S. Vacaru, Locally Anisotropic Black Holes in Einstein Gravity, gr-qc/ 0001020 
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(which uniquely results in the Schwarzschild solution) and search for solutions with con- 
figurations of event horizons like rotation ellipsoids, torus and ellipsoidal and cylinders. 
We shall proof that there are possible elliptic oscillations in time of horizons. 

In order to simplify the procedure of solution and investigate more deeply the phys- 
ical implications of general relativistic models with local anisotropy we shall transfer 
our analysis with respect to anholonomic frames which are equivalently characterized by 
nonlinear connection (N-connection) structures El EH EE EH] • This geometric approach 
is very useful for construction of metrics with prescribed symmetries of horizons and def- 
inition of conditions when such type black hole like solutions could be selected from an 
integral variety of the Einstein field equations with a corresponding energy-momentum 
tensor. We argue that, in general, the symmetries of solutions are not completely de- 
termined by the field equations and coordinate conditions but there are also required 
some physical motivations for choosing of corresponding classes of systems of reference 
(prescribed type of local anisotropy and symmetries of horizons) with respect to which 
the 'picture' of interactions, symmetries and conservation laws is drawn in the simplest 
form. 

The paper is organized as follows: In section 2 we introduce metrics and anholonomic 
frames with local anisotropies admitting equivalent N-connection structures. We write 
down the Einstein equations with respect to such locally anisotropic frames. In section 
3 we analyze the general properties of the system of gravitational field equations for an 
ansatz for metrics with local anisotropy. In section 4 we generalize the three dimensional 
static black hole solution to the case with elliptic horizon and proof that there are possible 
elliptic oscillations in time of locally anisotropic black holes. The section 5 is devoted 
to four dimensional locally anisotropic static solutions with rotation ellipsoidal, toroidal 
and cylindrical like horizons and consider elliptic oscillations in time. In the last section 
we make some final remarks. 

4.2 Anholonomic frames and N— connections 

In this section we outline the necessary results on spacetime differential geometry [3] 
and anholonomic frames induced by N-connection structures jHJ HH ED] . We examine an 
ansatz for locally anisotropic (pseudo) Riemannian metrics with respect to coordinate 
bases and illustrate a substantial geometric simplification and reduction of the number 
of coefficients of geometric objects and field equations after linear transforms to an- 
holonomic bases defined by coefficients of a corresponding N-connection. The Einstein 
equations are rewritten in an invariant form with respect to such locally anisotropic 
bases. 
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Consider a class of pseudo-Riemannian metrics 

g = gap (u £ ) du- ® du- 

in a n + m dimensional spacetime V^ n+m \ (n = 2 and m = 1, 2), with components 

r 9ij + N? N!;h ab N*h t 
[ h ab 

where g$j = gij (u a ) and h ab = h ab (u a ) are respectively some symmetric nxn and mxm 
dimensional matrices, iV? = iVJ (m' 3 ) is a n x m matrix, and the n + m dimensional local 
coordinates are provide with general Greek indices and denoted u 13 = (x l ,y a ). The Latin 
indices i,j,k,... in (|4.1|) run values 1,2 and a,b,c,.. run values 3,4 and we note that 
both type of isotropic, x\ and the so-called anisotropic, y a , coordinates could be space 
or time like ones. We underline indices in order to emphasize that components are given 
with respect to a coordinate (holonomic) basis 

e & = d & = d/du^ (4.2) 

and/or its dual 

= diA (4.3) 
The class of metrics (J4.1)) transform into a (n x n) © (m x m) block form 

g = 9ij (u £ ) dx l ® dx 3 + h ab (u £ ) (5y a f ® (5y a ) 2 (4.4) 

if one chooses a frame of basis vectors 

5 a = 5/du a = (6/dx l = di - N? (u £ ) d a , d b ) , (4.5) 

where d{ = d/x % and d a = d/dy a , with the dual basis being 

5 a = 5u a = (dx\ 5y a = dy a + N? (u £ ) dx l ) . (4.6) 

The set of coefficients iV = {Nf (u £ )} from (j4.5j) and (|4.6j) could be associated to 
components of a nonlinear connection (in brief, N-connection) structure defining a local 
decomposition of spacetime into n isotropic directions x % and one or two anisotropic 
directions y a . The global definition of N-connection is due to W. Barthel |2j (the rigorous 
mathematical definition of N-connection is possible on the language of exact sequences 
of vector, or tangent, subbundles) and this concept is largely applied in Finsler geometry 
and its generalizations 0IE]- It was concluded 0110] that N-connection structures are 



(4.1) 
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induced under non-trivial dynamical compactifications of higher dimensions in (super) 
string and (super) gravity theories and even in general relativity if we are dealing with 
anholonomic frames. 

A N-connection is characterized by its curvature, N-curvature, 

Q ij = d i N I ~ d i N ? + N i d bN- - NfaN?. (4.7) 
As a particular case we obtain a linear connection field Y°~ b (x l ) if N°-(x\ y a ) = T^ b (x\ y a ) 

For nonvanishing values of fi"- the basis (|4.5jl is anholonomic and satisfies the condi- 
tions 

5 a 5j3 - 5p5 a = u> 7 Q(3 <5 7 , 

where the anholonomy coefficients w 1 ^ are defined by the components of N-connection, 

w% = 0,w k aj = 0,w k ia = 0,w k ab = 0,w c ab = 0, 
w% = -%,w b aj = -d a Nlw\ a = d a N b l . 

We emphasize that the elongated by N-connection operators (|4.5jl and (|4.fij) must be 
used, respectively, instead of local operators of partial derivation ()4.2|) and differentials 
()4.3|) if some differential calculations are performed with respect to any anholonomic 
bases locally adapted to a fixed N-connection structure (in brief, we shall call such local 
frames as la-bases or la-frames, where, in brief, la- is from locally anisotropic). 

The torsion, T{5 1 ,5p) = T a ^5 a) and curvature, R(5 T ,5~,) 5p = R^ 1T 5 a , tensors of 
a linear connection r ^ are introduced in a usual manner and, respectively, have the 
components 

t% = r% - r* 7/3 + w% (4.8) 

and 

j#V = 8 T T% - 5 7 r% + r^ 7 rv - rvn 7 + rv«V ( 4 - 9 ) 

The Ricci tensor is defined 

R/h = R P % a (4-10) 

and the scalar curvature is 

R = d*R fh . (4.11) 
The Einstein equations with respect to a la-basis ()4.6|) are written 

R 

Rp-y ~ -^9p-y = kT p ^, (4.12) 
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where the energy-momentum d-tensor includes the cosmological constant terms 
and possible contributions of torsion (|4.8jl and matter and k is the coupling constant. 
For a symmetric linear connection the torsion field can be considered as induced by 
the anholonomy coefficients. For dynamical torsions there are necessary additional field 
equations, see, for instance, the case of locally anisotropic gauge like theories [IT] . 

The geometrical objects with respect to a la-bases are distinguished by the corre- 
sponding N-connection structure and called (in brief) d-tensors, d-metrics (J4.4)) . linear 
d-connections and so on [HI El ED]- 

A linear d-connection Dona spacetime V, 

D8-Sp = T a pi (x k ,y a )6 a , 

is parametrized by non-trivial horizontal (isotropic) - vertical (anisotropic), in brief, 
h-v-component s , 

r Q /3 7 — {L l j k , L a bk ,C j C ,C a bc ) . (4-13) 

Some d-connection and d-metric structures are compatible if there are satisfied the 
conditions 

D a gpy = o. 

For instance, the canonical compatible d-connection 

c-pa f c T^ era c /~ii c /~ia \ 

1 /3-y — { jki U bk> ° jet ° be) 

is defined by the coefficients of d-metric (|4.4j) . gij(x\y a ) and h ab (x\y a ), and of N- 
connection, iVf = Nf (x\y b ) , 

(4.14) 



cj i 
L jk ~ 


-\g m {S k g nj + Sjg nk ■ 


- bn9jk) , 


era 
^ bk ~ 


d b N a k + h ac (S k h bc 


- h dc d b Nf 


° jc - 






c/~ia 
° be — 


\h ad (d c h db + d b h dc 


- d d h bc ) . 



The coefficients of the canonical d-connection generalize with respect to la-bases the 
well known Christoffel symbols. 

For a d-connection (J4.13)) we can compute the non-trivial components of d-torsion 

ji T i rpi rpi 

^* 1 jk kji 1 ja ^ '.jai 1 aj jal 

be = S°bc = C bc — C® b , (4-15) 

M — °b^i — l^.bji J-.ib — ~ 2 .bi- 



rpi 

1 -jk 


rpi 

- 2 jk - 


rpi 

•ja 


= 0, T 


rpd 

-ij 


— -Q a - 
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In a similar manner, putting non-vanishing coefficients (j4.13|) into the formula for 
curvature (|4.9jl . we can compute the coefficients of d-curvature 

R (S T , Sy) 6/3 = Rp^ r 5 a , 

split into h-, v-invariant components, 

TD-i X T i X T l i r m j i jm ji c\a 

U h.jk — °k- L .hj ~ °j- L .hk~^ ^.hj lj mk~ ^.hk^mj ~ ^ .ha^ L .jki 

pa X J a RT a \T c T a T c T a C a O c 

n b.jk — °k^.bj °j lj .bk^ ^.bj-^.ck ^.bk-^.cj ° .be* L .jki 

Pf.ka = dkL l jk + Cj b T b ka — (d k Cj a + U lk C l j a — L l jk C* la — L c ak C^ c ), 

TD-c a t c i /"fc rpd I a /~ic i t c /~id jd ric jd /~ic \ 

r b.ka — <J a lj .bk u .bd 1 .ka \ u k^ .ba ^ .dk^ .ba ^ .bk^ .da ^.ak^.bd) 

j.bc — °c^.jb~ °b^.j c -l- U .jb U .hc~ U .jc U hb> 

S.a a /~ia a /~ia i ^~(e /^ia /^ye 

b.cd — a d°£>e — °c^.bd "+* Wc^ed — °.6d°.ec- 

The components of the Ricci tensor (j4.10|) with respect to locally adapted frames 
()4.5|) and ()4.6|) (in this case, d-tensor) follows: 

= Rfj kl Ria = — 2 Pia = —P'Lkai (4.16) 

p 1 p pb p QC 

J^ai — r ai — r a.ibi - n, af> ~ °a.bc- 

We point out that because, in general, 1 P ai ^ 2 P ia the Ricci d-tensor is non sym- 
metric. This is a consequence of anholonomy of la-bases. 

Having defined a d-metric of type ()4.4|) on spacetime V we can compute the scalar 
curvature (j4.11|) of a d-connection D, 

R =G aP R aP = R + S, (4.17) 

where R = g ij R {j and S = h ab S ab . 

Now, by introducing the values of ()4.16|) and ()4.17j) into equations ()4.12j) . the Einstein 
equations with respect to a la-basis seen to be 

Ri 3 -\(R + S)9i 3 = kTij, (4.18) 
S a b — 7^ (ft + S^j h a b = kT a b, 

1 P hT ■ 

1 ai n x a% i 

2 P — —hT- 
1 la - 1 - iai 
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where Ty, Y a b, T ai and T ia are the components of the energy-momentum d-tensor field 
T/3 7 (which includes possible cosmo logical constants, contributions of anholonomy d- 
torsions (|4.15jl and matter) and k is the coupling constant. For simplicity, we omitted the 
upper left index c pointing that for the Einstein theory the Ricci d-tensor and curvature 
scalar should be computed by applying the coefficients of canonical d-connection ([4. 14)1 . 



4.3 An ansatz for la— metrics 

Let us consider a four dimensional (in brief, 4D) spacetime V^ 2+2 ) (with two isotropic 
plus two anisotropic local coordinates) provided with a metric (j4.1j) (of signature 
(-,+,+,+), or (+,+,+,-), (+,+,-,+)) parametrized by a symmetric matrix of type 

gi + qi 2 h + ni 2 /i 4 qxhs n x h± 

g 2 + q 2 2 h + n 2 2 h 4 q 2 h 3 n 2 h 4 ^ _ 

qih 3 q 2 h 3 h 3 

n\h^ n 2 h A h± 

with components being some functions 

9i = 9i{x ] )i<li = qi{x j ,z),rii = ni(x 3 ,z),h a = h a (x J , z) 

of necessary smoothly class. With respect to a la-basis ()4.6|) this ansatz results in 
diagonal 2 x 2 h- and v-metrics for a d-metric (|4.4j) (for simplicity, we shall consider 
only diagonal 2D nondegenerated metrics because for such dimensions every symmetric 
matrix can be diagonalized) . 

An equivalent diagonal d-metric (|4.4|) is obtained for the associated N-connection 
with coefficients being functions on three coordinates (x l , z), 

N? = gi (x\z), Nl = q 2 (x i ,z), (4.2) 
N* = n x {x\z), N* = n 2 {x\z). 

For simplicity, we shall use brief denotations of partial derivatives, like d= da/dx 1 ,^ = 
da/dx 2 , a* = da/dz a'— d 2 a/dx 1 dx 2 , a** = d 2 a/dzdz. 
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The non-trivial components of the Ricci d-tensor (j4.16|) ( for the ansatz (|4.1j) ) when 
R\ = R\ and S\ = S%, are computed 

R{ = w^l-(gl + &) + 7^(gl + gW2) + 7^r(g'i 2 + gi92% (4.3) 
si = i^l-hT + wriKr + —h;hii (4.4) 



3i 



1 [- 


-(g'i ^ 


- fa) + Tj- (gl + 9W2) + tt- (g'i 2 + 91 fa)] 


1 [- 

h 3 h 4 


hf + 






)*- 


h** h* h*h* 
u 3 1 'M ' 4 3' < '4 "I 

/i 3 2/i 4 2 2/i 3 V 


2\h 3 





(4.5) 



1 ; * /la 



_3_ 

2V2/i 4 4 4 2/i 3 
/14 



it 



<*• (4-6) 



2/i 3 

The curvature scalar R (I4.17j) is defined by two non-trivial components R = 2R\ 
andS = 2S 3 3 . 

The system of Einstein equations ()4.18|) transforms into 

R\ = - K Tl = -kT 4 , (4.7) 

Sf = -kT\ = -k?1 (4.8) 

Psi = *T 3l , (4.9) 

Pa = ^T 44 , (4.10) 

where the values of R\,S%, P a i, are taken respectively from (|4.3|) . (|4.4j) . (|4.5jl . ()4.6|) . 

We note that we can define the N-coefficients (|4.2j) . gj(x fc , z) and rii(x k , z), by solving 
the equations ()4.9|) and (j4.1(Jj) if the functions hi(x k ,z) are known as solutions of the 
equations ([4.8)1 . 

Let us analyze the basic properties of equations (|4.8JI - (|4.1UJ1 (the h-equations will 
be considered for 3D and 4D in the next sections). The v-component of the Einstein 
equations ()4.7|) 

d 2 h 4 1 ( dh 4 \ 2 1 f dh 3 \ ( ' dh 4 \ , , 

1 1/13/14 = U 



<9,z 2 2/i 4 V 9z ) 2h 3 \dz J \dz J 2 

(here we write down the partial derivatives on z in explicit form) follows from (|4.4|) 
and (|4.8|) and relates some first and second order partial on z derivatives of diagonal 
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components h a (x l ,z) of a v-metric with a source kTx(x 1 ,z) = k,T\ = nT\ in the h- 
subspace. We can consider as unknown the function h 3 (x\ z) (or, inversely, h^x 1 , z)) for 
some compatible values of h^{x % ,z) (or h 3 (x\ z)) and source Ti(x i ,z). 

By introducing a new variable (3 = h*Jh± the equation (|4.11|) transforms into 

1 Bh* 

+ 2^ ~ W 3 ~ 2KTlh = ° (4 ' n) 

which relates two functions (3{x\z) and h 3 (x l ,z). There are two possibilities: 1) to 
define (3 (i. e. h^) when kTi and h 3 are prescribed and, inversely 2) to find h 3 for given 
kTi and /14 (i. e. /3); in both cases one considers only "*" derivatives on z-variable 
(coordinates x % are treated as parameters). 

1. In the first case the explicit solutions of (|4.11|) have to be constructed by using 
the integral varieties of the general Riccati equation jB] which by a corresponding 
redefinition of variables, z — > z (q) and (3 (z) — > rj (q) (for simplicity, we omit here 
the dependencies on x l ) could be written in the canonical form 

g + r/ 2 + *(,)=0 

where ^ vanishes for vacuum gravitational fields. In vacuum cases the Riccati 
equation reduces to a Bernoulli equation which (we can use the former variables) 
for s(z) = f3~ l transforms into a linear differential (on z) equation, 

+ < 4 ' 12 > 

2. In the second (inverse) case when h 3 is to be found for some prescribed kTi and 
(3 the equation (j4.11|) is to be treated as a Bernoulli type equation, 

K = -^(hsT+(^- + (3y 3 (4.13) 

which can be solved by standard methods. In the vacuum case the squared on h 3 
term vanishes and we obtain a linear differential (on z) equation. 

A particular interest presents those solutions of the equation (|4.11j) which via 2D 
conformal transforms with a factor u = u(x l ,z) are equivalent to a diagonal h-metric 
on a;-variables, i.e. one holds the parametrization 



h 3 = u(x l , z) a 3 (V) and /14 = u(x l , z) a 4 (x l ) , 



(4.14) 
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where a 3 (x l ) and (x l ) are some arbitrary functions (for instance, we can impose the 
condition that they describe some 2D soliton like or black hole solutions). In this case 
(3 = uj* /uj and for 7 = uj^ 1 the equation 1)4.11)1 transforms into 

7 7 ** = -2KT ia3 (x*) (4.15) 

with the integral variety determined by 

g?7 



^/\-4kT 1 a 3 (x^\n\ 1 \ + 0,(^)1 



+ C 2 (x*), (4.16) 



where it is considered that the source Ti does not depend on z. 

Finally, we conclude that the v-metrics are defined by the integral varieties of cor- 
responding Riccati and/or Bernoulli equations with respect to z- variables with the h- 
coordinates x % treated as parameters. 



4.4 3D black la-holes 

Let us analyze some basic properties of 3D spacetimes \/( 2+1 ) (we emphasize that in 
approach (2 + 1) points to a splitting into two isotropic and one anisotropic directions 
and not to usual 2D space plus one time like coordinates; in general anisotropies could 
be associate to both space and/or time like coordinates) provided with d-metrics of type 

5s 2 = g x (x k ) (dx 1 ) 2 + g 2 (x k ) (dx 2 ) 2 + h 3 (x\ z) {5zf , (4.1) 
where x k are 2D coordinates, y 3 = z is the anisotropic coordinate and 

5z = dz + Nf{x k ,z)dx i . 

The N-connection coefficients are 

Nl = q 1 (x i ,z), Nl = q 2 (x\z). (4.2) 

The non-trivial components of the Ricci d-tensor (j4.16j) . for the ansatz ()4.1|) with 
= 1 and — 0, R\ — R 2 and P 3i , are 

^1 = — !- [-{g'i + 92) + ^- {gl + + ^-{g[ 2 + gih)}, (4.3) 

l 9\92 ^92 

a;,fht\ 2 ht\ . . 
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(for 3D the component Sf = 0, see (J4.4p ). 

The curvature scalar R (gTTTj) is *R = R = 2R\. 

The system of Einstein equations 1)4.18)1 transforms into 

R\ = - K ?l (4.5) 
P 3i = kT 3i , (4.6) 

which is compatible for energy-momentum d-tensors with T\ = T 2 , = 0; the values of 
R{ and P 3 i are taken respectively from (j4.3j) and (|4.4)1 . 

By using the equation (|4.fij) we can define the N-coefficients (|4.2jl . qi(x k ,z), if the 
function h 3 (x k , z) and the components of the energy-momentum d-tensor are given. 
We note that the equations (|4.4jl are solved for arbitrary functions = h 3 {x k ) and 
9i = Qi{x k ,z) if = and in this case the component of d-metric h 3 (x k ) is not 
contained in the system of 3D field equations. 



4.4.1 Static elliptic horizons 

Let us consider a class of 3D d-metrics which local anisotropy which are similar to 
Banados-Teitelboim-Zanelli (BTZ) black holes pp. 
The d-metric is parametrized 

Ss 2 = gi ( X \x 2 ) (dx 1 ) 2 + (d X 2 Y ~ h ( X \x 2 ,t) (Stf 

where x 1 — r / r h for r h = const, x 2 — @/ r a if r a = vT^H 7^ anc ^ X 2 — @ if T| 

y 3 

transforms respectively into 

d 2 9l 



(4.7) 
= 0, 

z = t, where t is the time like coordinate. The Einstein equations ()4.5|) and ()4.6|) 

dgi 



and 



d(x 2 ) 2 

1 d 2 h 3 
h 3 dz 2 



1 

2^ 



dx 2 

l_dhs 

h 3 dz 



2kT|<7i = 



-«T 



3i- 



By introducing new variables 



P = si/9i and s = ^3/^3 



(4.8) 



(4.9) 



(4.10) 



where the 'prime' in this subsection denotes the partial derivative d/x 2 , the equations 
()4.8|) and ()4.9|) transform into 

(4.11) 



p' + y + 2e 
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and 

s*qi = KT 3i , (4.12) 

where the vacuum case should be parametrized for e = with x % — x% and e — 1( — 1) f° r 
the signature 1(— 1) of the anisotropic coordinate. 

A class of solutions of 3D Einstein equations for arbitrary = qi{x k ,t) and T 3i = 
is obtained if s = s(x 1 )- After integration of the second equation from (j4.10|) . we find 

h 3 (x k ,t) = h m ( X k )exp [s (0) ( X k ) t] (4.13) 



as a general solution of the system (|4.12|) with vanishing right part. Static solutions are 
stipulated by = qi(x k ) and s (o)(x k ) — 0- 

The integral curve of ()4.11jl . intersecting a point fx 2 o)jP(o)J , considered as a differ- 
ential equation on x 2 is defined by the functions jB] 



p = - T sr, -0; (4.14) 



l + ^(x 2 -X? 0) 



p ( o) - 2 tanh x 2 ~ Xm 

V = " ) % e>0; (4.15) 

1 + ^tanh (X 2 -X 2 (0) ) 

p ( o)-2tan(x 2 -X( )) 

V = 7 % e<0. (4.16) 

l + ^tan(x 2 -X? )) 

Because the function p depends also parametrically on variable x 1 we must consider 
functions x%) = X%) (x 1 ) and p {0) = p {0 ) (x 1 ) ■ 

For simplicity, here we elucidate the case e < 0. The general formula for the nontrivial 
component of h-metric is to be obtained after integration on x 1 of (|4.1fij) (see formula 

TO) 

9i (x\ X 2 ) = 9i(o) (x 1 ) { sin[x 2 - X%) (x 1 )] + arctan ■ 



P(o) (X 1 ] 
for p( ) (x 1 ) ^ 0, and 

91 (x\ X 2 ) = 9i(o) (X 1 ) cos 2 [ X 2 - xl) (X 1 )] (4.17) 

for p( ) (x 1 ) = 0, where (x 1 ) > xfo) (x 1 ) and p( ) (x 1 ) are some functions of necessary 
smoothness class on variable x 1 — x /\fK£, when e is the energy density. If we consider 
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T 3i = and a nontrivial diagonal components of energy-momentum d-tensor, = 
diag[0, 0, — e], the N-connection coefficients qi(x\t) could be arbitrary functions. 

For simplicity, in our further considerations we shall apply the solution ()4.17j) . 

The d-metric ()4.7|) with the coefficients ()4.17|) and ()4.13|) gives a general description 
of a class of solutions with generic local anisotropy of the Einstein equations ()4.f8|) . 

Let us construct static black la-hole solutions for S( ) (x k ) = in ()4.f 3|) . 

In order to construct an explicit la-solution we have to chose some coefficients 
^3(o)(x fc ); 9i(o) (x 1 ) an d Xo (x 1 ) from some physical considerations. For instance, the 
Schwarzschild solution is selected from a general 4D metric with some general coeffi- 
cients of static, spherical symmetry by relating the radial component of metric with the 
Newton gravitational potential. In this section, we construct a locally anisotropic BTZ 
like solution by supposing that it is conformally equivalent to the BTZ solution if one 
neglects anisotropies on angle 9), 



9i(0) (X 1 ) 



y.2 



-Mo + /2 



where M = const > and — I /I 2 is a constant (which is to be considered the cosmological 
from the locally isotropic limit. The time-time coefficient of d-metric is chosen 

Mx\x 2 ) =^ 2 A 3 (x 1 ,X 2 )cos 2 [ X 2 -X?o)(x 1 )]. (4.18) 
If we chose in (J4.f 8|) 

2 2 

A 3 = (-M + T -) , 

when the constant 

r h = y/M^l 

defines the radius of a circular horizon, the la-solution is conformally equivalent, with the 
factor r~ 2 cos 2 [x 2 — xfo) (x 1 )]) to the BTZ solution embedded into a anholonomic back- 
ground given by arbitrary functions qi(x l , t) which are defined by some initial conditions 
of gravitational la-background polarization. 

A more general class of la-solutions could be generated if we put, for instance, 

As (x\x 2 ) = (-M(9)+^) , 



with 
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where e < 1. This solution has a horizon, A 3 = 0, parametrized by an ellipse 

r h 

r = 

1 + ecos# 

with parameter r h and eccentricity e. 

We note that our solution with elliptic horizon was constructed for a diagonal energy- 
momentum d-tensor with nontrivial energy density but without cosmological constant. 
On the other hand the BTZ solution was constructed for a generic 3D cosmological 
constant. There is not a contradiction here because the la-solutions can be considered 
for a d-tensor T^j = diag[pi — l/l 2 ,p 2 — l/l 2 , —e — l/l 2 ] with p 1;2 = l// 2 and £( e //) = 
e + l/l 2 (for e = const the last expression defines the effective constant r a ). The locally 
isotropic limit to the BTZ black hole could be realized after multiplication on r 2 and by 
approximations e ~ 0, cosf^ — 9 (x 1 )] — 1 and q i (x k ) t) ~ 0. 



4.4.2 Oscillating elliptic horizons 

The simplest way to construct 3D solutions of the Einstein equations with oscillating 
in time horizon is to consider matter states with constant nonvanishing values of T31 = 
const. In this case the coefficient h 3 could depend on t-variable. For instance, we can 
chose such initial values when 

h 3 ( X \ 0, t) = r~ 2 (-M (t) + ^ cos 2 [£ - 6 (x 1 )] (4.19) 

with 

M = M exp (—pt) sin cot, 
or, for an another type of anisotropy, 

h 3 ( X \ 9, t) = r- 2 (-M + ^ cos 2 9 sm 2 [9 - 9 ( X \ t)} (4.20) 

with 

cos ^0 (x\ t) = e" 1 ^— cos u)it — lj , 
when the horizon is given parametrically, 

T 

r = ——^ -cos Wit, 

1 + e cos 9 

where the new constants (comparing with those from the previous subsection) are fixed 
by some initial and boundary conditions as to be p > 0, and u and uj\ are treated as 
some real numbers. 
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For a prescribed value of /^(x 1 ; Q> t) with non-zero source T 31 , in the equation (|4.6|) . 
we obtain 

qi ( X \0,t) = kT 31 (J^ln\h 3 ( X \6,t)\^ . (4.21) 

A solution (|4.1|) of the Einstein equations (|4.5|) and (|4.6j) with ^(x*) = 1 and gi(x\ &) 
and h 3 {x 1 -, Q, t) given respectively by formulas (|4.17j) and ()4.19|) describe a 3D evaporating 
black la-hole solution with circular oscillating in time horizon. An another type of 
solution, with elliptic oscillating in time horizon, could be obtained if we choose ([4.20)1 . 
The non-trivial coefficient of the N-connection must be computed following the formula 
flPH) . 



4.5 4D la— solutions 

4.5.1 Basic properties 

The purpose of this section is the construction of d-metrics which are conformally 
equivalent to some la-deformations of black hole, torus and cylinder like solutions in 
general relativity. We shall analyze 4D d-metrics of type 

5s 2 = gi (x k ) (dx 1 ) 2 + (dx 2 ) 2 + h 3 (x\ z) {8zf + h A {x\ z) (5y 4 ) 2 . (4.1) 

The Einstein equations ()4.7|) with the Ricci h-tensor ()4.3|) and diagonal energy mo- 
mentum d-tensor transforms into 

d 2 9i 1 / dg x 1 



d(x 2 ) 2 2g 

By introducing a dimensionless coordinate, \ 2 — x2 / y 1^11) an d the variable p = g[/gi, 
where by 'prime' in this section is considered the partial derivative d/x 2 , the equation 
()4.2j) transforms into 

2 

p' + ^- + 2e = 0, (4.3) 

where the vacuum case should be parametrized for e = with \ % = x % and e = 1(— 1). 
The equations ()4.2j) and ()4.3|) are, correspondingly, equivalent to the equations ()4.8|) and 
(I4.11J1 with that difference that in this section we are dealing with 4D coefficients and 
values. The solutions for the h-metric are parametrized like (|4.14jl . ()4.15j) . and ()4.16|) 
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and the coefficient gi(x l ) is given by a similar to ()4.17|) formula (for simplicity, here we 
elucidate the case e < 0) which for p( ) (x 1 ) = transforms into 



on variable x 1 — x 1 /^/ks, e is the energy density. The coefficients g\ (x\x 2 ) (|4.4j) and 
92 (x 1 ) X 2 ) = 1 define a h-metric. The next step is the construction of h-components of 
d-metrics, h a = h a (x l ,z), for different classes of symmetries of anisotropies. 

The system of equations ()4.8|) with the vertical Ricci d-tensor component (|4.4|) is 
satisfied by arbitrary functions 



For v-metrics depending on three coordinates (x\ z) the v-components of the Einstein 
equations transform into (j4.11j) which reduces to (j4.11|) for prescribed values of h 3 (x\ z )-> 
and, inversely, to 1)4.13)1 if h±{x l , z) is prescribed. For h-metrics being conformally equiv- 
alent to ()4.5j) (see transforms (|4.14)l ) we are dealing to equations of type ()4. 15|) with 
integral varieties (|4.16|) . 

4.5.2 Rotation Hypersurfaces Horizons 

We proof that there are static black hole and cylindrical like solutions of the Einstein 
equations with horizons being some 3D rotation hypersurfaces. The space components of 
corresponding d-metrics are conformally equivalent to some locally anisotropic deforma- 
tions of the spherical symmetric Schwarzschild and cylindrical Weyl solutions. We note 
that for some classes of solutions the local anisotropy is contained in non-perturbative 
anholonomic structures. 

Rotation ellipsoid configuration 

There two types of rotation ellipsoids, elongated and flattened ones. We examine 
both cases of such horizon configurations. 

Elongated rotation ellipsoid coordinates: 

An elongated rotation ellipsoid hypersurface is given by the formula [7 



where g x (x 1 ) ,X 2 {Q) (x 




h = a^x 1 ) and h A = a 4 (x l ). 



(4.5) 




(4.6) 
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where a > 1 and p is similar to the radial coordinate in the spherical symmetric case. 
The space 3D coordinate system is defined 

x = p sinh w sin t> cos<p, y = psinhu sinv sin <p, z = p cosh u cos t>, 

where a = cosh-u, (0 < u < oo, < f < 7r, < <p < 2ir). The hypersurface metric is 



9uu = 9w =P 2 (sinh 2 u + sin 2 u) , 

—2-1,2 -2 

fiW = P sinh -usm v. 

Let us introduce a d-metric 

6s = gi(u,v)du + dv + h 3 (u, v , p) (St) + (u, v, p) (5p) , 

where £t and <5(p are N-elongated differentials. 

As a particular solution (j4.4j) for the h-metric we choose the coefficient 

gi(u, v) = cos 2 v. 

The h 3 (u,v,p) = h 3 (u,v,p(u,v,p)) is considered as 



(4.7) 



h 3 {u,v,p) 



1 



4p 



-i 2 



sinh it + sin t> 



1 6 • 



1 + ^4 



(4- 



(4.9) 



(4.10) 



In order to define the coefficient solving the Einstein equations, for simplicity with a 
diagonal energy-momentum d-tensor for vanishing pressure we must solve the equation 
()4.11|) which transforms into a linear equation ()4.12|) if Ti = 0. In our case s (u, v, p) = 
(u, v, p) , where (3 = (dh^/dp) //14, must be a solution of 



ds | fllnyW _ 1 
dp dp 2 ' 

After two integrations (see jE]) the general solution for /i 4 (u, v,<p), is 



h^iu, v, p) = a 4 (u, v) exp 



F(u, v, z) dz 



(4.11) 



where 



F(u,v,z) = 1/W\h 3 (u,v,z)\[s m (u,v) + - / y/\h 3 (u,v,z)\dz]}, 



z (u,v) 
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si(o) (u, v) and z (u, v) are some functions of necessary smooth class. We note that if we 
put = a^(u,v) the equations ()4.8|) are satisfied for every h 3 = h 3 (u,v,(p). 

Every d-metric (J4.8)) with coefficients of type (jHHJ), (j4.1()j) and (j4.11|) solves the 
Einstein equations (j4.7|) - (j4.10|) with the diagonal momentum d-tensor 



when r„ 



Tg = diag [0, 0, — e = — m , 0] , 
2k7TIq; we set the light constant c = 1. If we choose 

sinh 2 u sin 2 v 



CL4 (u, v) 



sinh u + sin v 



our solution is conformally equivalent (if not considering the time-time component) 
to the hypersurface metric ()4.7j) . The condition of vanishing of the coefficient (j4.1()j) 
parametrizes the rotation ellipsoid for the horizon 



x 2 + y 2 



(7" 



z 2 



H n — [-7- 



a" 



where the radial coordinate is redefined via relation r 
on the conformal factor 



p(l + 



4pJ 



After multiplication 



(sinh 2 u + sin 2 v) 



4pJ 



approximating gi(u, v) 



cos 2 v 



1, in the limit of locally isotropic spherical symmetry, 

2 



• 2 1 2 1 — 2 
x + y + z 



r 



ti- 



the d-metric ()4.8j) reduces to 



ds 2 



1 + 



4pJ 



(dx 2 + dy 2 + dz 2 ) - 



1 - a 

4p 



1 + ^4 



which is just the Schwarzschild solution with the redefined radial coordinate when the 
space component becomes conformally Euclidean. 

So, the d-metric (|4.8|h the coefficients of N-connection being solutions of (|4.9J1 and 
(|4.10|) . describe a static 4D solution of the Einstein equations when instead of a spherical 
symmetric horizon one considers a locally anisotropic deformation to the hypersurface 
of rotation elongated ellipsoid. 
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Flattened rotation ellipsoid coordinates 

In a similar fashion we can construct a static 4D black hole solution with the horizon 
parametrized by a flattened rotation ellipsoid [Zj, 

x 2 + y 2 z 2 ^ 

1 + (T CT 2 

where a > and a = sinhw. 

The space 3D special coordinate system is defined 

x = p cosh u sin v cos if, y = p cosh w sin f sin if, z = psinhucosv, 

where < u < oo, < t> < 7r, < <p < 2n. 
The hypersurface metric is 

9uu = gw = p 2 (sinh 2 u + cos 2 v) , 
9w — P 1 sinh 2 u cos 2 v. 

In the rest the black hole solution is described by the same formulas as in the previous 
subsection but with respect to new canonical coordinates for flattened rotation ellipsoid. 



Cylindrical, Bipolar and Toroidal Configurations 

We consider a d-metric of type (|4.1j) . As a coefficient for h-metric we choose 
(7i(x 1 ,% 2 ) = (cosx 2 ) 2 which solves the Einstein equations ()4.7|) . The energy momen- 
tum d-tensor is chosen to be diagonal, = diag[0, 0, — e, 0] with e ~ m = J m^ in )dl, 
where e^u n ^ is the linear 'mass' density. The coefficient (x l , z) will be chosen in a form 
similar to (j4~TU|) . 



1 - 



4pJ 



/ 



1 + ^ 
4p. 



for a cylindrical elliptic horizon. We parametrize the second v-component as 
a 4(x\ x 2 ) when the equations ()4.8j) are satisfied for every h 3 = hs(x 1 , X 2 ; z )- 



Cylindrical coordinates: 

Let us construct a solution of the Einstein equation with the horizon having the symmetry 
of ellipsoidal cylinder given by hypersurface formula [7j 
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where a > 1. The 3D radial coordinate r is to be computed from p 2 = p 2 + z 2 . 
The 3D space coordinate system is defined 

x = p* cosh u cos v, y = p* sinh u sin t> sin, z = z, 

where a = coshw, (0 < u < oo, < v < ir). 
The hyper surface metric is 

9uu = 9w = pl (sinh 2 u + sin 2 v) , g zz = 1. (4.12) 

A solution of the Einstein equations with singularity on an ellipse is given by 

r 1 2 

h 3 



hi 



pi (sinh 2 u + sin 2 v ) 
1 



x 



1 + ^4 



6 ' 



04 



p 2 (sinh 2 m + sin 2 v) ' 



where r = p (l + . The condition of vanishing of the time-time coefficient 
parametrizes the hypersurface equation of the horizon 



x 2 

^ + a 2 - 1 



p*( S ) 



z = z, 



where p* (s) = 2Km (/in) . 

By multiplying the d-metric on the conformal factor 



p 2 (sinh 2 u + sin 2 v) 



4p 



where r g — J p*( g )dl (the integration is taken along the ellipse), for p* — > 1, in the local 
isotropic limit, sint> w 0, the space component transforms into ()4.12|) . 



Bipolar coordinates: 

Let us construct 4D solutions of the Einstein equation with the horizon having the 
symmetry of the bipolar hypersurface given by the formula [7] 
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which describes a hypersurface obtained under the rotation of the circles 



2 ~2 
P \ ~2 P 

~\~ z — — 



tana 



sin 2 a 



around the axes Oz; because |ctaner| < | sincr| , the circles intersect the axes Oz. The 
3D space coordinate system is defined 



x 



p sin a cos <p 

cosh r — cos a 
r sinh r 



cosh t — cos a 
The hypersurface metric is 



„ p sin a sin <p 
^ cosh r — cos cr ' 

-OO < T < OO, 0<Cr<7T,0<(p< 27r) . 



p z p z sin a 

9tt — Qcra — - : ~f ' SW = 7 i \2 • 

(cosh t — cos a) (cosh r — cos cr) 



(4.13) 



A solution of the Einstein equations with singularity on a circle is given by 

2 



1-4 
4p. 



/ 



1 + T^ 
4p 



and /14 = a 4 = sin 2 a, 



where r = p ^1 + . The condition of vanishing of the time-time coefficient h 3 
parametrizes the hypersurface equation of the horizon 



x 2 + y 2 ctancr) + 'z 2 = \ — , 

2 / 4 sin cr 



where r g = J p*( g )dl (the integration is taken along the circle), p*( s ) = 2«m.(^ n ) . 
By multiplying the d-metric on the conformal factor 



(cosh t — cos cr) 



4 P. 



(4.14) 



for p* — > 1, in the local isotropic limit, sint> pa 0, the space component transforms into 
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Toroidal coordinates: 

Let us consider solutions of the Einstein equations with toroidal symmetry of hori- 
zons. The hypersurface formula of a torus is [Zj 



~2 



x 2 + y 2 — p ctanha ) +z 

The 3D space coordinate system is defined 

_ p sinh r cosy? „ p sin a sin <p 

x = ' ' 

cosh r — cos a ' 

_ p sinh a 

cosh r — cos a 

The hypersurface metric is 



P 2 



sinh a 



y 



cosh r — cos a ' 
-7r < a < 7r, < r < oo, < <p < 2n) 



p p sin a 

(cosh r — cos a) (cosh r — cos a) 



(4.15) 



This, another type of solution of the Einstein equations with singularity on a circle, 
is given by 



1-4 
4p. 



/ 



1 + ^ 
4p. 



and h 4 = a 4 = sinh 2 a, 



where r = p ( 1 + ^ ) . The condition of vanishing of the time-time coefficient h 3 



ApJ 

parametrizes the hypersurface equation of the horizon 



x 2 + y 2 — 



2 tanh a 



9 c) +Z 2 



4 sinh 2 a ' 



where r g = J p^ g )dl (the integration is taken along the circle), p*( 9 ) = 2Km^ in ). 

By multiplying the d-metric on the conformal factor ()4.14j) . for p* — > 1, in the local 
isotropic limit, sinf m 0, the space component transforms into 1)4.15)1 . 



4.5.3 A Schwarzschild like la— solution 

The d-metric of type (J4.8j) is taken 

5s 2 = gi ( x \ e)d( x 1 ) 2 + de 2 + h 3 ( x \ 0, <p) (st) 3 + h 4 ( x \ e, <p) (M 2 , (4.16) 

where on the horizontal subspace \ l = p/ r a is the dimensionless radial coordinate (the 
constant r a will be defined below), x 2 = 9 and in the vertical subspace y 3 = z = t and 
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y 4 = ip. The energy-momentum d-tensor is taken to be diagonal = diag[0, 0, —e, 0]. 
The coefficient g\ is chosen to be a solution of type (|4.4jl 

^ = cos 2 #. 

For 

Ai4 = sin 9 and n, 3 (p) = F . 

{> [l + r a /4p] 6 ' 

where r = p ^1 + ^ ,r 2 = x 2 + y 2 + z 2 , r a =r g is the Schwarzschild gravitational 

radius, the d-metric 1)4.16)1 describes a la-solution of the Einstein equations which is 
conformally equivalent, with the factor p 2 (1 + r 9 /4p) 2 , to the Schwarzschild solution 
(written in coordinates (p, 9, (f,t)), embedded into a la-background given by non-trivial 
values of q^p, 9, t) and n;(p, 9, t). In the anisotropic case we can extend the solution for 
anisotropic (on angle 9) gravitational polarizations of point particles masses, m = m(9) , 
for instance in elliptic form, when 



r a (0) 



r 9 



[1 + ecos6») 

induces an ellipsoidal dependence on 9 of the radial coordinate, 



P 



4(1 +ecos6>) 

We can also consider arbitrary solutions with r a = r a (9, t) of oscillation type, r a ~ 
sin (u)it) , or modelling the mass evaporation, r a ~ exp[— st], s = const > 0. 
So, fixing a physical solution for h 3 (p,9,t), for instance, 

= [1 -r a exp[-st]/4p(l + ecosfl)] 2 
3lP ' ' '~ [l + r a exp[-st]/4p(l+ecos#)] 6 ' 

where e = const < 1, and computing the values of qi(p,9,t) and ni(p,9,t) from (J4.9j) 
and ()4.10|) . corresponding to given h 3 and we obtain a la-generalization of the 
Schwarzschild metric. 

We note that fixing this type of anisotropy, in the locally isotropic limit we obtain 
not just the Schwarzschild metric but a conformally transformed one, multiplied on the 
factor 1/p 2 (1 + r 9 /4p) 4 . 
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4.6 Final remarks 

We have presented new classes of three and four dimensional black hole solutions 
with local anisotropy which are given both with respect to a coordinate basis or to an 
anholonomic frame defined by a N-connection structure. We proved that for a corre- 
sponding ansatz such type of solutions can be imbedded into the usual (three or four 
dimensional) Einstein gravity. It was demonstrated that in general relativity there are 
admitted static, but anisotropic (with nonspheric symmetry), and elliptic oscillating in 
time black hole like configurations with horizons of events being elliptic (in three di- 
mensions) and rotation ellipsoidal, elliptic cylinder, toroidal and another type of closed 
hypersurfaces or cylinders. 

From the results obtained, it appears that the components of metrics with generic 
local anisotropy are somehow undetermined from field equations if the type of symmetry 
and a correspondence with locally isotropic limits are not imposed. This is the conse- 
quence of the fact that in general relativity only a part of components of the metric field 
(six from ten in four dimensions and three from six in three dimensions) can be treated 
as dynamical variables. This is caused by the Bianchi identities which hold on (pseudo) 
Riemannian spaces. The rest of components of metric should be defined from some 
symmetry prescriptions on the type of locally anisotropic solutions and corresponding 
anholonomic frames and, if existing, compatibility with the locally isotropic limits when 
some physically motivated coordinate and/or boundary conditions are enough to state 
and solve the Cauchy problem. 

Some of the problems discussed so far might be solved by considering theories con- 
taining non-trivial torsion fields like metric-affine and gauge gravity and for so-called 
generalized Finsler-Kaluza-Klein models. More general solutions connected with locally 
anisotropic low energy limits in string/M-theory and supergravity could be also gener- 
ated by applying the method of computation with respect to anholonomic (super) frames 
adapted to a N-connection structure. This topic is currently under study. 
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Chapter 5 

Anholonomic Triads and New 
Classes of (2+l)-Dimensional Black 
Hole Solutions 



Abstract 1 

We apply the method of moving anholonomic frames in order to construct new classes 
of solutions of the Einstein equations on (2+l)-dimensional pseudo-Riemannian spaces. 
The anholonomy associated to a class of off-diagonal metrics results in alternative classes 
of black hole solutions which are constructed following distinguished (by nonlinear con- 
nection structure) linear connections and metrics. There are investigated black holes 
with deformed horizons and renormalized locally anisotropic constants. We speculate on 
properties of such anisotropic black holes with characteristics defined by anholonomic 
frames and anisotropic interactions of matter and gravity. The thermodynamics of locally 
anisotropic black holes is discussed in connection with a possible statistical mechanics 
background based on locally anisotropic variants of Chern-Simons theories. 



5.1 Introduction 

In recent years there has occurred a substantial interest to the (2+l)-dimensional 
gravity and black holes and possible connections of such objects with string/M-theory. 
Since the first works of Deser, Jackiv and 't Hooft |TU] and Witten [21] on three dimen- 
sional gravity and the seminal solution for (2+l)-black holes constructed by Banados, 



1 © S. Vacaru, P. Stavrinos and E. Gaburov, Anholonomic Triads and New Classes of (2+1)- 



Dimensional Black Hole Solutions, gr-qc/0106068 
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Teitelboim, and Zanelli (BTZ) [3] the gravitational models in three dimensions have 
become a very powerful tool for exploring the foundations of classical and quantum 
gravity, black hole physics, as well the geometrical properties of the spaces on which the 
low-dimensional physics takes place [3]. 

On the other hand, the low-dimensional geometries could be considered as an arena 
for elaboration of new methods of solution of gravitational field equations. One of pecu- 
liar features of general relativity in 2+1 dimensions is that the bulk of physical solutions 
of Einstein equations are constructed for a negative cosmological constant and on a space 
of constant curvature. There are not such limitations if anholonomic frames modelling 
locally anisotropic (la) interactions of gravity and matter are considered. 

In our recent works we emphasized the importance of definition of frames of 
reference in general relativity in connection with new methods of construction of solu- 
tions of the Einstein equations. The former priority given to holonomic frames holds 
good for the 'simplest' spherical symmetries and is less suitable for construction of so- 
lutions with 'deformed' symmetries, for instance, of static black holes with elliptic (or 
ellipsoidal and/or torus) configurations of horizons. Such type of 'deformed', locally 
anisotropc, solutions of the Einstein equations are easily to be derived from the ansatz 
of metrics diagonalized with respect to some classes of anholonomic frames induced by 
locally anisotropic 'elongations' of partial derivatives. After the task has been solved in 
anholonomic variables it can be removed with respect to usual coordinate bases when 
the metric becomes off-diagonal and the (for instance, elliptic) symmetry is hidden in 
some nonlinear dependencies of the metric components. 

The specific goal of the present work is to formulate the (2+l)-dimensional grav- 
ity theory with respect to anholonomic frames with associated nonlinear connection 
(N-connection) structure and to construct and investigate some new classes of solu- 
tions of Einstein equations on locally anisotropic spacetimes (modelled as usual pseudo- 
Riemannian spaces provided with an anholonomic frame structure). A material of inter- 
est are the properties of the locally anisotropic elastic media and rotating null fluid and 
anisotropic collapse described by gravitational field equations with locally anisotropic 
matter. We investigate black hole solutions that arise from coupling in a self-consistent 
manner the three dimensional (3D) pseudo-Riemannian geometry and its anholonomic 
deformations to the physics of locally anisotropic fluids formulated with respect to an- 
holonomic frames of reference. For certain special cases the locally anisotropic matter 
gives the BTZ black holes with/or not rotation and electrical charge and variants of 
their anisotropic generalizations. For other cases, the resulting solutions are generic 
black holes with " locally anisotropic hair" . 

It should be emphasized, that general anholonomic frame transforms with associated 
N-connection structure result in deformation of both metric and linear connection struc- 
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tures. One can be generated spaces with nontrivial nonmetricity and torsion fields. There 
are subclasses of deformations when the condition of metric and connection compatibil- 
ity is preserved and the torsion fields are effectively induced by the anholonomic frame 
structure. On such spaces we can work with the torsionless Levi-Civita connection or 
(equivalently, but in a more general geometric form) with certain linear connections with 
effective torsion. With respect to anholonomic frames (this can be naturally adapted 
to the nonlinear connection structure), the Ricci tensor can be nonsymmetric and the 
conservation lows are to be formulated in more sophisticate form. This is similar to 
the nonholonomic mechanics with various types of constraints on dynamics (in modern 
literature, one uses two equivalent terms, nonholonomic and/or anholonomic). Such 
geometric constructions are largely used in generalized Lagrange-Hamilton and Finsler- 
Cartan geometry ^Hj, but for nonholonomic manifolds (i.e. manifolds provided with 
nonintegrable distributions, in the simplest case defining a nonlinear connection) such 
generalized geometries can be modelled by nonholnomic frames and their deformations 
on (pseudo) Riemannian spaces, see details in Refs. [27|. This work is devoted to a study 
of such 3D nonholonomic frame deformations and their possible physical implications in 
lower-dimensional gravity. 

We note that the anisotropic gravitational field has very unusual properties. For 
instance, the vacuum solutions of Einstein anisotropic gravitational field equations could 
describe anisotropic black holes with elliptic symmetry. Some subclasses of such locally 
anisotropic spaces are teleparallel (with non-zero induced torsion but with vanishing 
curvature tensor) another are characterized by nontrivial, induced from general relativity 
on anholonomic frame bundle, N-connection and Riemannian curvature and anholonomy 
induced torsion. In a more general approach the N-connection and torsion are induced 
also from the condition that the metric and nonlinear connection must solve the Einstein 
equations. 

The paper is organized as follows: In the next section we briefly review the locally 
anisotropic gravity in (2+l)-dimensions. Conformal transforms with anisotropic factors 
and corresponding classes of solutions of Einstein equations with dynamical equations 
for N-connection coefficients are examined in Sec. 3. In Sec. 4 we derive the energy- 
momentum tensors for locally anisotropic elastic media and rotating null fluids. Sec. 5 
is devoted to the local anisotropy of (2+1) -dimensional solutions of Einstein equations 
with anisotropic matter. The nonlinear self-polarization of anisotropic vacuum gravita- 
tional fields and matter induced polarizations and related topics on anisotropic black hole 
solutions are considered in Sec. 6. We derive some basic formulas for thermodynamics 
of anisotropic black holes in Sec. 7. The next Sec. 8 provides a statistical mechanics 
background for locally anisotropic thermodynamics starting from the locally anisotropic 
variants of Chern-Simons and Wess-Zumino-Witten models of locally anisotropic grav- 
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ity. Finally, in Sec. 9 we conclude and discuss the obtained results. 

5.2 Anholonomic Frames and 3D Gravity 

In this Section we wish to briefly review and reformulate the Cartan's method of mov- 
ing frames [H] for investigation of gravitational and matter field interactions with mixed 
subsets of holonomic (unconstrained) and anholonomic (constrained, equivalently, locally 
anisotropic, in brief, la) variables Usual tetradic (frame, or vielbein) approaches 

to general relativity, see, for instance, j2HJE|, consider 'non-mixed' cases when all ba- 
sic vectors are anholonomic or transformed into coordinate (holonomic) ones. We note 
that a more general geometric background for locally anisotropic interactions and locally 
anisotropic spacetimes, with applications in physics, was elaborated by Miron and Anas- 
tasiei ^H] m their generalized Finsler and Lagrange geometry; further developments for 
locally anisotropic spinor bundles and locally anisotropic superspaces are contained in 
Refs |23[ El] . Here we restrict our constructions only to three dimensional (3D) pseudo- 
Riemannian spacetimes provided with a global splitting characterized by two holonomic 
and one anholonomic coordinates. 

5.2.1 Anholonomic frames and nonlinear connections 

We model the low dimensional spacetimes as a smooth (i. e. class C°°) 3D (pseudo) 
Riemannian manifolds being Hausdorff, paracompact and connected and enabled 
with the fundamental structures of symmetric metric g a p, with signature (— , +, +) and of 
linear, in general nonsymmetric (if we consider anholonomic frames), metric connection 
r°jg defining the covariant derivation D a . The indices of geometrical objects on 
are stated with respect to a frame vector field (triad, or dreibien) e a and its dual e a . A 
holonomic frame structure on 3D spacetime could be given by a local coordinate base 

d a = d/du a , (5.1) 

consisting from usual partial derivatives on local coordinates u = {u a } and the dual 
basis 

d a = du a , (5.2) 

consisting from usual coordinate differentials du a . 

An arbitrary holonomic frame e a could be related to a coordinate one by a local 
linear transform e a = A£(u)dp, for which the matrix A£ is nondegenerate and there 
are satisfied the holonomy conditions 

e a ep - epe a = 0. 



5.2. ANHOLONOMIC FRAMES AND 3D GRAVITY 



251 



Let us consider a 3D metric parametrized into (2 + 1) components 



9af3 



g^ + N'N'h.. N'h. 
N'h.. h.. 



(5.3) 



given with respect to a local coordinate basis ()5.2j) . du a = (dx\dy), where the Greek 
indices run values 1, 2, 3, the Latin indices i, j, k, ... from the middle of the alphabet run 
values for n = 1, 2, ... and the Latin indices from the beginning of the alphabet, a, b, c, 
run values for m = 3,4, .... if we wont to consider imbedding of 3D spaces into higher 
dimension ones. The coordinates x l are treated as isotropic ones and the coordinate 
y* — y is considered anholonomic (anisotropic). For 3D we denote that a, b, c, ... = •, 
y' — > y, h ab — > h„ = h and iV? — > N' = Wi. The coefficients = gij (u) , h„ = h (u) 
and N* = Ni(u) are supposed to solve the 3D Einstein gravitational field equations. The 
metric ()5.3|) can be rewritten in a block (2 x 2) © 1 form 



9a/3 



9a(v) \ 

h(u) J ia ' 4J 



with respect to the anholonomic basis (frame, anisotropic basis) 

f - = <*• s -> = ^ = (* = w = w ~ N ' (M) w d - = |) (5 ' 5) 

and its dual anholonomic frame 

^ = (cf , 5') = 6vP = (d i = dx\ 5' = 5y = dy + N£ (u) rfx fc ) . 

where the coefficients iVJ (it) from ()5.5|) and (|5.fj|l could be treated as the components 
of an associated nonlinear connection (N-connection) structure [21 EH 123 121] which was 
considered in Finsler and generalized Lagrange geometries and applied in general rela- 
tivity and Kaluza-Klein gravity for construction of new classes of solutions of Einstein 
equations by using the method of moving anholonomic frames [2*5] . On 3D (pseudo)- 
Riemannian spaces the coefficients N' define a triad of basis vectors (dreibein) with 
respect to which the geometrical objects (tensors, connections and spinors) are decom- 
posed into holonomic (with indices and anholonomic (provided with •— index) 
components. 

A local frame (local basis) structure 5 a on — > V^ 2+1 ^ (by (2 + 1) we denote the 
N-connection splitting into 2 holonomic and 1 anholonomic variables in explicit form; 
this decomposition differs from the usual two space and one time-like parametrizations) 
is characterized by its anholonomy coefficients w a ^ defined from relations 

S a Sf3 - 5p5 a = w 7 Q/3 <5 7 . (5.6) 
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The rigorous mathematical definition of N-connection is based on the formalism of hor- 
izontal and vertical subbundles and on exact sequences in vector bundles EH] . In this 
work we introduce a N-connection as a distribution which for every point u = (x, y) e 
y( 2 +!) defines a local decomposition of the tangent space 

T U V {2+1) = H U V {2) © V U V {1) . 

into horizontal subspace, H U V^ 2 \ and vertical (anisotropy) subspace, VuV^, which is 
given by a set of coefficients N* (u a ) . A N-connection is characterized by its curvature 

dN 9 dN* dN* ON 9 

%3 dx3 dx l 1 dy J dy v ' 

The class of usual linear connections can be considered as a particular case of N-connecti- 
ons when 

N;(x,y)=r; j (x)y\ 

The elongation (by N-connection) of partial derivatives and differentials in the adapted 
to the N-connection operators ()5.5|) and (|5.fij) reflects the fact that on the (pseudo) 
Riemannian spacetime \/( 2+1 ) it is modelled a generic local anisotropy characterized by 
anholonomy relations ()5.6|) when the anholonomy coefficients are computed as follows 

w% = 0,w k . j = 0,w k l . = 0,w k .. = 0,w\. = 0, (5.8) 

™v = -n^w'. 3 = -d.Niw' l . = d.Ni 

The frames ()5.5j) and 1)5.6)1 are locally adapted to the N-connection structure, define a 
local anisotropy and, in brief, are called anholonomic bases. A N-connection structure 
distinguishes (d) the geometrical objects into horizontal and vertical components, i. 
e. transform them into d-objects which are briefly called d-tensors, d-metrics and d- 
connections. Their components are defined with respect to an anholonomic basis of type 
(j5.5j) . its dual (|5.fij) . or their tensor products (d-linear or d-affine transforms of such 
frames could also be considered). For instance, a covariant and contravariant d-tensor 
Q, is expressed 

Q = Q a p8 a ® 6 13 = Qfii ® d 3 + Q\Si ®6' + Q'jd. ® d j + Q\d. ® 5\ 

Similar decompositions on holonomic-anholonomic, conventionally on horizontal (h) and 
vertical (v) components, hold for connection, torsion and curvature components adapted 
to the N-connection structure. 
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5.2.2 Compatible N- and d— connections and metrics 

A linear d-connection Dona locally anisotropic spacetime V^ 2+1 \ 
Ds^Sp = T ^ (x, y) 5 a , is given by its h-v-components, 

-pa / j i r • \ 

07 ~ \ jki U »ki ° >5 ° ••) 

where 

D Sk 5j = V jk 6 u D 5h d. = L\ k d., D d .5 = C*^, D 5 .d. = Cl.d.. (5.9) 

A metric on \/( 2+1 ) with its coefficients parametrized as ()5.3|) can be written in dis- 
tinguished form (|5.4j) . as a metric d-tensor (in brief, d-metric), with respect to an 
anholonomic base ([5.6)1 . i. e. 

$s 2 = g a p (u) 5 a <g> 5 13 = g ij (x,y)dx i dx i + h(x,y)(5y) 2 . (5.10) 

Some N-connection, d-connection and d-metric structures are compatible if there are 
satisfied the conditions 

D a gpy = o. 

For instance, a canonical compatible d-connection 

era ( C T^ C T* c rii c \ 

1 /3<y — { jki ^ •ki ° >! ° ••) 

is defined by the coefficients of d-metric (|5.10|) . g^ (x, y) and h (x, y) , and by the coeffi- 
cients of N-connection, 



c t i 
L jk 


= -j9 m (8k9nj + $j9nk - 


- bn9jk) , 


CT» 

^ mk 


= d.N' k + h- l (5 k h- 


2hd.Nl) , 




= \g ik d.g jk , 




c c\. 


= \h~ l {d.h). 





The coefficients of the canonical d-connection generalize for locally anisotropic space- 
times the well known Christoffel symbols. By a local linear non-degenerate transform to 
a coordinate frame we obtain the coefficients of the usual (pseudo) Riemannian metric 
connection. For a canonical d-connection (|5.11|) . hereafter we shall omit the left-up 
index " c" , the components of canonical torsion, 

rpa _ -pa _-pa , a 

1 07 — 1 07 1 70 + W 07 
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are expressed via d-torsions 

r-p% rp% ji ji rpi rp% 

Tj,c = S%c = ~ C% ~ > = 0' (5-12) 
TV = -Qr TV = d.N' - L' M , T'. = -TV 

which reflects the anholonomy of the corresponding locally anisotropic frame of reference 
on V^ 2+x >\ they are induced effectively. With respect to holonomic frames the d-torsions 
vanishes. Putting the non-vanishing coefficients (|5.11|) into the formula for curvature 



R (8 T , <5 7 ) 6p = R^ 1T 5 ai 

p a c -pa r -pa , -pip -pa -p^p -pa , -pa </ 

n P 7r — °r i - /3 7 ^7 08 * i3y L <pr 1 /3t L <p~/ "T 1 Pip W it 

we compute the components of canonical d-curvatures 



R'h.jk 


= 5 kL\j 


~ fijL % hk + L™jL l mk 


^.hk-^mj 


— r l o* 

° ./»".jjfe> 


R '-jk 


= 5 k L \j 


~ $jL\ k - C m .Q jk , 






p.i 




+ C l j,T' k , - (5 k C l j, 




^.jk u .U 


p.* 


= d.L\ k 


+ c '.. T 'k. - ( 5 kC'„ 






q.i 
J j.bc 




— dbC\j C + C h j b C\ c - 


^.jc^hb 


* = o, 


°b.cd 


= d d C a bc 


" dcC a bd + C e bc C a ed - 


~ U .bd U .ec ~ 


- 5.-.. = o. 



(5.13) 



The h-v-decompositions for the torsion, (|5.12jl . and curvature, (|5.13J) . are invariant 
under local coordinate transforms adapted to a prescribed N-connection structure. 

5.2.3 Anholonomic constraints and Einstein equations 

The Ricci d-tensor R^ = Rg a ja has the components 

Rij = Rfj kl R^ = — 2 Pia — ~Pi%»i (5-14) 

Rmi = Pmi = P 9 .i*i Pah = S abc > S 99 = 

and, in general, this d-tensor is non symmetric. We can compute the scalar curvature 
R = g^Rp^ of a d-connection D, 

*R=R + S, (5.15) 
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where R = g^Rij and S = h ab S a b = for one dimensional anisotropies. By introducing 
the values (|5.14jl and (j5.15|) into the usual Einstein equations 

G a/3 + Ag a/3 = kTfr, (5.16) 

where ^ 

G a p = Rpi — -^9p~tR (5-17) 

is the Einstein tensor, written with respect to an anholonomic frame of reference, we 
obtain the system of field equations for locally anisotropic gravity with N-connection 
structure [T9"] : 

R ij -^(R-2A)g ij = kTij, (5.18) 

~(R-2A)h.. = kT.., (5.19) 

: P.i = kT.i, (5.20) 
2 P % . = —kT im , (5.21) 

where Y^-, T.., and Tj. are the components of the energy-momentum d-tensor field 
T py which includes the cosmological constant terms and possible contributions of d- 
torsions and matter, and k is the coupling constant. 

The bulk of nontrivial locally isotropic solutions in 3D gravity were constructed by 
considering a cosmological constant A = —l/l 2 , with and equivalent vacuum energy- 
momentum = —Ag^. 



5.2.4 Some ansatz for d— metrics 

Diagonal d-metrics 

Let us introduce on 3D locally anisotropic spacetime \/( 2+1 ) the local coordinates 
(x 1 , x 2 , y), where y is considered as the anisotropy coordinate, and parametrize the d- 
metric ()5.1()j) in the form 

5s 2 = a {x 1 ) (dx 1 ) 2 + b (x l ) (dx 2 ) 2 + h (x\ y) {5y) 2 , (5.22) 

where 

Sy = dy + Wi(x l , y)dx l + w 2 {x\ y)dx 2 , 

i. e. N' = Wi(x\y). 
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With respect to the coordinate base (j5.1|) the d-metric (j5.10J) transforms into the 
ansatz 

a + w 2 h w\W2h wih 



WxW^h b + w 2 2 h W2h 



9af3 - 

The nontrivial components of the Ricci d-tensor ()5.14|) are computed 



J 2 

W\h w 2 h h 



(5.23) 



2abR\ = labRl - b + — b 2 + — ab + —ab' - a" + —(d) 2 
1 2 2b 2a 2b 2a y ' 

where the partial derivatives are denoted, for instance, h = dh/dx 1 ,^ = dh/dx 2 and 
h* = dh/dy. The scalar curvature is R = 2R\. 

The Einstein d-tensor has a nontrivial component 

G3 = — hr\. 

In the vacuum case with A = 0, the Einstein equations (j5.18|) - (j5.21|) are satisfied by 
arbitrary functions a (x l ) , b (x 1 ) solving the equation 

-I + Lb 2 + —ab + —a'b' - a" + —(a') 2 = (5.24) 
26 2a 2b 2a 

and arbitrary function h (x\ y) . Such functions should be defined following some bound- 
ary conditions in a manner as to have compatibility with the locally isotropic limit. 

Off— diagonal d— metrics 

For our further investigations it is convenient to consider d-metrics of type 

5s 2 = g (x l ) (dx 1 ) 2 + 2dx l dx 2 + h (x\ y) (5y) 2 . (5.25) 
The nontrivial components of the Ricci d-tensor are 



1 d 2 g 1 d 2 g 

Ru = 2 9 W?' RU = Rn = 2 W™' (5 ' 26) 



when the scalar curvature is R = 2i? 12 and the nontrivial component of the Einstein 
d-tensor is 

h d 2 g 
33 2 d(x 2 ) 2 ' 
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We note that for the both d-metric ansatz ()5.22|) and (|5.25|) and corresponding 
coefficients of Ricci d-tensor, ()5.24j) and (|5.2fij) . the h-components of the Einstein d- 
tensor vanishes for arbitrary values of metric coefficients, i. e. Gij = 0. In absence 
of matter such ansatz admit arbitrary nontrivial anholonomy (N-connection and In- 
curvature) coefficients ()5.8|) because the values Wi are not contained in the 3D vacuum 
Einstein equations. The h-component of the d-metric, h(x k ,y), and the coefficients of 
d-connection, Wi(x k ,y), are to be defined by some boundary conditions (for instance, 
by a compatibility with the locally isotropic limit) and compatibility conditions between 
nontrivial values of the cosmological constant and energy-momentum d-tensor. 

5.3 Conformal Transforms with Anisotropic Factors 

One of pecular proprieties of the d-metric ansatz ()5.22j) and ()5.25j) is that there is only 
one non-trivial component of the Einstein d-tensor, G 33 . Because the values P^ and P^ 
for the equations ()5.19|) and ()5.20j) vanish identically the coefficients of N-connection, 
Wi, are not contained in the Einstein equations and could take arbitrary values. For 
static anisotropic configurations the solutions constructed in Sections IV and V can be 
considered as 3D black hole like objects embedded in a locally anisotropic background 
with prescribed anholonomic frame (N-connection) structure. 

In this Section we shall proof that there are d-metrics for which the Einstein equations 
reduce to some dynamical equations for the N-connection coefficients. 

5.3.1 Conformal transforms of d— metrics 

A conformal transform of a d-metric 

(gij, Kb) — * (gij = ^ 2 (x\ y) gij,h ab = ^ 2 (x % , y) h ab ^j (5.27) 

with fixed N-connection structure, iVf = N®, deforms the coefficients of canonical d- 
connection, 

■pa pa I "pet 

where the coefficients of deformation d-tensor r'V = {Lj k , L^ k} Cj c , Cg c } are computed 
by introducing the values ()5.27|) into ()5.11|) . 

L) k = 5^ k + 51^ - g lk g in ^ n , L a bk = 5^ k , (5.28) 
C) c = 5}i/; c , CI = 6^ c + 6 a c ij b - h bc h ae ij e 
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with 5j and 8% being corresponding Kronecker symbols in h- and v-subspaces and 

if>i = Si In Q and ip a = d a In Q. 

In this subsection we present the general formulas for a n-dimensional /i-subspace, 
with indices k... = 1, 2, ...n, and m-dimensional f-subspace, with indices a, b, c, ... = 
1,2,. ..m. 

The d-connection deformations 1)5.28)1 induce conformal deformations of the Ricci 
d-tensor (J5.14j) . 

Rhj = Rhj + R[l]hj + R[2]hji Rja = Rja + Rjai 
Rbk = Rbk + Rbki Sbc = Sbc + S&c, 

where the deformation Ricci d-tensors are 

p _ o "p i f) T -L T m T _L T m ~T _L T~ m ?" T m T i Tin Ti 'jm 'ji 

tt[l]hj — Ci^hj ~ Vj^h -T Li h j-Lt m + ^ hj^rn T A/ ftj-^m ~ i/ fci-^ m j ~ i/ ftj-^mj ~ i/ hi^mji 

R[2 ]hj = NtdJ^-NfdjjK + Ctirtf (5.29) 

o r I r /^i I r i /~fk r k r b -pb rjb jyb 

Ltja — U a J^j -f- 0jO ja -h l^ ki ^j a J^ji^ka ^ai^jb ° jV ia ° jft-* ia ° jb r iai 

-ft&fc — <^a-^ — OfcOfo -h 6A ,O a -h O M -T to tO M -T jjtO bd kai 

>~>bc — Ua^ be ~ u c^b T O bc O e -+- C- bc (_/ e -t- (_/ bc O e — O fea O ec — <_/ ba (_/ ec — O 6a O ec , 

when L h = L l hi and C b = C e be . 

5.3.2 An ansatz with adapted conformal factor and N— connec- 
tion 



We consider a 3D metric 



9af3 



Vt 2 {a — w 2 h) —wiW 2 hVl 2 —w\hVl 2 
—WiW2hVt 2 tt 2 (b — w 2 2 h) —W2hVL 2 
- Wl hn 2 -w 2 hn 2 ' -h£l 2 



(5.30) 



where a = a(x l ), b = b (x l ) , Wi = Wi(x k , y),Q = Q [x k , y) > and h = h (x fc , y) when the 
conditions 

d 

ipi = 5i In f2 = 7— In f2 — W{ In Vt = 

are satisfied. With respect to anholonomic bases ()5.6|) the ()5.30|) transforms into the 
d-metric 

5s 2 = n 2 (x k ,y)[a(x k )(dx 1 ) 2 + bix^dx 1 ) 2 + h (x k ,y) (5y) 2 }. (5.31) 
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By straightforward calculus, by applying consequently the formulas ()5.13|) - ()5.21|) we 
find that there is a non-trivial coefficient of the Ricci d-tensor 1)5.14)1 . of the deformation 
d-tensor JOSH), 

Rj3 = ^3 • Sj In y/\h\, 
which results in non-trivial components of the Einstein d-tensor ()5.17j) . 

G 3 3 = -hR\ and P. t = -ip 3 ■ 6j In y/\h\, 

where R\ is given by the formula (|5.24jl . 

We can select a class of solutions of 3D Einstein equations with P,j = but with the 
horizontal components of metric depending on anisotropic coordinate y, via conformal 
factor fl(x k ,y), and dynamical components of the N-connection, Wi, if we choose 

h(x k ,y) = ±Q 2 (x k ,y) 

and state 

Wi(x k ,y) = di\n\\nn\. (5.32) 

Finally, we not that for the ansatz (|5.3U|) (equivalently (|5.31|) ) the coefficients of re- 
connect ion have to be found as dynamical values by solving the Einstein equations. 



5.4 Matter Energy Momentum D— Tensors 

5.4.1 Variational definition of energy-momentum d— tensors 

For locally isotropic spacetimes the symmetric energy momentum tensor is to be 
computed by varying on the metric (see, for instance, Refs. ^211201) the matter action 



S = -J £V\g~\dV, 



where £ is the Lagrangian of matter fields, c is the light velocity and dV is the infinites- 
imal volume, with respect to the inverse metric g a @. By definition one states that the 
value 



— A \t — d(VH £ ) _ 1W) r , ^ 

is the symmetric energy-momentum tensor of matter fields. With respect to anholonomic 
frames ()5.5|1 and (|5.fij) there are imposed constraints of type 

g ib -N'h = 



260 CHAPTER 5. ANHOLONOMIC TRIADS AND BLACK HOLE SOLUTIONS 



in order to obtain the block representation for d-metric (|5.4J1 . Such constraints, as well 
the substitution of partial derivatives into N-elongated, could result in nonsymmetric 
energy-momentum d-tensors T Q( g which is compatible with the fact that on a locally 
anisotropic spacetime the Ricci d-tensor could be nonsymmetric. 

The gravitational-matter field interactions on locally anisotropic spacetimes are de- 
scribed by dynamical models with imposed constraints (a generalization of anholonomic 
analytic mechanics for gravitational field theory). The physics of systems with mixed 
holonomic and anholonomic variables states additional tasks connected with the defini- 
tion of conservation laws, interpretation of non-symmetric energy-momentum tensors 
T Q/ 3 on locally anisotropic spacetimes and relation of such values with, for instance, the 
non-symmetric Ricci d-tensor. In this work we adopt the convention that for locally 
anisotropic gravitational matter field interactions the non-symmetric Ricci d-tensor in- 
duces a non-symmetric Einstein d-tensor which has as a source a corresponding non- 
symmetric matter energy-momentum tensor. The values T Q/ g should be computed by a 
variational calculus on locally anisotropic spacetime as well by imposing some constraints 
following the symmetry of anisotropic interactions and boundary conditions. 

In the next subsection we shall investigate in explicit form some cases of definition of 
energy momentum tensor for locally anisotropic matter on locally anisotropic spacetime. 

5.4.2 Energy— Momentum D— Tensors for Anisotropic Media 

Following DeWitt approach |2E] and recent results on dynamical collapse and hair 
of black holes of Husain and Brown 13 j, we set up a formalism for deriving energy- 
momentum d-tensors for locally anisotropic matter. 

Our basic idea for introducing a local anisotropy of matter is to rewrite the energy- 
momentum tensors with respect to locally adapted frames and to change the usual partial 
derivations and differentials into corresponding operators ()5.5|) and ()5.6|) . "elongated" by 
N-connection. The energy conditions (weak, dominant, or strong) in a locally anisotropic 
background have to be analyzed with respect to a locally anisotropic basis. 

We start with DeWitt 's action written in locally anisotropic spacetime, 



as a functional on region V, of the locally anisotropic metric g a p and the Lagrangian co- 
ordinates z- = z- (u a ) (we use underlined indices i, j, ... = 1,2 in order to point out that 
the 2-dimensional matter space could be different from the locally anisotropic space- 
time). The functions z- = z L (u a ) are two scalar locally anisotropic fields whose locally 




v 
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anisotropic gradients (with partial derivations substituted by operators ()5.ip ) are orthog- 
onal to the matter world lines and label which particle passes through the point u a . The 
action S [g a p, z 1 } is the proper volume integral of the proper energy density p in the rest 

anholonomic frame of matter. The locally anisotropic density p (z l , qjkj depends explic- 
itly on z- and on matter space d-metric q^- = (S a z-) g a/3 (Spz-) , which is interpreted as 
the inverse d-metric in the rest anholonomic frame of the matter. 

Using the d-metric q^- and locally anisotropic fluid velocity V a , defined as the future 
pointing unit d-vector orthogonal to d-gradients S a z l , the locally anisotropic spacetime 
d-metric (J5.1U|) of signature (-,+,+) may be written in the form 

9af3 = -V a Vf3 + qjk5 a zl5 p z k 

which allow us to define the energy-momentum d-tensor for elastic locally anisotropic 
medium as 

2 6 S 

where the locally anisotropic matter stress d-tensor tjk is expressed as 

5p_ _ 2 6(y/qp) 

•dq& P<ll -~ jq dq 

Here one should be noted that on locally anisotropic spaces 



% = 2^ - P q L k = -^—TT- (5-34) 



and this expression must be treated as a generalized type of conservation law with a 
geometric source for the divergence of locally anisotropic matter d-tensor |19j . 

The stress-energy-momentum d-tensor for locally anisotropic elastic medium is de- 
fined by applying N-elongated operators 5 a of partial derivatives 1)5.1)1 . 



S S dp 
T aP = — ^==j--^ = -pg a p + 2—jS a z J -Spz- = -V a Vp + Ta5 a z l 5pz^ 



where we introduce the matter stress d-tensor 



dp _ 2 d(jqp) 

The obtained formulas generalize for spaces with nontrivial N-connection structures the 
results on isotropic and anisotropic media on locally isotropic spacetimes. 
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5.4.3 Isotropic and anisotropic media 

The isotropic elastic, but in general locally anisotropic medium is introduced as one 
having equal all principal pressures with stress d-tensor being for a perfect fluid and the 
density p = p (n) , where the proper density (the number of particles per unit proper 
volume in the material rest anholonomic frame) is n = n (z 1 ) / y/q\ the value n (z l ) is the 
number of particles per unit coordinate cell 5 3 z. With respect to a locally anisotropic 
frame, using the identity 

dp (n) n dp 
dqi k ~ 2dn 9lk 

in ([5.34)1 . the energy-momentum d-tensor ()5.34|) for a isotropic elastic locally anisotropic 
medium becomes 



T/3 7 = pVpVy + \n— - pj {g M + VpVy) . 

This medium looks like isotropic with respect to anholonomic frames but, in general, it 
is locally anisotropic. 

The anisotropic elastic and locally anisotropic medium has not equal principal pres- 
sures. In this case we have to introduce (1+1) decompositions of locally anisotropic 
matter d-tensor q^ 

a 2 + (3 2 (3 
13 a 



qjk 



and consider densities p (ni, rig) , where n\ and rig are respectively the particle numbers 

1 2 

per unit length in the directions given by bi-vectors vj and vj. Substituting 

dp (wi, ng) _ n±dp_ x i ™gdp_ 2 2 
dhiM ~ 2 dn L V i V ^ + 2 dng 3 - k 

into (j5.34|) . which gives 



, dp \ 1 1 / dp , , , 



we obtain from (|5.34|) the energy-momentum d-tensor for the anisotropic locally aniso- 
tropic matter 



dp \ 1 1 , / dp 



T^ 7 = pV p V 1 + ( rii^- -pj vjvt + [ n lg^ 2 ~ P ) v f4- 



5.4. MATTER ENERGY MOMENTUM D-TENSORS 



263 



So, the pressure Pi = (nr§f^ — pj in the direction vj differs from the pressure 

Pi — y 1 !'^ ~~ m the direction vj. For instance, if for the (2+l)-dimensional locally 
anisotropic spacetime we impose the conditions = T 2 , 7^ T|, when 

p = p(n l ),z 1 -(u a )=r,z^(u a )=6, 

r and 9 are correspondingly radial and angle coordinates on locally anisotropic spacetime, 
we have 

Ti = T a a = p,Ti=(n aL ^--p). (5.35) 

We shall also consider the variant when the coordinated 9 is anisotropic (t and r 
being isotropic). In this case we shall impose the conditions T} 7^ T| = T| for 

p = p(n 2 ),z±(u a ) = t,z 2 -(u a ) =r 

and 

T} = (n k ^- - p) , ?l = Tjj = p, • (5.36) 

The anisotropic elastic locally anisotropic medium described here satisfies respectively 
weak, dominant, or strong energy conditions only if the corresponding restrictions are 
placed on the equation of state considered with respect to an anholonomic frame (see 
Ref. [T3| for similar details in locally isotropic cases). For example, the weak energy 
condition is characterized by the inequalities p > and dp/dni > 0. 

5.4.4 Spherical symmetry with respect to holonomic and an- 
holonomic frames 

In radial coordinates (t,r,9) (with —00 < t < 00, < r < 00, < 9 < 2ir) for a 
spherically symmetric 3D metric (J5.23)) 

ds 2 = -f (r) dt 2 + -^--dr 2 + r 2 d9 2 , (5.37) 

with the energy-momentum tensor (J5.33)) written 

T a p = p (r) (v a wp + vpWa) + P (r) (g a p + v a wp + Vpw a ) , 
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where the null d-vectors v a and wp are defined by 

V a = (^/f,--^,0^J=-^=(v a + w a ), 



In order to investigate the dynamical spherically symmetric jS] collapse solutions it 
is more convenient to use the coordinates (v, r, 9) , where the advanced time coordinate 
v is defined by dv = dt + (1//) dr. The metric (|5.37j) may be written 

ds 2 = - e 2 ^ v ^F (v, r) dv 2 + 2e^ v ' r) dvdr + r 2 9 2 , (5.38) 

where the mass function m(v,r) is defined by F(v,r) = 1 — 2m(v,r) jr. Usually, one 
considers the case if) (v, r) = for the type II ^2] energy-momentum d-tensor 

i dm 

T af 3 = x—V a Vf3 + p (V, r) (v a W{3 + VpW a ) + P (v, r) (g a p + V a Wf3 + VpW a ) 

2ixr A ov 

with the eigen d-vectors v a = (1,0,0) and w a = (F/2, — 1,0) and the non-vanishing 
components 

m . / 2m(v,r)\ 1 5m(v,r) 

T vr = -p(v,r), T ee = P (v,r) g ee . 
To describe a locally isotropic collapsing pulse of radiation one may use the metric 
ds 2 = [Ar 2 + m («)] dv 2 + 2dvdr - j (v) dvdd + r 2 dd 2 , (5.40) 
with the Einstein field equations ()5.16|) reduced to 

dm (v) , , dj (v) , . 

having non-vanishing components of the energy-momentum d-tensor (for a rotating null 
locally anisotropic fluid), 



p{y) j(v)u(v) uj(v) 

J-vv — 1 -Z~T, , J-vB — , l £, - 41 J 



where p (v) and u> (v) are arbitrary functions. 
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In a similar manner we can define energy-momentum d-tensors for various systems of 
locally anisotropic distributed matter fields; all values have to be re-defined with respect 
to anholonomic bases of type ()5.5j) and (|5.6|) . For instance, let us consider the angle 9 
as the anisotropic variable. In this case we have to 'elongate' the differentials, 

dO -> 59 = d9 + w { (v, r, 9) dx\ 

for the metric (|5.38jl (or (|5.40)) ). by transforming it into a d-metric, substitute all partial 
derivatives into N-elongated ones, 

d 

di -> 5i = di - Wi (v, r, 9) — , 

and 'N-extend' the operators defining the Riemannian, Ricci, Einstein and energy-mo- 
mentum tensors T Q/ g, transforming them into respective d-tensors. We compute the 
components of the energy-momentum d-tensor for elastic media as the coefficients of 
usual energy-momentum tensor redefined with respect to locally anisotropic frames, 

Tn = T 11 + (w 1 ) 2 T 33 ,T 33 = T 33 (5.42) 

Tm i / \ 2 rri 'V run m i rri 

22 = T 22 + {w 2 ) T 33 , Ti2 = T 2 i = T 2i + w 2 w 1 T 33 , 

T i3 = T i3 + WiT 33} T 3i = T 3i + WiT 33 , 

where the T a/3 are given by the coefficients (|5.39jl (or (|5.41|l ). If the isotropic energy- 
momentum tensor does not contain partial derivatives, the corresponding d-tensor is also 
symmetric which is less correlated with the possible antisymmetry of the Ricci tensor (for 
such configurations we shall search solutions with vanishing antisymmetric components). 



5.5 3D Solutions Induced by Anisotropic Matter 



We investigate a new class of solutions of (2+l)-dimensional Einstein equations cou- 
pled with anisotropic matter j^J E3 El E3 122] which describe locally anisotropic collapsing 
configurations. 

Let us consider the locally isotropic metric 



9a/3 



g(v,r) 1/2 
1/2 



Or 2 

which solves the locally isotopic variant of Einstein equations ()5.16|) if 

g (y, r) = -[1 - 2g(v) - 2h(v)r 1 - k - Ar 2 ], 



(5.43) 



(5.44) 
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where the functions g(v) and h(v) define the mass function 

m(r, v) = g(v)r + h(v)r 2 ~ k + —r 2 

satisfying the dominant energy conditions 

P > 0,p > P,T ab w a w b > 

if 

dm do dh 9 . 
— = -f-r + — r 2 ~ k > 0. 
av dv dv 

Such solutions of the Vaidya type with locally isotropic null fluids have been considered 
inRef. [13]. 

5.5.1 Solutions with generic local anisotropy in spherical coor- 
dinates 

By introducing a new time-like variable 

dr 



t = v + 



g(v,r) 

the metric (|5.4Hjl can be transformed in diagonal form 

ds 2 = -g (t, r) dt 2 + —^—dr 2 + r 2 d6 2 (5.45) 
9{t,r) 

which describe the locally isotropic collapse of null fluid matter. 

A variant of locally anisotropic inhomogeneous collapse could be modelled, for in- 
stance, by the N-elongation of the variable 9 in (|5.45J) and considering solutions of 
vacuum Einstein equations for the d-metric (a particular case of (15.46(1 ) 

ds 2 = -g (t, r) dt 2 + — ^— dr 2 + r 2 59 2 , (5.46) 
9{t,r) 

where 

56 = d6 + wi (t, r, 6) dt + w 2 (t, r, 6) dr. 

The coefficients g (t, r) , 1/g (t, r) and r 2 of the d-metric were chosen with the aim that 
in the locally isotropic limit, when Wi — > 0, we shall obtain the 3D metric (|5.45(1 . We 
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note that the gravitational degrees of freedom are contained in nonvanishing values of 
the Ricci d-tensor (j5.14j) . 



R 1 - R 2 - 1 \( d9 \ 2 n^ 9 n 92g ] A7) 



of the N-curvature (|5.7j) . 



dwi 8w 2 dwi 8w 2 



8r dt 86 L 86 



and d-torsion ()5.12|) 



P 3 = _ (l + r 4 ) p 3 = - fl + r 4 ) — - - r 3 . 

13 2 V ' 86 ' 23 2 K ' 86 

We can construct a solution of 3D Einstein equations with cosmological constant A 
(j5.16|) and energy momentum d-tensor T a p, when = Ty +WiWjT 33 , T 3j - = T3J + WjT 33 
and T 33 = T 33 when T a(i is given by a d-tensor of type (j5.H6jl. T afi = {ni J^-, P, 0} with 
anisotropic matter pressure P. A self-consistent solution is given by 

A = Kni ^ = K P, and , = _^_ (5.48) 

where Pj is computed by the formula (j5.47|) for arbitrary values g (t, r) . For instance, 
we can take the g(v, r) from ()5.44|) with v — > t = v + J g~ x {y, r)dr. 
For h = r 2 , the relation 1)5.48)1 results in an equation for g(t,r), 

,ftoy_f&9_ &9 =2 f (W_ A 
8r dt 2 8r 2 \r 2 

The static configurations are described by the equation 

gg"-(g'f +W ( r )g S = 0, (5.49) 

where 

and the prime denote the partial derivative 8/ dr. There are four classes (see ([13)) °f 
solutions of the equation (J5.49)) . which depends on constants of the relation 



(H»l)' = W2|w(r)|(C7i=F<7), 
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where the minus (plus) sign under square root is taken for w(r) > {vj{t) < 0) and 
the constant C\ can be negative, C\ = — c 2 , or positive, C\ = c 2 . In explicit form the 
solutions are 



9{r) 



: cosh 



sinh 



" 2 sin 2 



l^2\MrT\(r-C 2 
for w(r) > 0, Ci = <? 
§V^R0|(r-C 2 
for w(r) < 0, Ci = 
C 2 



^0 



(5.50) 



jv^R^(r 

for w(r) < 0, Ci = -c 2 ; 
-2w{r)-\r-C 2 y* 

for tu(r) < 0, d = 0, 

where C2 = const. The values of constants are to be found from boundary conditions. In 
dependence of prescribed type of matter density distribution and of values of cosmological 
constant one could fix one of the four classes of obtained solutions with generic local 
anisotropy of 3D Einstein equations. 

The constructed in this section static solutions of 3D Einstein equations are locally 
anisotropic alternatives (with proper phases of anisotropic polarizations of gravitational 
field) to the well know BTZ solution. Such configurations are possible if anholonomic 
frames with associated N-connection structures are introduced into consideration. 



5.5.2 An anisotropic solution in (is, r, 9)— coordinates 

For modelling a spherical collapse with generic local anisotropy we use the d-metric 



()5.25|) by stating the coordinates x 1 
solved if 



v, x 



Kp(v, r) 



for 



9 



K 

A 



P(v,r) 1 



A and kP(v, r 
2m(v, r 



r and y = 9. The equations (|5.16J) are 
ld 2 g 



-A- 



2<9r 2 
Sm(v, r) 



r J 27rr 2 5v 

Such metrics depend on classes of functions. They can be extended ellipsoidal configu- 
rations and additional polarizations. 



5.5.3 A solution for rotating two locally anisotropic fluids 

The anisotropic configuration from the previous subsection admits a generalization to 
a two fluid elastic media, one of the fluids being of locally anisotropic rotating configura- 
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tion. For this model we consider an anisotropic extension of the metric (|5.40|) and of the 
sum of energy-momentum tensors ()5.39j) and (|5.41jl . The coordinates are parametrized 
x l = v , x 2 = r, y = 9 and the d-metric is given by the ansatz 



9ij = ( g(yV ^ J J and h = h(v,r,9). 



The nontrivial components of the Einstein d-tensor is 

— — h— — — . 

2 dr 2 

We consider a non-rotating fluid component with nontrivial energy-momentum compo- 
nents 

m , / 2« m(v,r) \ 1 6® m(v,r) / -i \ . 

( )T - = ( V («, r) [1 J^j + ^3 = - (1) P («, r) . 

and a rotating null locally anisotropic fluid with energy-momentum components 
(2)T _ Vp(v) Wj(v) Wu(v) (a) 

OT T _ o ) -i ill 



The nontrivial components of energy momentum d-tensor T a p = ^T a/ g + ^T a p (asso- 
ciated in the locally anisotropic limit to (j5.41|) and/or (|5.39jl ) are computed by using the 
formulas (Iq3T1) . (15311 and (|Q2jl . 

The Einstein equations are solved by the set of functions 

g(t>, r), (v, r) , (v, r) , (t>) , ( 2 >j (v) , ®a? (v) 



satisfying the conditions 



g(v,r) = 1 [WT VV + ^T vv ] , and A = ±|-f = « W^, 

where /i (u, r, 0) is an arbitrary function which results in nontrivial solutions for the N- 
connection coefficients Wi (v, r, 9) if A ^ 0. In the locally isotropic limit, for Wp,W m = 0, 
we could take g(v,r) = g\{v) + Ar 2 ,wx = — j{y)/(2r 2 ) and u> 2 = which results in a 
solution of the Vaidya type with locally isotropic null fluids [9 . 

The main conclusion of this subsection is that we can model the 3D collapse of 
inhomogeneous null fluid by using vacuum locally anisotropic configurations polarized 
by an anholonomic frame in a manner as to reproduce in the locally isotropic limit the 
usual BTZ geometry. 

We end this section with the remark that the locally isotropic collapse of dust without 
pressure was analyzed in details in Ref. [22]. 
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5.6 Gravitational Anisotropic Polarizations 
and Black Holes 

If we introduce in consideration anholonomic frames, locally anisotropic black hole 
configurations are possible even for vacuum locally anisotropic spacetimes without mat- 
ter. Such solutions could have horizons with deformed circular symmetries (for instance, 
elliptic one) and a number of unusual properties comparing with locally isotropic black 
hole solutions. In this Section we shall analyze two classes of such solutions. Then we 
shall consider the possibility to introduces matter sources and analyze such configura- 
tions of matter energy density distribution when the gravitational locally anisotropic 
polarization results into constant renormalization of constants of BTZ solution. 



5.6.1 Non— rotating black holes with ellipsoidal horizon 

We consider a metric ()5.30j) for local coordinates (x 1 = r,x 2 = 9,y = t), where t is 
the time-like coordinate and the coefficients are parametrized 

a( x l ) = a (r) , fo(a^) = b(r,9) (5.51) 

and 

h(x i ,y)=h(r,9). (5.52) 

The functions a(r) and b(r,6) and the coefficients of nonlinear connection Wi(r,8,t) 
will be found as to satisfy the vacuum Einstein equations ()5.24j) with arbitrary function 
h(x l ,y) ()5.52j) stated in the form in order to have compatibility with the BTZ solution 
in the locally isotropic limit. 

We consider a particular case of d-metrics (j5.31J) with coefficients like ()5.5H) and 
(|532J) when 

h(r, 0) = 4A 3 (#) (l - (5.53) 



where, for instance, 



rl(0) = u / 2 (5.54) 
[1 + e cos 9\ 

is taken as to construct a 3D solution of vacuum Einstein equations with generic local 
anisotropy having the horizon given by the parametric equation 



,2 



r 



rl(9) 
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describing a ellipse with parameter p and eccentricity e. We have to identify 

-M / Ac, 



2 2 

P = r +u 



where r + [ ],M and A are respectively the horizon radius, mass parameter and cosmo- 
logical constant of the non-rotating BTZ solution j2] if we wont to have a connection 
with locally isotropic limit with e — > 0. We can consider that the elliptic horizon (|5.54jl 
is modelled by the anisotropic mass 

M(9) = M /[l +ecos6} 2 . 

For the coefficients (|5.51jl the equations 1)5.24)1 simplifies into 



-b + ^rb 2 + ^-db = 0, 
2b 2a 



(5.55) 



where (in this subsection) b = db/dr. The general solution of (j5.55j) . for a given function 
a(r) is defined by two arbitrary functions b[ ](9) and b[i](9) (see [T7|). 



If we identify 



b(r,9) 



b[o](0) 



b m (6) + b {1] (6) / ^\ajr)\dr 



A(9) 



r 2 + {9) and b [x] {6) 



MO) 



vW +v "'™ T1 " " A ° 

we construct a d-metric locally anisotropic solution of vacuum Einstein equations 
5s 2 = n 2 (r, 9) 



(5.56) 



4 . o,^ro,„, 2l2, fl 2 ^ 3 f 2 3 „ 



4r 2 |AoMr 2 + ^A 2 (^) [r 2 + (0) - r 2 ] 1 d9 2 - 
\Aq\ 



lAnlr 2 



A 3 (9) [r\{9)-r 2 ] s 5t 2 



where 



5t = dt + wi(r, 9)dr + w 2 (r, 9)d9 
is to be associated to a N-connection structure 

w r = d r In | In fi| and u>0 = 9e In | In Q\ 

with fi 2 = ±h(r,9), where h(r,9) is taken from (|5.53|) . In the simplest case we can 
consider a constant effective cosmological constant A(6) ~ A . 
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The matrix 

a — w 2 h —WiW 2 h —Wih 

—WiW2h b — w 2 2 h —w 2 h 

—Wih —W2h —h 

parametrizes a class of solutions of 3D vacuum Einstein equations with generic local 
anisotropy and nontrivial N-connection curvature (|5.7|) . which describes black holes with 
variable mass parameter M (9) and elliptic horizon. As a matter of principle, by fixing 
necessary functions fr[o](#) and fom (9) we can construct solutions with effective (polar- 
ized by the vacuum anisotropic gravitational field) variable cosmological constant A(9). 
We emphasize that this type of anisotropic black hole solutions have been constructed 
by solving the vacuum Einstein equations without cosmological constant. Such type 
of constants or varying on 9 parameters were introduced as some values characterizing 
anisotropic polarizations of vacuum gravitational field and this approach can be devel- 
oped if we are considering anholonomic frames on (pseudo) Riemannian spaces. For the 
examined anisotropic model the cosmological constant is induced effectively in locally 
isotropic limit via specific gravitational field vacuum polarizations. 

5.6.2 Rotating black holes with running in time constants 

A new class of solutions of vacuum Einstein equations is generated by a d-metric 
(|5.22j) written for local coordinates (x 1 = r, x 2 = t,y = 9), where as the anisotropic 
coordinate is considered the angle variable 9 and the coefficients are parametrized 

a(x*) = a(r),b(x i ) =b(r,t) (5.57) 

and 

h{x\y) = h(r,t). (5.58) 

Let us consider a 3D metric 

ds 2 = A^dr 2 - -^dt 2 + ^[d9 + N [e] dt] 2 

which is conformally equivalent (if multiplied to the conformal factor 4A^ s ^ 4 /r 4 ) to the 
rotating BTZ solution with 



Qa.fi — ^ 
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*W<T) = ' A o^(r 2 -rl [0] ),N [e] (r) = -^., 
i) 2 (r) = 




r 2 

r +[o] ~ 

where Jo is the rotation moment and Ao and Mo are respectively the cosmological and 
mass BTZ constants. 

A d-metric ()5.22|) defines a locally anisotropic extension of (|5.59|) if the solution of 
(|5.55|) . in variables (x 1 = r,x 2 —t), with coefficients (|5.57|) and (|5.58|) . is written 



b(r,t) = - 

for 



b[o](t) + b {1] (t) / ^/W)\dr 



-A 2 (t) [r 2 + {t)-r 2 ] 



a(r) = 4A r 2 ,6 [0] (t) = A(t)r 2 + (t), b {1] (t) = 2A(t)/^/m 

with A(t) ~ Ao and r+(t) ~ r+roj being some running in time values. 

The functions a(r) and b (r, t) and the coefficients of nonlinear connection Wi(r, t, 6) 
must solve the vacuum Einstein equations ()5.24j) with arbitrary function h(x\y) (|5.52j) 
stated in the form in order to have a relation with the BTZ solution for rotating black 
holes in the locally isotropic limit. This is possible if we choose 

, . J(t) . 4N 2 s] (r,t)^(r,t) 

w 1 (r,t) = - h[r,t) - 



4 



2-0(r, t)' r 

for an arbitrary function u^r, t,8) with N\ s ](r,t) and ip(r,t) computed by the same 
formulas ()5.59|) with the constant substituted into running values, 

A -> A(t), M -*M(t), Jo -+J(t). 

We can model a dissipation of 3D black holes, by anisotropic gravitational vacuum 
polarizations if for instance, 

r 2 + (t) ~r2 [0] exp[-At] 

for M(t) = Moexp[— At] with Mo and A being some constants defined from some "ex- 
perimental" data or a quantum model for 3D gravity. The gravitational vacuum admits 
also polarizations with exponential and/or oscillations in time for A(£) and/or of M(t). 
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5.6.3 Anisotropic Renormalization of Constants 

The BTZ black hole J2J in "Schwarzschild" coordinates is described by the metric 

ds 2 = -{N L ) 2 dt 2 + f~ 2 dr 2 + r 2 (d<f> + N^dt) 2 (5.59) 
with lapse and shift functions and radial metric 

N X = f=(-M+ r - H + —A , (5.60) 



4r 2 7 

N+ = -± (\J\<M£). 

which satisfies the ordinary vacuum field equations of (2+l)-dimensional general rela- 
tivity ()5.16|) with a cosmological constant A = — 1/£ 2 . 

If we are considering anholonomic frames, the matter fields "deform" such solutions 
not only by presence of a energy-momentum tensor in the right part of the Einstein 
equations but also via anisotropic polarizations of the frame fields. In this Section we 
shall construct a subclass of d-metrics ()5.46|) selecting by some particular distributions 
of matter energy density p(r) and pressure P{r) solutions of type ()5.59j) but with renor- 
malized constants in 



M -> M = a (M) M, J -»• J = a {J) J, A -> A = « (A) A, (5.61) 

where the receptivities and are considered, for simplicity, to be constant 

(and defined "experimentally" or computed from a more general model of quantum 3D 
gravity) and tending to a trivial unity value in the locally isotropic limit. The d-metric 
generalizing ()5.59|) is stated in the from 

5s 2 = -F (r)' 1 dt 2 + F (r) dr 2 + r 2 56 2 (5.62) 

where 



_ J2 \ j 

F(r) = I —M - Ar 2 + — , 59 = d9 + w t dt and w x = 

Ar J 2r 



2 ' 



The d-metric (|5.62j) is a static variant of d-metric (J5.46|) when the solution (|5.50|) is 
constructed for a particular function 
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is defined by corresponding matter distribution p (r) when the function F(r) is the 
solution of equations (|5.49|) with coefficient w(r) before F 3 , i. e. 

FF" - (F') 2 + zu(r)F 3 = 0. 

The d-metric (J5.62j) is singular when r = f±, where 



tt2 




I A ( = 

M 



1/2' 



(5.63) 



i.e. 



M = -A(r 2 h + r 2 :), 7 = , A = -1/f . 

In locally isotropic gravity the surface gravity was computed [16, 

a 2 = --D^D aX ,. '- 



C 2 



r 4 



where the vector \ = 9 V — N e {rj r )de is orthogonal to the Killing horizon defined by the 
surface equation r = r + . For locally anisotropic renormalized (overlined) values we have 



and 



X = 5 v = d v - wi(r+)a 9 



j /v>2 ~,2 

cf 2 = -~D"x P D a x p = A T -^± 



The renormalized values allow us to define a corresponding thermodynamics of locally 
anisotropic black holes. 



5.6.4 Ellipsoidal black holes with running in time constants 

The anisotropic black hole solution of 3D vacuum Einstein equations (J5.56j) with 
elliptic horizon can be generalized for a case with varying in time cosmological constant 
A (t). For this class of solutions we choose the local coordinates (x 1 = r,x 2 = 9,y = t) 
and a d-metric of type (J5.31J) . 

5s 2 = n 2 el) (r, 6, t)[a(r)(dr) 2 + b(r, 6)(d6) 2 + h(r, 6, t)(5t) 2 ), (5.64) 

where 

h(r, e, t) = -nfo (r, e, t) = [r 2 + (e, t) - r 2 } 3 , 
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for 

r + (M) = (i+fLey and p[t) = r +(°)^*) = - M o/ A oW 

and it is considered that A (t) — A for static configurations. 

The d-metric (|5.64j) is a solution of 3D vacuum Einstein equations if the 'elongated' 
differential 

5t = dt + w r (r, 9, t)dr + wg(r, 9, t)d9 
has the N-connection coefficients are computed following the condition ()5.32|) . 

w r = d r In | In fi( e j) | and We — dg In | In fi( e ^ | . 

The functions a(r) and 6(r, 6 1 ) from ()5.64|) are arbitrary ones of type (|5.51|) satisfying 
the equations f|5.55|) which in the static limit could be fixed to transform into static locally 
anisotropic elliptic configurations. The time dependence of A (i) has to be computed, 
for instance, from a higher dimension theory or from experimental data. 

5.7 On the Thermodynamics of Anisotropic Black 
Holes 

A general approach to the anisotropic black holes should be based on a kind of 
nonequilibrium thermodynamics of such objects imbedded into locally anisotropic gravi- 
tational (locally anisotropic ether) continuous, which is a matter of further investigations 
(see the first works on the theory of locally anisotropic kinetic processes and thermody- 
namics in curved spaces [2*o]). 

In this Section, we explore the simplest type of locally anisotropic black holes with 
anisotropically renormalized constants being in thermodynamic equilibrium with the 
locally anisotropic spacetime "bath" for suitable choices of N-connection coefficients. 
We do not yet understand the detailed thermodynamic behavior of locally anisotropic 
black holes but believe one could define their thermodynamics in the neighborhoods 
of some equilibrium states when the horizons are locally anisotropically deformed and 
constant with respect to an anholonomic frame. 

In particular, for a class of BTZ like locally anisotropic spacetimes with horizons 
radii (|5.63|) we can still use the first law of thermodynamics to determine an entropy 
with respect to some fixed anholonomic bases (|5.6|) and (J5.5|) (here we note that there 
are developed some approaches even to the thermodynamics of usual BTZ black holes and 
that uncertainty is to be transferred in our considerations, see discussions and references 
in 0). 
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In the approximation that the locally anisotropic spacetime receptivities 
and aS > do not depend on coordinates we have similar formulas as in locally isotropic 
gravity for the locally anisotropic black hole temperature at the boundary of a cavity of 
radius r#, 

T = — , (5.65) 

2tt (M + Ari) 1/2 

and entropy 

S = 4vrr + (5.66) 

in Plank units. 

For a elliptically deformed locally anisotropic black hole with the outer horizon r + (9) 
given by the formula (|5.54|) the Bekenstein-Hawking entropy, 

S (a) = L + 



were 

tt/2 



4 j r + {9) d9 



o 



is the length of ellipse's perimeter and Gv^L is the three dimensional gravitational cou- 
pling constant in locally anisotropic media, has the value 



S<4 = -j^—arctg Jl ' 



If the eccentricity vanishes, e = 0, we obtain the locally isotropic formula with p be- 

'(gr) 



ing the radius of the horizon circumference, but the constant G( \ could be locally 



anisotropically renormalized. 

In dependence of dispersive or amplification character of locally anisotropic ether 
with and cr A ) being less or greater than unity we can obtain temperatures of 

locally anisotropic black holes less or greater than that for the locally isotropic limit. 
For example, we get anisotropic temperatures T^ a \9) if locally anisotropic black holes 
with horizons of type (|5.54|) are considered. 

If we adapt the Euclidean path integral formalism of Gibbons and Hawking to 
locally anisotropic spacetimes, by performing calculations with respect to an anholonomic 
frame, we develop a general approach to the locally anisotropic black hole irreversible 
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thermodynamics. For locally anisotropic backgrounds with constant receptivities we 
obtain similar to [H 13 E] but anisotropically renormalized formulas. 
Let us consider the Euclidean variant of the d-metric (|5.62j) 

Ss 2 E = (F E ) dr 2 + (Fe)- 1 dr 2 + r 2 56 2 (5.67) 

where t = ir and the Euclidean lapse function is taken with locally anisotropically renor- 
malized constants, as in (|5.61|) (for simplicity, there is analyzed a non-rotating locally 

1/2 

anisotropic black hole), F = (— M — Ar 2 ) , which leads to the root r + = [— M/A] 
By applying the coordinate transforms 



x 



^— ^ J cos (— Ar + r) exp ^-y/|A|r + #^ 
^— J j sin (-Ar + r) exp ^J{X\r + 6^ 



- x2 \V2 

— ) - 1 ) ex p(\/l A IM 

the d-metric (|5.fj7jl is rewritten in a standard upper half-space (z > 0) representation 
of locally anisotropic hyperbolic 3-space, 

6s% = -l={z 2 dz 2 + dy 2 + 5z 2 ). 

The coordinate transform ()5.68|) is non-singular at the z-axis r = r + if we require 
the periodicity 

(0,t)~ {9,t + P ) 

where 

/3o = r = "x-r- (5-68) 
T A r + 

is the inverse locally anisotropically renormalized temperature, see (|5.65J) . 

To get the locally anisotropically renormalized entropy from the Euclidean locally 
anisotropic path integral we must define a locally anisotropic extension of the grand 
canonical partition function 

Z= [ [dg}e lE[9 \ (5.69) 
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where Ie is the Euclidean locally anisotropic action. We consider as for usual locally 
isotropic spaces the classical approximation Z ~ exp{/E[g]}, where as the extremal d- 
metric g is taken (|5.67|) . In (|5.69|) there are included boundary terms at r + and oo (see 
the basic conclusions and detailed discussions for the locally isotropic case |H 13] which 
are also true with respect to anholonomic bases). 

For an inverse locally anisotropic temperature /3 Q the action from (|5.69|) is 

I E [g) =4irr + -p M 

which corresponds to the locally anisotropic entropy (J5.66|) being a locally anisotropic 
renormalization of the standard Bekenstein entropy. 



5.8 Chern— Simons Theories and Locally Anisotropic 
Gravity 

In order to compute the first quantum corrections to the locally anisotropic path 
integral (|5.fi9j) . inverse locally anisotropic temperature (|5.fi8j) and locally anisotropic 
entropy ()5.66|) we take the advantage of the Chern-Simons formalism generalized for 
(2+l)-dimensional locally anisotropic spacetimes. 

By using the locally anisotropically renormalized cosmological constant A and adapt- 
ing the Achucarro and Townsend PQ construction to anholonomic frames we can define 
two SO (2,1) gauge locally anisotropic fields 

A- = u-+ — =e^ and A- = uj-- ' 



A J A 



where the index_a enumerates an anholonomic triad e- = e^Sx^ and lo- = ^t—ui^Sx^ 1 
is a spin d-connection (d-spinor calculus is developed in |23j). The first-order action for 
locally anisotropic gravity is written 

l g rav = lcs[A\-l C s[A\ (5.70) 

with the Chern-Simons action for a (2+l)-dimensional vector bundle E provided with 
N-connection structure, 

lcs[A] = ^jTr\AA6A+^AAAAA\ (5.71) 
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where the coupling constant k = y |A|/(4v^G( gr )) and G( gr ) is the gravitational con- 
stant. The one d-form from (J5.71)) A = AjfTadx^ is a gauge d-field for a Lie algebra 
with generators {Tg} . Following [H] we choose 

~ = -tgMrf^, Vab = diag (-1, 1, 1) , e m = 1 

and considering Tr as the ordinary matrix trace we write 

[Tg,, = -T £ = eabdV-Tc, TrT^T k = 2^, 

If the manifold E is closed the action (|5.7()jl is invariant under locally anisotropic 
gauge transforms 

A -> A = q~ l Aq + g _1 <5g. 

This invariance is broken if E has a boundary In this case we must add to (j5.71|) a 
boundary term, written in (v, #)-coordinates as 



/:,., -A /' 7r.U,l,. (5.72) 



which results in a term proportional to the standard chiral Wess-Zumino-Witten (WZW) 
action [2T|ITTj: 

^C5 + T^s) [A] = (jcs + tcs) P] - T^zh/ [?, A] 



where 



+ 2. 



(5.73) 



With respect to a locally anisotropic base the gauge locally anisotropic field satisfies 
standard boundary conditions 

At = A v = A^ = A^ = 0. 

By applying the action (|5.70J) with boundary terms ()5.72|) and ()5.73|) we can formu- 
late a statistical mechanics approach to the (2+l)-dimensional locally anisotropic black 
holes with locally anisotropically renormalized constants when the locally anisotropic 
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entropy of the black hole can be computed as the logarithm of microscopic states at 
the anisotropically deformed horizon. In this case the Carlip's results jHl E3 could be 
generalized for locally anisotropic black holes. We present here the formulas for one-loop 
corrected locally anisotropic temperature ()5.65|) and locally anisotropic entropy ()5.66|) 

& = — ^ + and^ = ^-fl + ^ 

AKhG {gr) r+ I J\A\ 2hG {gr) I 



We do not yet have a general accepted approach even to the thermodynamics and its 
statistical mechanics foundation of locally isotropic black holes and this problem is not 
solved for locally anisotropic black holes for which one should be associated a model of 
nonequilibrium thermodynamics. Nevertheless, the formulas presented in this section al- 
lows us a calculation of basic locally anisotropic thermodynamical values for equilibrium 
locally anisotropic configurations by using locally anisotropically renormalized constants. 



5.9 Conclusions and Discussion 

In this paper we have aimed to justify the use of moving frame method in construction 
of metrics with generic local anisotropy, in general relativity and its modifications for 
higher and lower dimension models [23} I2b|. 

We argued that the 3D gravity reformulated with respect to anholonomic frames 
(with two holonomic and one anholonomic coordinates) admits new classes of solutions 
of Einstein equations, in general, with nonvanishing cosmological constants. Such black 
hole like and another type ones, with deformed horizons, variation of constants and lo- 
cally anisotropic gravitational polarizations in the vacuum case induced by anholonomic 
moving triads with associated nonlinear connection structure, or (in the presence of 
3D matter) by self-consistent distributions of matter energy density and pressure and 
dreibein (3D moving frame) fields. 

The solutions considered in the present paper have the following properties: 1) they 
are exact solutions of 3D Einstein equations; 2) the integration constants are to be found 
from boundary conditions and compatibility with locally isotropic limits; 3) having been 
rewritten in 'pure' holonomic variables the 3D metrics are off-diagonal; 4) it is induced 
a nontrivial torsion structure which vanishes in holonomic coordinates; for vacuum so- 
lutions the 3D gravity is transformed into a teleparallel theory; 5) such solutions are 
characterized by nontrivial nonlinear connection curvature. 

The arguments in this paper extend the results in the literature on the black hole 
thermodynamics by elucidating the fundamental questions of formulation of this theory 
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for anholonomic gravitational systems with local frame anisotropy. We computed the 
entropy and temperature of black holes with elliptic horizons and/or with anisotropic 
variation and renormalizations of constants. 

We also showed that how the 3D gravity models with anholonomic constraints can be 
transformed into effective Chern-Simons theories and following this priority we computed 
the locally anisotropic quantum corrections for the entropy and temperature of black 
holes. 

Our results indicate that there exists a kind of universality of inducing locally anisot- 
ropic interactions in physical theories formulated in mixed holonomic-anholonomic vari- 
ables: the spacetime geometry and gravitational field are effectively polarized by imposed 
constraints which could result in effective renormalization and running of interaction con- 
stants. 

Finally, we conclude that problem of definition of adequate systems of reference for 
a prescribed type of symmetries of interactions could be of nondynamical nature if we 
fix at the very beginning the class of admissible frames and symmetries of solutions, 
but could be transformed into a dynamical task if we deform symmetries (for instance, 
a circular horizon into a elliptic one) and try to find self-consistently a corresponding 
anholomic frame for which the metric is diagonal but with generic anisotropic structure). 
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Chapter 6 



Anholonomic Frames and 
Thermodynamic Geometry of 3D 
Black Holes 

Abstract 1 

We study new classes three dimensional black hole solutions of Einstein equations 
written in two holonomic and one anholonomic variables with respect to anholonomic 
frames. Thermodynamic properties of such (2 + l)-black holes with generic local aniso- 
tropy (for instance, with elliptic horizons) are studied by applying geometric methods. 
The corresponding thermodynamic systems are three dimensional with entropy S being 
a hypersurface function on mass M, anisotropy angle 9 and eccentricity of elliptic de- 
formations e. Two-dimensional curved thermodynamic geometries for locally anistropic 
deformed black holes are constructed after integration on anisotropic parameter 9. Two 
approaches, the first one based on two-dimensional hypersurface parametric geometry 
and the second one developed in a Ruppeiner-Mrugala-Janyszek fashion, are analyzed. 
The thermodynamic curvatures are computed and the critical points of curvature van- 
ishing are defined. 

6.1 Introduction 

This is the second paper in a series in which we examine black holes for spacetimes 
with generic local anisotropy. Such spacetimes are usual pseudo-Riemannian spaces 

© S. Vacaru, P. Stavrinos and D. Gon^a, Anholonomic Frames and Thermodynamic Geometry of 
3D Black Holes, gr-qc/0106069 
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for which an anholonomic frame structure By using moving anholonomic frames one 
can construct solutions of Einstein equations with deformed spherical symmetries (for 
instance, black holes with elliptic horizons (in three dimensions, 3D), black tori and 
another type configurations) which are locally anisotropic |23j 12*7] . 

In the first paper (hereafter referred to as Paper I) we analyzed the low-dimensi- 
onal locally anisotropic gravity (we shall use terms like locally anisotropic gravity, locally 
anisotropic spacetime, locally anisotropic geometry, locally anisotropic black holes and 
so on) and constructed new classes of locally anisotropic (2 + l)-dimensional black hole 
solutions. We emphasize that in this work the splitting (2 + 1) points not to a space- 
time decomposition, but to a spacetime distribution in two isotropic and one anisotropic 
coordinate. 

In particular, it was shown following j2l] how black holes can recast in a new fash- 
ion in generalized Kaluza-Klein spaces and emphasized that such type solutions can 
be considered in the framework of usual Einstein gravity on anholonomic manifolds. 
We discussed the physical properties of (2 + l)-dimensional black holes with locally 
anisotropic matter, induced by a rotating null fluid and by an inhomogeneous and non- 
static collapsing null fluid, and examined the vacuum polarization of locally anisotropic 
spacetime by non-rotating black holes with ellipsoidal horizon and by rotating locally 
anisotropic black holes with time oscillating and ellipsoidal horizons. It was concluded 
that a general approach to the locally anisotropic black holes should be based on a kind 
of nonequilibrium thermodynamics of such objects imbedded into locally anisotropic 
spacetime background. Nevertheless, we proved that for the simplest type of locally 
anisotropic black holes theirs thermodynamics could be defined in the neighborhoods of 
some equilibrium states when the horizons are deformed but constant with respect to 
a frame base locally adapted to a nonlinear connection structure which model a locally 
anisotropic configuration. 

In this paper we will specialize to the geometric thermodynamics of, for simplicity 
non-rotating, locally anisotropic black holes with elliptical horizons. We follow the 
notations and results from the Paper I which are reestablished in a manner compatible 
in the locally isotropic thermodynamic [7] and spacetime |T] limits with the Banados- 
Teitelboim-Zanelli (BTZ) black hole. This new approach (to black hole physics) is 
possible for locally anisotropic spacetimes and is based on classical results [TniHIIlUnillS- 

Since the seminal works of Bekenstein jl], Bardeen, Carter and Hawking i.2] and 
Hawking ^2], black holes were shown to have properties very similar to those of or- 
dinary thermodynamics. One was treated the surface gravity on the event horizon as 
the temperature of the black hole and proved that a quarter of the event horizon area 
corresponds to the entropy of black holes. At present time it is widely believed that a 
black hole is a thermodynamic system (in spite of the fact that one have been developed 
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a number of realizations of thermodynamics involving radiation) and the problem of 
statistical interpretation of the black hole entropy is one of the most fascinating subjects 
of modern investigations in gravitational and string theories. 

In parallel to the 'thermodynamilazation' of black hole physics one have developed 
a new approach to the classical thermodynamics based of Riemannian geometry and its 
generalizations (a review on this subject is contained in Ref. |20j). Here is to be empha- 
sized that geometrical methods have always played an important role in thermodynamics 
(see, for instance, a work by Blaschke [5] from 1923). Buchdahl used in 1966 a Euclidean 
metric in thermodynamics jB] and then Weinhold considered a sort of Riemannian met- 
ric j2H]- R is considered that the Weinhold's metric has not physical interpretation in 
the context of purely equilibrium thermodynamics 12DI and Ruppeiner introduced a 
new metric (related via the temperature T as the conformal factor with the Weinhold's 
metric). 

The thermodynamical geometry was generalized in various directions, for instance, by 
Janyszek and Mrugala fT3*l ITU ITS] even to discussions of applications of Finsler geometry 
in thermodynamic fluctuation theory and for nonequilibrium thermodynamics [22J. 

Our goal will be to provide a characterization of thermodynamics of (2 + ^-dimen- 
sional locally anisotropic black holes with elliptical (constant in time) horizon obtained 
in I2H1- From one point of view we shall consider the thermodynamic space of 
such objects (locally anisotropic black holes in local equilibrium with locally anisotropic 
spacetime ether) to depend on parameter of anisotropy, the angle 9, and on deformation 
parameter, the eccentricity e. From another point, after we shall integrate the formu- 
las on 9, the thermodynamic geometry will be considered in a usual two-dimensional 
Ruppeiner-Mrugala-Janyszek fashion. The main result of this work are the computa- 
tion of thermodynamic curvatures and the proof that constant in time elliptic locally 
anisotropic black holes have critical points of vanishing of curvatures (under both ap- 
proaches to two-dimensional thermodynamic geometry) for some values of eccentricity, 
i. e. for under corresponding deformations of locally anisotropic spacetimes. 

The paper is organized as follows. In Sec. 2, we briefly review the geometry pseudo- 
Riemannian spaces provided with anholonimic frame and associated nonlinear connection 
structure and present the (2 + l)-dimensional constant in time elliptic black hole solu- 
tion. In Sec. 3, we state the thermodynamics of nearly equilibrium stationary locally 
anisotropic black holes and establish the basic thermodynamic law and relations. In 
Sec. 4 we develop two approaches to the thermodynamic geometry of locally anisotropic 
black holes, compute thermodynamic curvatures and the equations for critical points of 
vanishing of curvatures for some values of eccentricity. In Sec. 5, we draw a discussion 
and conclusions. 
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6.2 Locally Anisotropic Spacetimes and Black Holes 

In this section we outline for further applications the basic results on (2 + 1)- 
dimensional locally anisotropic spacetimes and locally anisotropic black hole solutions 

123 EH- 

6.2.1 Anholonomic frames and nonlinear connections in (2 + 1)— 
dimensional spacetimes 

A (2+l)-dimensional locally anisotropic spacetime is defined as a 3D pseudo-Rie- 
mannian space provided with a structure of anholonomic frame with two holonomic 
coordinates x l ,i = 1,2 and one anholonomic coordinate y, for which u = (x,y) = 
{u a = (x\ y)}, the Greek indices run values a = 1, 2, 3, when u 3 = y. We shall use also 
underlined indices, for instance a, i, in order to emphasize that some tensors are given 
with respect to a local coordinate base = d/du—. 

An anholonomic frame structure of triads (dreibein) is given by a set of three inde- 
pendent basis fields 

e a (u) = e^(u)da 

which satisfy the relations 

e a ep - epe a = w J a/3 e^, 

where w J a/3 = w 7 a Ju) are called anholonomy coefficients. 

We investigate anholonomic structures with mixed holonomic and anholonomic triads 
when 

e£(«) = H = e f = N ?( u ) = W *( M )> 4 = !}■ 

In this case we have to apply 'elongated' by N-coefficients operators instead of usual 
local coordinate basis d a = d/du a and d a = du a , (for simplicity we shall omit underling 
of indices if this does not result in ambiguities): 

- (J--JL- M \JLfi -JL\ 

~ \da* ~ dx* Wl [X ' V > dy' {y) ~ dy) 

and their duals 



8f> = (t?,6to) = 6u f> (6.2) 
= (<f = dx\ 5 {y) = 5y = dy + w k (x j , y) dx k ) . 
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The coefficients N = {Nf (x,y) = Wi (x^ , y)}, are associated to a nonlinear connec- 
tion (in brief, N-connection, see structure which on pseudo-Riemannian spaces de- 
fines a locally anisotropic, or equivalently, mixed holonomic-anholonomic structure. The 
geometry of N-connection was investigated for vector bundles and generalized Finsler 
geometry J7j and for superspaces and locally anisotropic (super)gravity and string the- 
ory [24 with applications in general relativity, extra dimension gravity and formulation 
of locally anisotropic kinetics and thermodynamics on curved spacetimes |2*o"l |2H l2*7j . 
In this paper (following the Paper I) we restrict our considerations to the simplest case 
with one anholonomic (anisotropic) coordinate when the N-connection is associated to 
a subclass of anholonomic triads (j6.1|) . and/or ()6.2|) . defining some locally anisotropic 
frames (in brief, anholonomic basis, anholonomic frames). 

With respect to a fixed structure of locally anisotropic bases and their tensor products 
we can construct distinguished, by N-connection, tensor algebras and various geometric 
objects (in brief, one writes d-tensors, d-metrics, d-connections and so on). 

A symmetrical locally anisotropic metric, or d-metric, could be written with respect 
to an anhlonomic basis (j6.2j) as 

Ss 2 = g af3 {u T )5u a 5u p (6.3) 
= 9ij {x k , y) dx l dx j + h(x k , y) (5y) 2 . 

We note that the anisotropic coordinate y could be both type time-like (y = t, or space- 
like coordinate, for instance, y = r, radial coordinate, or y = 9, angular coordinate). 

6.2.2 Non— rotating black holes with ellipsoidal horizon 

Let us consider a 3D locally anisotropic spacetime provided with local space coordi- 
nates x 1 = r, x 2 = 9 when as the anisotropic direction is chosen the time like coordinate, 
y = t. We proved (see the Paper I) that a d-metric of type ()6.3|) . 

5s 2 = Q 2 (r, 9) [a(r)dr 2 + b (r, 9) d9 2 + h(r, 9)5t 2 ] , (6.4) 

where 

5t = dt + w 1 (r,9)dr + w 2 (r,9)d9, 
w\ = d r In | In Q | , w 2 = dg In | In Q | , 

for Q 2 = ±h(r,9), satisfies the system of vacuum locally anisotropic gravitational equa- 
tions with cosmological constant A[ ], 

R a p — TiQapR — A[o]<7 a/ g — 
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if 



and 



a(r) = 4r 2 |A |,&M) = -^A 2 (fl) [r 2 (5) - r 2 ] 

l A o| 



h(r,9) = --^— 2 A%9)[rl(0)-r*] 3 . (6.5) 

The functions a(r),b(r,6) and h(x l ,y) and the coefficients of nonlinear connection 
Wi(r,0,t) (for this class of solutions being arbitrary prescribed functions) were defined 
as to have compatibility with the locally isotropic limit. 

We construct a black hole like solution with elliptical horizon r 2 = r+(6), on which 
the function (|6.5j) vanishes if we chose 

rl(0) = ~ 2 . (6.6) 

[1 + e cos 6* J 

where p is the ellipse parameter and e is the eccentricity. We have to identify 

P 2 = r l[o] = -M / Ac, 

where r+ro], M Q and A are respectively the horizon radius, mass parameter and the cos- 
mological constant of the non-rotating BTZ solution pQ if we wont to have a connection 
with locally isotropic limit with e — > 0. In the simplest case we can consider that the 
elliptic horizon ()6.6j) is modelled by an anisotropic mass 

M (6, e) = ^ 5 = ^+ (6.7) 

V ; 27r(l + £cos(0-^ o )) 27r 

and constant effective cosmo logical constant, A(8) ~ A . The coefficient 2tt was intro- 
duced in order to have the limit 



lim2 / M(6 } e)d6 = M . (6.8) 

e^O J 




Throughout this paper, the units c = H — ks — 1 will be used, but we shall consider that 

■»(<*) 

r (gr) 



for an locally anisotropically renormalized gravitational constant 8G\ a \ ^ 1, see |26j . 
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6.3 On the Thermodynamics of Elliptical Black Ho- 
les 

In this paper we will be interested in thermodynamics of locally anisotropic black 
holes defined by a d-metric (|6.4|) . 

The Hawking temperature T (9, e) of a locally anisotropic black hole is anisotropic 
and is computed by using the anisotropic mass (|6.7j) : 

M(9,e) r + (6U) 
T( ^ £)= 2^-(M = ^^ >0 - (6 ' 9) 

The two parametric analog of the Bekenstein-Hawking entropy is to be defined as 

S (9, e) = 47rr + = V32^^/M (9, e) (6.10) 

The introduced thermodynamic quantities obey the first law of thermodynamics (un- 
der the supposition that the system is in local equilibrium under the variation of param- 
eters (9, e)) 

AM(9,e) = T(9,e)AS, (6.11) 
where the variation of entropy is 

t a „ 1 fdM An dM 
AS = 4vrAr+ = An - ^ttA^ + 

y/M(6,e) V d9 de 

According to the formula C = (dm / dT) we can compute the heat capacity 

C = 2nr + (9, e) = 2n^M(6,e). 

Because of C > always holds the temperature is increasing with the mass. 

The formulas (j6.7j) - (j6.11j) can be integrated on angular variable 9 in order to obtain 
some thermodynamic relations for black holes with elliptic horizon depending only on 
deformation parameter, the eccentricity e. 

For a elliptically deformed black hole with the outer horizon r + given by formula 
(|6.10J1 the depending on eccentricity 26] Bekenstein-Hawking entropy is computed as 

SM(e)= U 



were 

7I-/2 



4 J r + (9,e) d9 



o 
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is the length of ellipse's perimeter and G?\ is the three dimensional gravitational cou- 
pling constant in locally anisotropic media (the index (a) points to locally anisotropic 
renormalizations), and has the value 



sla) (£)= wJhr*>^< (6 - 12) 

(an v 



If the eccentricity vanishes, e = 0, we obtain the locally isotropic formula with p being the 

jf(o) 



radius of the horizon circumference, but the constant G\ a \ could be locally anisotropic 



renormalized. 

The total mass of a locally anisotropic black hole of eccentricity e is found by inte- 
grating ()6.7|) on angle 9 : 

M(e) = ^-- 2 (6.13) 

(1 - e 2 f 2 

which satisfies the condition ()6.8D . 

The integrated on angular variable 9 temperature T (e) is to by defined by using 
T(6,e) from (l6~T?l) . 

tt/2 

2v/M 



T(e)=4 / T(9,e)d9 = — ^=^=arctgJ -—. (6.14) 



7T 







Formulas ()6.12|) - (j6.14j) describes the thermodynamics of ^-deformed black holes. 

Finally, in this section, we note that a black hole with elliptic horizon is to be consid- 
ered as a thermodynamic subsystem placed into the anisotropic ether bath of spacetime. 
To the locally anisotropic ether one associates a continuous locally anisotropic medium 
assumed to be in local equilibrium. The locally anisotropic black hole subsystem is con- 
sidered as a subsystem described by thermodynamic variables which are continuous field 
on variables (8, e) , or in the simplest case when one have integrated on 9, on e. It will be 
our first task to establish some parametric thermodynamic relations between the mass 
m(9,e) (equivalently, the internal locally anisotropic black hole energy), temperature 
T (9, e) and entropy S (9, e) . 



6.4 Thermodynamic Metrics and Curvatures of An- 
isotropic Black Holes 

We emphasize in this paper two approaches to the thermodynamic geometry of nearly 
equilibrium locally anisotropic black holes based on their thermodynamics. The first one 
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is to consider the thermodynamic space as depending locally on two parameters 9 and e 
and to compute the corresponding metric and curvature following standard formulas from 
curved bi-dimensional hypersurface Riemannian geometry. The second possibility is to 
take as basic the Ruppeiner metric in the thermodynamic space with coordinates (M, e), 
in a manner proposed in Ref. [7] with that difference that as the extensive coordinate is 
taken the black hole eccentricity e (instead of the usual angular momentum J for isotropic 
(2 + l)-black holes). Of course, in this case we shall background our thermodynamic 
geometric constructions starting from the relations (|6.12|) - (j6.14|) . 



6.4.1 The thermodynamic parametric geometry 

Let us consider the thermodynamic parametric geometry of the elliptic (2+l)-dimen- 
sional black hole based on its thermodynamics given by formulas (j(17)) - (j6.1ij) . 
Rewriting equations f)6. 1 II we have 

AS = P(9,e) AM (6,e), 

where /3 (0,e) = l/T (9, e) is the inverse to temperature (|6.9|) . This case is quite different 
from that from |U| where there are considered, respectively, BTZ and dilaton black 
holes (by introducing Ruppeiner and Weinhold thermodynamic metrics). Our thermo- 
dynamic space is defined by a hypersurface given by parametric dependencies of mass 
and entropy. Having chosen as basic the relative entropy function, 

_ S{9,e) _ 1 

? ~ 471-v/Mo ~ 1 + £cos#' 

in the vicinity of a point P = (0,0), when, for simplicity, 9q = 0, our hypersurface is 
given locally by conditions 

q — <r (9, e) and grad\pq = 0. 
For the components of bi-dimensional metric on the hypersurface we have 

911 = 1 + (I) ' 912 = (I) (I 

i) ' 

The nonvanishing component of curvature tensor in the vicinity of the point P = (0, 0) 
is 



d\d 2 C fd\\ 
1212 d9 2 de 2 \ded9j 
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and the curvature scalar is 



R = 2R 



•1212 • 



(6.15) 



By straightforward calculations we can find the condition of vanishing of the curvature 
()6.15|) when 



So, the parametric space is separated in subregions with elliptic eccentricities < e± < 
and 9 satisfying conditions ()6.16|K 

Ruppeiner suggested that the curvature of thermodynamic space is a measure of 
the smallest volume where classical thermodynamic theory based on the assumption 
of a uniform environment could conceivably work and that near the critical point it is 
expected this volume to be proportional to the scalar curvature [2U|. There were also 
proposed geometric equations relating the thermodynamic curvature via inverse relations 
to free energy. Our definition of thermodynamic metric and curvature in parametric 
spaces differs from that of Ruppeiner or Weinhold and it is obvious that relations of 
type (|6.16|) (stating the conditions of vanishing of curvature) could be related with some 
conditions for stability of thermodynamic space under variations of eccentricity e and 
anisotropy angle 9. This interpretation is very similar to that proposed by Janyszek and 
Mrugala and supports the viewpoint that the first law of thermodynamics makes 
a statement about the first derivatives of the entropy, the second law is for the second 
derivatives and the curvature is a statement about the third derivatives. This treatment 
holds good also for the parametric thermodynamic spaces for locally anisotropic black 
holes. 

6.4.2 Thermodynamic Metrics and Eccentricity of Black Hole 

A variant of thermodynamic geometry of locally anisotropic black holes could be 
grounded on integrated on anisotropy angle 9 formulas ()6.12j) - (j6.14)) . The Ruppeiner 
metric of elliptic black holes in coordinates (M, e) is 



For our further analysis we shall use dimensionless values fi = M (e) /Mo and ( = 
S^Ggfi /2p and consider instead of (|6.17|) the thermodynamic diagonal metrics (a 1 , a 2 ) 
= gij(n,e) with components 




(6.16) 




(6.17) 



d 2 ( 



— C,ll aIld 922 



d 2 ( 




(6.18) 



9h = 



dfi 2 



de 2 
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where by comas we have denoted partial derivatives. 

The expressions (j6.12)l and (j6.12j) are correspondingly rewritten as 



c 



1 



.arctg 



and 



\T : 2 ■' V 1 - 

2\ -3/2 



/,= (1-, 2 ) 

By straightforward calculations we obtain 



1 _ 2 n5/2 II 



11 



-~(i-e 2 y 

9 v ; 



arctg 



e 



1 _ 2 ,3 I 



1 + e 

2\4 



and 



9e K ' 18e 4 V ; 
1 + 2e 2 



22 



'l-e 



2^/2 



arctg 



3 s 



*2 ' 



The thermodynamic curvature of metrics of type (|6.18j) can be written in terms of 
second and third derivatives ^3] by using third and second order determinants: 



R 



-Cn 
-Cm 

— C.112 
1 





"C,112 





~C,22 



"C,222 



X 



-Cn 
o 





"C,22 



2 VC 



11 



(6.19) 



,11/ )2 VS,22/ )2 

The conditions of vanishing of thermodynamic curvature (j6.19j) are as follows 



c 



C,ii2 (ei) = or ( ) (e 2 ) = 

S,22/ o 



(6.20) 



for some values of eccentricity, e = £i or e = e 2 , satisfying conditions < E\ < 1 and 
< £2 < 1. For small deformations of black holes, i.e. for small values of eccentricity, 
we can approximate E\ ~ 1/y/KE and e 2 ~ 1/(18A), where A is a constant for which 
C,n — ^C,22 and the condition < e 2 < 1 is satisfied. We omit general formulas for 
curvature f)6. 19j) and conditions ()6.20|) . when the critical points E\ and/or e 2 must be 

defined from nonlinear equations containing arctg \ /frf and powers of (1 — e 2 ) and e. 
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6.5 Discussion and Conclusions 

In closing, we would like to discuss the meaning of geometric thermodynamics fol- 
lowing from locally anisotropic black holes. 

(1) N on equilibrium thermodynamics of locally 

anisotropic black holes in locally anisotropic spacetimes. In this paper and in the Paper 
I [2E] we concluded that the thermodynamics in locally anisotropic spacetimes has a 
generic nonequilibrium character and could be developed in a geometric fashion following 
the approach proposed by S. Sieniutycz, P. Salamon and R. S. Berry [221 E] This is a 
new branch of black hole thermodynamics which should be based on locally anisotropic 
nonequilibrium thermodynamics and kinetics |2*7j . 

(2) Locally Anisotropic Black holes thermodynamics in vicinity of equilibrium points. 
The usual thermodynamical approach in the Bekenstein-Hawking manner is valid for 
anisotropic black holes for a subclass of such physical systems when the hypothesis of 
local equilibrium is physically motivated and corresponding renormalizations, by locally 
anisotropic spacetime parameters, of thermodynamical values are defined. 

(3) The geometric thermodynamics of locally anisotropic black holes with constant in 
time elliptic horizon was formulated following two approaches: for a parametric ther- 
modynamic space depending on anisotropy angle 9 and eccentricity e and in a standard 
Ruppeiner-Mrugala-Janyszek fashion, after integration on anisotropy 9 but maintaining 
locally anisotropic spacetime deformations on e. 

(4) The thermodynamic curvatures of locally 

anisotropic black holes were shown to have critical values of eccentricity when the scalar 
curvature vanishes. Such type of thermodynamical systems are rather unusual and a 
corresponding statistical model is not that for ordinary systems composed by classical 
or quantum like gases. 

(5) Thermodynamic systems with constraints require a new geometric structure in 
addition to the thermodynamical metrics which is that of nonlinear connection. We 
note this object must be introduced both in spacetime geometry and in thermodynamic 
geometry if generic anisotropies and constrained field and/or thermodynamic behavior 
are analyzed. 
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Chapter 7 



Off— Diagonal 5D Metrics and Mass 
Hierarchies with Anisotropies and 
Running Constants 

Abstract 1 

The gravitational equations of the three dimensional (3D) brane world are investi- 
gated for both off-diagonal and warped 5D metrics which can be diagonalized with re- 
spect to some anholonomic frames when the gravitational and matter fields dynamics are 
described by mixed sets of holonomic and anholonomic variables. We construct two new 
classes of exact solutions of Kaluza-Klein gravity which generalize the Randall-Sundrum 
metrics to configurations with running on the 5th coordinate gravitational constant and 
anisotropic dependencies of effective 4D constants on time and/or space variables. We 
conclude that by introducing gauge fields as off-diagonal components of 5D metrics, 
or by considering anholonomic frames modelling some anisotropies in extra dimension 
spacetime, we induce anisotropic tensions (gravitational polarizations) and running of 
constants on the branes. This way we can generate the TeV scale as a hierarchically 
suppressed anisotropic mass scale and the Newtonian and general relativistic gravity are 
reproduced with adequate precisions but with corrections which depend anisotropically 
on some coordinates. 



Recent approaches to String/M-theory and particle physics are based on the idea 

1 © S. Vacaru, Off-Diagonal 5D Metrics and Mass Hierarchies with Anisotropies and Running Con- 
stants, |hep-ph/0106268 
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that our universe is realized as a three brane, modelling a four dimensional, 4D, pseudo- 
Riemannian spacetime, embedded in the 5D anti-de Sitter (AdS^) bulk spacetime. In 
such models the extra dimension need not be small (they could be even infinite) if a 
nontrivial warped geometric configuration, being essential for solving the mass hierarchy 
problem and localization of gravity, can "bound" the matter fields on a 3D subspace on 
which we live at low energies, the gravity propagating, in general, in a higher dimension 
spacetime (see Refs.: pQ for string gravity papers; [2] for extra dimension particle fields 
and gravity phenomenology with effective Plank scale; j3] for the simplest and compre- 
hensive models proposed by Randall and Sundrum; here we also point the early works 
j3] in this line and cite [3] as some further developments with supresymmetry, black hole 
solutions and cosmological scenarios). 

In higher dimensional gravity much attention has been paid to off-diagonal metrics 
beginning the Salam, Strathee and Perracci work jO] which showed that including off- 
diagonal components in higher dimensional metrics is equivalent to including U(l), SU(2) 
and SU(3) gauge fields. Recently, the off-diagonal metrics were considered in a new fash- 
ion by applying the method of anholonomic frames with associated nonlinear connections 
[7] which allowed us to construct new classes of solutions of Einstein's equations in three 
(3D), four (4D) and five (5D) dimensions, with generic local anisotropy (e.g. static black 
hole and cosmological solutions with ellipsoidal or torus symmetry, soliton-dilaton 2D 
and 3D configurations in 4D gravity, and wormhole and flux tubes with anisotropic po- 
larizations and/or running on the 5th coordinate constants with different extensions to 
backgrounds of rotation ellipsoids, elliptic cylinders, bipolar and torus symmetry and 
anisotropy. 

The point of this paper is to argue that if the 5D gravitational interactions are 
parametrized by off-diagonal metrics with a warped factor, which could be related with 
an anholonomic higher dimensional gravitational dynamics and/or with the fact that 
the gauge fields are included into a Salam-Strathee-Peracci manner, the fundamental 
Plank scale M 4+ d in 4 + d dimensions can be not only considerably smaller than the the 
effective Plank scale, as in the usual locally isotropic Randall-Sundrum (in brief, RS) 
scenarios, but the effective Plank constant is also anisotropically polarized which could 
have profound consequences for elaboration of gravitational experiments and for models 
of the very early universes. 

We will give two examples with one additional dimension (d = 1) when an extra 
dimension gravitational anisotropic polarization on a space coordinate is emphasized 
or, in the second case, a running of constants in time is modelled. We will show that 
effective gravitational Plank scale is determined by the higher-dimensional curvature 
and anholonomy of pentad (funfbein, of frame basis) fields rather than the size of the 
extra dimension. Such curvatures and anholonomies are not in conflict with the local 
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four-dimensional Poincare invariance. 

We will present a higher dimensional scenario which provides a new RS like ap- 
proach generating anisotropic mass hierarchies. We consider that the 5D metric is both 
not factorizable and off-diagonal when the four- dimensional metric is multiplied by a 
"warp" factor which is a rapidly changing function of an additional dimension and de- 
pend anisotropically on a space direction and runs in the 5-th coordinate. 

Let us consider a 5D pseudo-Riemannian spacetime provided with local coordinates 
u a = (x\y a ) = (x 1 = x,x 2 = f,x 3 = y,y A = s,y 5 = p), where (s,p) = (z,t) (Case 
I) or, inversely, (s,p) = (t,z) (Case II) - or more compactly u = (x,y) - where the 
Greek indices are conventionally split into two subsets x l and y a labelled respectively 
by Latin indices of type k, ... = 1, 2, 3 and a, b, ... = 4, 5. The local coordinate bases, 
d a = (dii d a ), and their duals, d a = (d\ d a ) , are defined respectively as 
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(cf = dx\d a = dy a ). 



(7.1) 



For the 5D (pseudo) Riemannian interval dl 2 = G a pdu a dviP we choose the metric 
coefficients G a p (with respect to the coordinate frame (|7.1jl ) to be parametrized by a 
off-diagonal matrix (ansatz) 



g + w 2 h A + n 2 h 5 WiW 2 h4 + riin 2 h 5 WiW^h^ + nin 3 h 5 W\h± n x h^ 

W\W 2 h^ + riin 2 h 5 1 + w 2 2 h i + n 2 2 h 5 w 2 w 3 h A + n 2 n 3 h 5 w 2 h A n 2 h 5 

Wiw 3 h^ + riin 3 h 5 w 3 w 2 h A + n 2 n 3 h 5 g + w 2 h A + n 3 2 h 5 w 3 h A n 3 h 5 

W\h± w 2 h± w 3 h^ h± 

nxh 5 n 2 h 5 n 3 h 5 h 5 



(7.2) 



where the coefficients are some necessary smoothly class functions of type: 

9 = 9(f,y) = a(f) b(y),h 4 = h A (f,y,s) = i q A (f,y)g(f,y)q A (s) 
h = h 5 (f,y,s) = g(f,y)q 5 (s),w i = w i (f,y,s),ni = n i (f,y,s). 

The metric (|7.2jl can be equivalently rewritten in the form 

= 9ij (f, y) dx i dx i + h ab (/, y, s) 5y a 5y\ 

with diagonal coefficients 



9ij 



9 
1 
g 



and h a b 



h A 
h 



(7.3) 



(7.4) 



if instead the coordinate bases (j7.1|) one introduce the anholonomic frames (anisotropic 
bases) 



±- = (5 t = d t -N^u)d b ,d a = ^- a ),5 



Su c 



(5 i = dx\ 5 a = dy a + N£{u) dx k ) 

(7.5) 



where the iV-coefficients are parametrized 



w, 



and iY, 5 



Hi 



In this paper we consider a slice of Ad S§ provided with an anholnomic frame structure 
()7.5|) satisfying the relations 5 a 5p—5p5 a = W^pS 7 , with nontrivial anholonomy coefficients 



W k 

v 

W a 

*3 



W K - 



k - w k = o w\ 

u i vy la w > yv ab 



0. 



-d h N^Wl = d a N h j . 



303 



We assume there exists a solution of 5D Einstein equations with 3D brane configu- 
ration that effectively respects the local 4D Poincare invariance with respect to anholo- 
nomic frames (|7.5jl and that the metric ansatz (J7.2)) (equivalent ly, (|7.4jl ) transforms into 
the usual RS solutions 

ds 2 = e-^rj^dx^dx^ + df (7.6) 

for the data: a(f) = e _2fc '^, k = const, b(y) = 1, 774(7, y) = l,qi(s) = qs(s) — 1, W{ — 
0,rii = 0, where 77^ and x^ are correspondingly the diagonal metric and Cartezian 
coordinates in 4D Minkowski spacetime and the extra-dimensional coordinate / is to be 
identified / = r c <fr, (r c = const is the compactification radius, < / < nr c ) like in the 
first work [3] (or 'f" is just the coordinate 'y' in the second work [3]). 

The set-up for our model is a single 3D brane with positive tension, subjected to some 
anholonomic constraints, embedded in a 5D bulk spacetime provided with a off-diagonal 
metric ([7.2)1 . In order to carefully quantize the system, and treat the non-normalizable 
modes which will appear in the Kaluza-Klein reduction, it is useful to work with respect 
to anholonomic frames were the metric is diagonalized by corresponding anholonomic 
transforms and is necessary to work in a finite volume by introducing another brane at 
a distance nr c from the brane of interest, and taking the branes to be the boundaries 
of a finite 5th dimension. We can remove the second brane from the physical set-up by 
taking the second brane to infinity. 

The action for our anholonomic funfbein (pentadic) system is 

S Sg raV ify ~\- Sb rane ~\- Sfy rane ' (7.7) 

Sgravity = J 6 4 x J 5f^G{-K{f) + 2M 3 R}, 

S brane J & % \/ 9 brane { Vbrane ^brane} j 

where R is the 5D Ricci scalar made out of the 5D metric, G a p, and A and Vbrane are 
cosmological terms in the bulk and boundary respectively. We write down S A x and 
5f, instead of usual differentials d A x and df, in order to emphasize that the variational 
calculus should be performed by using N-elongated partial derivatives and differentials 
(|7.5|) . The coupling to the branes and their fields and the related orbifold boundary 
conditions for vanishing N-coefficients are described in Refs. jH] and [S]. 
The Einstein equations, 

D« Sot p Tee 

for a diagonal energy-momentum tensor = [Tx, T2, T3, T4, T5] and following from 
the action (J7.7)) and for the ansatz (|7.2J) (equivalently, (|7.4jl ) with g = a(f)b(y) transform 
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into 



1 

a 
1 

a 



a"- 



[a 



l\21 



2a 

t\2 



[a 



where 



a i 



a 3 







2a 



hf- 



+ 
+ 







P{y) 



2T 2 (/), 



2a a ' h^hs 
2T 4 , w t + ati = 0, n** + 7 n* = 



(7.8) 



/l 4 /lK 



«2 = ^5 



hi fh 4 h 5 
hi hs 



hi f h 



# 



h 



# 



hi 



hi* - 



(K) 2 

2h R 



h*h* 1 
' i 5' i 4 p _ _j_ 



2h, 



b 2 



b**- 



_3h 5 * h^* 
^ 2 h$ hi 



(7.9) 



the partial derivatives are denoted: h* = dh/dx 1 , h' = dh/dx 2 , h# = dh/dx 3 , h* 
dh/ds. 

Our aim is to construct a metric 



6s 2 = g (/, y) [dx 2 + dy 2 + ^ (/, y) 6s 2 + q 5 (s)Sp 2 } + df 



(7.10) 



with the anholonomic frame components defined by 'elongation' of differentials, 5s = 
ds + w 2 df + w%dy, Sp = dp + ri\dx + n 2 df + n 3 dy, and the "warp" factor being written 
in a form similar to the RS solution 



g{f,y) = a(f)b(y)=exp[-2k f \f\-2k y \y\], 



(7.11) 



which defines anisotropic RS like solutions of 5D Einstein equations with variation on 
the 5th coordinate cosmological constant in the bulk and possible variations of induced 
on the brane cosmological constants. 

By straightforward calculations we can verify that a class of exact solutions of the 
system of equations ()7.8|) for P(y) = (see (|7.9j) ) : 

g(f,y),h 5 = g(f,y)p 2 (f,y,s), 



hi 



were 



p{f,y,s) 



| cos r+ (/,?/) |, r + = y/(T A -T 2 ) g(f,y), T 4 > T 2 ; 
exp[-r_ (/, y) s], t_ = V / ( T 2 - T 4 )0(/,y), T 4 < T 2 ; 
\ci(f,y) + sc 2 (f,y)\ 2 ,Ti = T 2 , 
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and 

w t = -d t (ln\p*\)/(ln\p*\y, 

rii = n i[0] (f,y) + n i[1] (f,y) J exp[-3p]ds, 

with functions Ci j2 (/, y) and rij[ 0) i](/, y) to be stated by some boundary conditions. We 
emphasize that the constants kf and k y have to be defined from some experimental data. 

The solution ()7.10|) transforms into the usual RS solution ()7.fij) if k y = 0, tu !](/, y) = 
0,A = A = const and T 2 -> T 2[0] = T 1 ,T 3 ,T 4 ,T 5 -> T [0] = + 

-T&^-^if — vrr c ), which holds only when the boundary and bulk cosmological terms are 
related by formulas Hrane = — V& rane ' = 24M 3 fc/, A = — 24M 3 kj; we use values 
with the index [0] in order to emphasize that they belong to the usual (holonomic) RS 
solutions. In the anholonomic case with "variation of constants" we shall not impose 
such relations. 

We note that using the metric (j7.10j) with anisotropic warp factor (j7.11|) it is easy 
to identify the massless gravitational fluctuations about our classical solutions like in 
the usual RS cases but performing (in this work) all computations with respect to an- 
holonomic frames. All off-diagonal fluctuations of the anholonomic diagonal metric are 
massive and excluded from the low-energy effective theory. 

We see that the physical mass scales are set by an anisotropic symmetry-breaking 
scale, v(y) = e~ ky ^e~ kfrc ' !T Vo. This result the conclusion: any mass parameter uiq on 
the visible 3-brane in the fundamental higher-dimensional theory with Salam-Strathee 
-Peracci gauge interactions and/or effective anholonomic frames will correspond to an 
anisotropic dependence on coordinate y of the physical mass m{y) = e^ ky ^e~ kTc7T m 
when measured with the metric that appears in the effective Einstein action, since 
all operators get re-scaled according to their four- dimensional conformal weight. If e krc7T 
is of order 10 15 , this mechanism can produces TeV physical mass scales from fundamental 
mass parameters not far from the Planck scale, 10 19 GeV. Because this geometric factor 
is an exponential, we clearly do not require very large hierarchies among the fundamental 
parameters, v , k, M, and \i c = l/r c ; in fact, we only require kr c « 50. These conclusions 
were made in Refs. [3 j with respect to diagonal (isotropic) metrics. But the physical con- 
sequences could radically change if the off-diagonal metrics with effective anholonomic 
frames and gauge fields are considered. In this case we have additional dependencies on 
variable y which make the fundamental spacetime geometry to be locally anisotropic, 
polarized via dependencies both on coordinate y receptivity k y . We emphasize that our 
y coordinate is not that from 

The phenomenological implications of these anisotropic scenarios for future collider 
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searches could be very distinctive: the geometry of experiments will play a very im- 
portant role. In such anisotropic models we also have a roughly weak scale splitting 
with a relatively small number of excitations which can be kinematically accessible at 
accelerators. 

We also reconsider in an anisotropic fashion the derivation of the 4D effective Planck 
scale Mpi given in Ref. [3]. The 4D graviton zero mode follows from the solution, 
Eq. (|7.10|) . by replacing the Minkowski metric by a effective 4D metric g which it is 
described by an effective action following from substitution into Eq. (|7.7j) . 



where R denotes the four-dimensional Ricci scalar made out of <L„(a;), i n contrast to 
the five-dimensional Ricci scalar, R, made out of Gmn(%, /)• We use the symbol 5 4 x in 
()7.7|) in order to emphasize that our integration is adapted to the anholonomic structu5e 
stated by the differentials (|7.5|) . We also can explicitly perform the / integral in (|7.12j) 
to obtain a purely 4D action and to derive 



We see that there is a well-defined value for Mpi, even in the r c — > oo limit, but which may 
have an anisotropic dependence on one of the 4D coordinates, in the stated parametriza- 
tions denoted by y. Nevertheless, we can get a sensible effective anisotropic 4D theory, 
with the usual Newtonian force law, even in the infinite radius limit, in contrast to the 
product-space expectation that M Pl = M 3 r c 7r. 

In consequence of ([7.13)1 . the gravitational potential behaves anisotropically as 



i.e. our models produce effective 4D theories of gravity with local anisotropy. The 
leading term due to the bound state mode is the usual Newtonian potential; the Kaluza 
Klein anholonomic modes generate an extremely anisotropically suppressed correction 
term, for kf taking the expected value of order the fundamental Planck scale and r of 
the size tested with gravity. 

Let us conclude the paper: It is known that we can consistently exist with an infinite 
5th dimension, without violating known tests of gravity [3]. The scenarios consist of two 
or a single 3-brane, (a piece of) AdS§ in the bulk, and an appropriately tuned tension 




(7.12) 




(7.13) 
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on the brane. But if we consider off-diagonal 5D metrics like in Ref. which was 
used for including of U(l), 577(2) and SU(3) gauge fields, or, in a different but similar 
fashion, for construction of generic anisotropic, partially anholonomic, solutions (like 
static black holes with ellipsoidal horizons, static black tori and anisotropic wormholes) 
in Einstein and extra dimension gravity, [7] the RS theories become substantially locally 
anisotropic. One obtains variations of constants on the 5th coordinate and possible 
anisotropic oscillations in time (in the first our model), or on space coordinate (in the 
second our model). Here it should be emphasized that the anisotropic oscillations (in 
time or in a space coordinate) are defined by the constant component of the cosmological 
constant (which in our model can generally run on the 5th coordinate). This sure is 
related to the the cosmological constant problem which in this work is taken as a given 
one, with an approximation of linear dependence on the 5th coordinate, and not solved. 
In the other hand a new, anisotropic, solution to the hierarchy problem is supposed to 
be subjected to experimental verification. 

Finally, we note that many interesting questions remain to be investigated. Having 
constructed another, anisotropic, valid alternative to conventional 4D gravity, it is im- 
portant to analyze the astrophysical and cosmological implications. These anisotropic 
scenarios might even provide a new perspective for solving unsolved issues in string/M- 
theory, quantum gravity and cosmology. 

The author thanks D. Singleton, E. Gaburov and D. Gon^a for collaboration and dis- 
cussing of results. The author is grateful to P. Stavrinos for hospitality and support. The 
work is partially supported by "The 2000-2001 California State University Legislative 
Award" . 
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Chapter 8 



Anisotropic Black Holes in Einstein 
and Brane Gravity 

Abstract 1 

We consider exact solutions of Einstein equations defining static black holes paramet- 
rized by off-diagonal metrics which by anholonomic mappings can be equivalently trans- 
formed into some diagonal metrics with coefficients being very similar to those from the 
Schwarzschild and/or Reissner-Nordstrom solutions with anisotropic renormalizations 
of constants. We emphasize that such classes of solutions, for instance, with ellipsoidal 
symmetry of horizons, can be constructed even in general relativity theory if off-diagonal 
metrics and anholonomic frames are introduced into considerations. Such solutions do 
not violate the Israel's uniqueness theorems on static black hole configurations [I] be- 
cause at long radial distances one holds the usual Schwarzschild limit. We show that 
anisotropic deformations of the Reissner-Nordstrom metric can be an exact solution on 
the brane, re-interpreted as a black hole with an effective electromagnetic like charge 
anisotropically induced and polarized by higher dimension gravitational interactions. 

The idea of extra-dimension is gone through a renewal in connection to string/M- 
theory [2] which in low energy limits results in models of brane gravity and/or high 
energy physics. It was proven that the matter fields could be localized on a 3-brane in 
1 + 3 + n dimensions, while gravity can propagate in the n extra dimensions which can 
be large (see, e. g., [31) and even not compact, as in the 5-dimensional (in brief, 5D) 
warped space models of Randall and Sundrum [1] (in brief RS, see also early versions 

1 © S. Vacaru and E. Gaburov, Anisotropic Black Holes in Einstein and Brane Gravity, 
|hep-th/0108065| 
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0)- 

The bulk of solutions of 5D Einstein equations and their reductions to 4D were con- 
structed by using static diagonal metrics and extensions to solutions with rotations given 
with respect to holonomic coordinate frames of references. On the other hand much at- 
tention has been paid to off-diagonal metrics in higher dimensional gravity beginning the 
Salam, Strathee and Petracci work |B, which proved that including off-diagonal compo- 
nents in higher dimensional metrics is equivalent to including of U(l), SU(2) and 577(3) 
gauge fields. Recently, it was shown in Ref. [7j that if we consider off-diagonal metrics 
which can be equivalently diagonalized to some corresponding anholonomic frames, the 
RS theories become substantially locally anisotropic with variations of constants on extra 
dimension coordinate or with anisotropic angular polarizations of effective 4D constants, 
induced by higher dimension gravitational interactions. 

If matter on a such anisotropic 3D branes collapses under gravity without rotating to 
form a black hole, then the metric on the brane- world should be close to some anisotropic 
deformations of the Schwarzschild metric at astrophysical scales in order to preserve the 
observationally tested predictions of general relativity. We emphasize that it is possible 
to construct anisotropic deformations of spherical symmetric black hole solutions to some 
static configurations with ellipsoidal or toroidal horizons even in the framework of 4D 
and in 5D Einstein theory if off-diagonal metrics and associated anholonomic frames 
and nonlinear connections are introduced into consideration j^j. 

Collapse to locally isotropic black holes in the Randall-Sundrum brane-world scenario 
was studied by Chamblin et al. [TT] (see also and a review on the subject [E>]). 

The item of definition of black hole solutions have to be reconsidered if we are dealing with 
off-diagonal metrics, anholonomic frames both in general relativity and on anisotropic 
branes. 

In this Letter, we give four classes of exact black hole solutions which describes 
ellipsoidal static deformations with anisotropic polarizations and running of constants of 
the Schwarzschild and Reissner-Nordstrom solutions. We analyze the conditions when 
such type anisotropic solutions defined on 3D branes have their analogous in general 
relativity. 

The 5D pseudo-Riemannian spacetime is provided with local coordinates u a = 
(x l ,y a ) = (x 1 = f,x 2 ,x 3 ,y A = s,y 5 = p), where / is the extra dimension coordinate, 
(x 2 ,x 3 ) are some space coordinates and (s = <p,p = t) (or inversely, (s = t,p = tp)) 
are correspondingly some angular and time like coordinates (or inversely). We suppose 
that indices run corresponding values: i,j,k,... = 1,2,3 and a,b, c, ... = 4,5. The local 
coordinate bases d a = (<9j, d a ), and their duals, d a = (d\ d a ) , are defined respectively as 
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(d i = dx\cf = dy a ). 



•1) 



For the 5D line element (iZ 2 = G a ^du a du^ we choose the metric coefficients G a p 
(with respect to the coordinate frame ([8.1)1 ) to be parametrized by a off-diagonal matrix 
(ansatz) 



1 + w± /i4 + n 1 /15 101102/14 + ninths wiw 3 h 4 + nin 3 h^ 101/14 ni/15 

5 102^3/ 

2a . ,^2; 



101102/14 + nin 2 h 5 g 2 + io 2 2 /i 4 + n 2 2 /i 5 w 2 w 3 hi + n 2 n 3 h 5 w 2 h± n 2 h 5 



101103/14 + nin 3 h 5 103102/14 + n 2 n 3 h 5 g 3 + io 3 2 /i4 + n 3 ^/i 5 103/14 n 3 /i 5 
101/14 102/14 103/14 /14 

n.1/15 n 2 /i5 n 3 /i 5 /i 5 



$.2 



where the coefficients are some necessary smoothly class functions of type: 

92,3 = 92,3(x 2 , x 3 ), h 4>5 = h^x 1 , x 2 , x 3 , s),Wi = Wi(x l , x 2 , x 3 , s), rii = ni(x\x 2 , x 3 , s). 

The line element (18. 2j) can be equivalently rewritten in the form 

5l 2 = g i:j (x 2 , x 3 ) dx i dx i + h ab (x 1 , x 2 , x 3 , s) 5y a 5y b , (8.3) 

with diagonal coefficients = diag[l, g 2 , g 3 ] and h ab = diag[h^,h 5 ] if instead the coor- 
dinate bases ()8.1j) one introduce the anholonomic frames (anisotropic bases) 

5 a = — = (5 l = di-Ni(u) d b , d a = —), 5 a = 5u a = («f = dx\ 5 a = dy a + N a k (u) dx k ) 

V (8-4) 
where the iV-coefficients are parametrized Nf = Wi and Nf = rii (on anholonomic frame 
method see details in [7j). 

The nontrivial components of the 5D vacuum Einstein equations, = 0, for the 
ansatz ()8.3|) given with respect to anholonomic frames ()8.4j) are 



R\ 



1 w- glgl 



(9s) 



Zg 2 g 3 



2fi- 2 25(3 



+ 9 2 



R4 



9 2 9 3 _ (£f 
2g 3 



Rii 

Ru = 



R<1 



292 



2h A 



2/14/15 
(3 _ Oi_ 
2h 5 2h 5 

h +i n i\ 



0. 


(8.5) 


0. 


(8.6) 


0. 


(8.7) 


0. 


(8.8) 
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where 

a . = d . h * _ hlQ. i n y/\hth 5 \, P = K*- h* 5 [hi y/\h 4 h 5 \]*,7 = {3h 5 /2h A ) - h*Jh 4 , 
the partial derivatives are denoted like a" = da/dx 1 ,^ = dh/dx 2 ,f = df/dx 2 and 

r = df/ds. 

The system of second order nonlinear partial equations (j8.5j) - (|8.8|) can be solved in 
general form: 

The equation (|8.5jl relates two functions g2(x 2 ,x 3 ) and g^x 2 ^ 3 ). It is solved, for 
instance, by arbitrary two functions g2{x 2 ) and ^(a; 3 ), or by g 2 = g% = g[o] exp[a 2 x 2 + 
03a; 3 ], were g[o],ci2 and a 3 are some constants. For a given parametrization of g 2 = 
b2(x 2 )c2(x 3 ) we can find a decomposition in series for g 3 = b3(x 2 )c 3 (x 3 ) (in the inverse 
case a multiple parametrization is given for g 3 and we try to find g 2 )] for simplicity we 
omit such cumbersome formulas. We emphasize that we can always redefine the variables 
(x 2 , x 3 ) , or (equivalently) we can perform a 2D conformal transform to the flat 2D line 
element 

g 2 (x 2 ,x 3 )(dx 2 ) 2 + g 3 (x 2 ,x 3 )(dx 3 ) 2 -> (dx 2 ) 2 + (dx 3 ) 2 , 

for which the solution of (j8.5j) becomes trivial. 

The next step is to find solutions of the equation (|8.fijl which relates two func- 
tions h,4 (x\ s) and h 5 (x\ s). This equation is satisfied by arbitrary pairs of coefficients 
h 4 (x l ,s) and /i 5 [ ] {x l ) . If dependencies of h 5 on anisotropic variable s are considered, 
there are two possibilities: 

a) to compute 

V\H = h m {x 1 ) + h m (x*) J ^/\h 4 (x\s) \ds, h\ (x\s) ^ 0; 
= hs[i] (x 1 ) + h 5[2 ] (x l ) s, h* 4 (x\ s) = 0, 

for some functions ^5(1,2] stated by boundary conditions; 

b) or, inversely, to compute h± for a given h 5 (x\ s) ,h* 5 ^ 0, 

y/\hT\ = h [0] (x l ) (y/\h 5 (x\s)\Y, (8.9) 

with h[o] (x l ) given by boundary conditions. 

Having the values of functions h± and h&, we can define the coefficients Wi (x l , s) and 
Hi (x\ s) : 

The exact solutions of ()8.7|) is found by solving linear algebraic equation on u? fc , 

w k = d k \n[^\h^\/\hl\]/dM^A^\/\K\}, (8.10) 
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for d s = d/ds and h\ ^ 0. If h\ = the coefficients w k could be arbitrary functions on 
(x\ s) . 

Integrating two times on variable s we find the exact solution of (|8.8jl . 



n k = n k [i] (x 1 ) +n k[2] (x { ) J [h 4 /{\/\h\) 3 }ds, h* 5 ^ 0; 

= n k [i] (x l ) +n k[2] (x l ) / h 4 ds, h* 5 = 0; (8.11) 



n h[1] (x { ) +n m (x*) / [l/(vW) 3 ]ds, ^ ^ 0, 



for some functions nk[i,2] (x l ) stated by boundary conditions. 

We shall construct some classes of exact solutions of 5D and 4D vacuum Einstein 
equations describing anholonomic deformations of black hole solutions of the Reissner- 
Nordstrom and Schwarzschild metrics. We consider two systems of 3D space coordinates: 

a) The isotropic spherical coordinates (p, 9, ip), where the isotropic radial coordinate 
p is related with the usual radial coordinate r via relation r = p(l +r g /Ap) 2 for r g = 
2G[ 4 ]m /c 2 being the 4D gravitational radius of point particle of mass m , G[4] = 

is the 4D Newton constant expressed via Plank mass Mp[4] which following modern 
string/brane theories can considered as a value induced from extra dimensions, we shall 
put the light speed constant c = 1 (this system of coordinates is considered, for instance, 
for the so-called isotropic representation of the Schwarzschild solution [Oj). 

b) The rotation ellipsoid coordinates (in our case isotropic, in brief re-coordinates) 
[TU] (u,v,ip) with 0<M<oo,0<f<7r,0<v9< 2ir, where o = coshw = 4p/r 9 > 
1 are related with the isotropic 3D Cartezian coordinates (x = sinhw sint> cosy?, y = 
sinh u sin v sin ip, z = cosh u cos v) and define an elongated rotation ellipsoid hypersurface 
(x 2 + y 2 )/(a 2 -l)+z 2 /a 2 = 1. 

By straightforward calculations we can verify that we can generate from the ansatz 
(18. 2 j) four classes of exact solutions of the system ()8.5|) - (j8.8|) : 

1. The anisotropic Reissner-Nordstrom black hole solutions with polarizations on ex- 
tra dimension and 3D space coordinates are parametrized by the data 



Ap 1 1 



9i 



1 + is. 

4 P. 



P 2 + ap/(l + r f p ) 2 + b/(l + r f p ) 



93 = 1; (8.12) 



aa m (f, p,0,ip) ba g (f, p,9,(p) 

A ' / \ 2 / \ 4 J» 



p 2 (i+a) p 2 ^+i) 
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sin 



V\h(f,p,9,<p)\ 



(see 



where a, b are constants and a m (/, p, 0, <p) and cr g (/, p, 9, ip) are called respectively 
mass and charge polarizations and the coordinates are (x % , y a ) = (/, p, 9, t, ip) . 

2. The anisotropic Reissner- Nordstrom black hole solutions with extra dimension and 
time running of constants are parametrized by the data 



92 



4p 

l + l£ 

4 P . 



1 



p 2 + ap/(i + r t p r + W(i + r f p y 

aa m (f,p,9,t) i ba q (f,p,9,t) ] 



5-3 = 1; 



(8.13) 



4 J' 



ft,5 = sin 2 6 1 , 



where a, b are constants and a m (/, p, 0, <p) and cr g (/, p, 9, ip) are called respectively 
mass and charge polarizations and the coordinates are (x l , y a ) = (/, p, 6 1 , <p, t) . 

3. The ellipsoidal Schwarzschild like black hole solutions with polarizations on extra 
dimension and 3D space coordinates are parametrized by the data gi = g% = 1 and 



fe 5 



r 2 n cosh 2 u 



coshu m (f, u, v, ip) — coshu 
16 (1 + coshu) 4 \cosh.u m (f } u,v,ip) + coshu 

sinh 2 w sin 2 w r/ n-r- 77 tt 

\/\h 5 {f,u,v,(p)\ 



sinh 2 u + sin 2 v 

where a m = coshw m and the coordinates are (x\y a ) = (f,u,v,ip,t) . 



(8.14) 



4. The ellipsoidal Schwarzschild like black hole solutions with extra dimension and 
time running of constants are parametrized by the data gi = g% = 1 and 



cosh 2 -u f cosh u m (f, p, 9, t) — coshii 
cosh-u m (/, p, 9, t) + coshw 



16(1 + coshw) 4 



fen 



sinh 2 u sin 2 v 



sinh 2 u + sin 2 v ' 

(8.15) 

where <r m = coshw m and the coordinates are (x\y a ) = (f,u,v,t,ip) . 

The N-coefficients Wi and rii for the solutions ()8.12J) - (j8.15|) are computed respectively 
following formulas f)8. lOj) and (|2.88J) (we omit the final expressions in this paper). 
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The mathematical form of the solutions (|8.12|) and (|8.13|) . with constants 
a = —2m/Mp and b = Q, is very similar to that of the Reissner-Nordstrom solution 

from RS gravity ^3], but multiplied on a conformal factor ^1 + j^j p~ 2 , with renor- 

malized factors a m and o~ q and without electric charge being present. The induced 4D 
gravitational "receptivities" a m and a q in (|8.12|) emphasize dependencies on coordinates 
(f,p,8,(p) , where s — (p is the anisotropic coordinate. In a similar fashion one induces 
running on time and the 5th coordinate, and anisotropic polarizations on p and 6, of 
constants for the solution ()8.13|) . 

Instead the Reissner-Nordstrom-type correction to the Schwarzschild potential the 
mentioned polarizations can be thought as defined by some nonlinear higher dimension 
gravitational interactions and anholonomic frame constraints for anisotropic Reissner- 
Nordstrom black hole configurations with a 'tidal charge' Q arising from the projection 
onto the brane of free gravitational field effects in the bulk. These effects are transmitted 
via the bulk Weyl tensor, off-diagonal components of the metric and by anholonomic 
frames. The Schwarzschild potential $ = —M/(M 2 r), where M p is the effective Planck 
mass on the brane, is modified to 

where the 'tidal charge' parameter Q may be positive or negative. The possibility to 
modify anisotropically the Newton law via effective anisotropic masses Ma m , or by 
anisotropic effective 4D Plank constants, renormalized like a m /Mp, was recently em- 
phasized in Ref. [Zj. In this paper we state that there are possible additional renormal- 
izations of the "effective" electric charge, Qa q . For diagonal metrics we put o m = o q = 1 
and by multiplication on corresponding conformal factors and with respect to holonomic 
frames we recover the locally isotropic results from Refs. We must also impose the 
condition that the 5D spacetime is modelled as a AdS$ slice provided with an anholo- 
nomic frame structure. 

The renormalized tidal charge Qa q affects the geodesies and the gravitational poten- 
tial, so that indirect limits may be placed on it by observations. Nevertheless, current 
observational limits on \Qu q \ are rather weak, since the correction term in Eq. ()8.16|) 
decreases off rapidly with increasing r, and astrophysical measurements (lensing and 
perihelion precession) probe mostly (weak-field) solar scales. 

Now we analyze the properties of solutions (|8.14j) and (|8.15|) . They describe Schwarz- 
schild like solutions with the horizon forming a rotation ellipsoid horizon. For the general 
relativity such solutions were constructed in Refs. [S]. Here, it should be emphasized 
that static anisotropic deformations of the Schwarzschild metric are described by off- 
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diagonal metrics and corresponding conformal transforms. At large radial distances from 
the horizon the anisotropic configurations transform into the usual one with spherical 
symmetry. That why the solutions with anisotropic rotation ellipsoidal horizons do 
not contradict the well known Israel and Carter theorems £Q which were proved in the 
assumption of spherical symmetry at asymptotic. Anisotropic 4D black hole solutions 
follow from the data ()8.14j) and ()8.15|) if you state some polarizations depending only 
on 3D space coordinates (u,v,tp), or on some of them. In this paper we show that in 
5D there are warped to 4D static ellipsoidal like solutions with constants renormalized 
anisotropically on some 3D space coordinates and on extra dimension coordinate (in 
the class of solutions ()8.14J0 and running of constants on time and the 5th coordinate, 
with possible additional polarizations on some 3D coordinates (in the class of solutions 

(jE3U). 

A geometric approach to the Randall- Sundrum scenario has been developed by Shi- 
romizu et al. ^H] (see also ^Ej), and proves to be a useful starting point for formulating 
the problem and seeing clear lines of approach. In this work we considered a variant of 
anholonomic RS geometry. The vacuum solutions ()8.12J) - (j8.15|) localized on the brane 
must satisfy the 5D equation in the Shiromizu et al. representation if in 4D some sources 
are considered as to be induced from extra dimension gravity. 

The method of anholonomic frames covers the results on linear extensionss of the 
Schwarzschild horizon into the bulk |17j . The solutions presented in this paper are 
nonlinearly induced, are based on very general method of construction exact solutions 
in extra dimension gravity and generalize also the Reissner-Nordstrom solution from 
RS gravity. The obtained solutions are locally anisotopic but, nevertheless, they posses 
local 4D Lorentz symmetry, which is explicitly emphasized with respect to anholonomic 
frames. There are possible constructions with broken Lorentz symmetry as in ^H] (if we 
impose not a locally isotropic limit of our solutions, but an anisotropic static one). We 
omit such considerations here. 

In conclusion we formulate a prescription for mapping 4D general relativity solu- 
tions with diagonal metrics to 4D and 5D solutions of brane world: a general relativity 
vacuum solution gives rise to a vacuum brane-world solution in 5D gravity given with 
similar coefficients of metrics but defined with respect to some anholonomic frames and 
with anisotropic renormalization of fundamental constants; such type of solutions are 
parametrized by off-diagonal metrics if of type AS.fy) if they are re-defined with respect 
to coordinate frames . 
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Chapter 9 



Off— Diagonal Metrics and 
Anisotropic Brane Inflation 



Abstract 1 

We study anisotropic reheating (entropy production) on 3D brane from a decaying 
bulk scalar field in the brane-world picture of the Universe by considering off-diagonal 
metrics and anholonomic frames. We show that a significant amount of, in general, 
anisotropic dark radiation is produced in this process unless only the modes which satisfy 
a specific relation are excited. We conclude that subsequent entropy production within 
the brane is required in general before primordial nucleosynthesis and that the presence of 
off-diagonal components (like in the Salam, Strathee and Petracci works [1J of the bulk 
metric modifies the processes of entropy production which could substantially change 
the brane-world picture of the Universe. 



The brane world picture of the Universe j2j resulted in a number of works on brane 
world cosmology 0111 and inflationary solutions and scenaria [13 EJ 13 El E] Such solutions 
have been constructed by using diagonal cosmological metrics with respect to holonomic 
coordinate frames. 

In Kaluza-Klein gravity there were also used off-diagonal five dimensional (in brief, 
5D) metrics beginning Salam and Strathee and Perrachi works [lj which suggested to 
treat the off-diagonal components as some coefficients including U(l), SU{2) and 577(3) 
gauge fields. Recently, the off-diagonal metrics were considered in a new fashion both 
in Einstein and brane gravity [TU1 lllj. by applying the method of anholonomic frames 
with associated nonlinear connection, which resulted in a new method of construction 



1 © S. Vacaru and D. Gon^a, Off-Diagonal Metrics and Anisotropic Brane Inflation, hep-th/ 01 09114 
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of exact solutions of Einstein equations describing, for instance, static black hole and 
cosmological solutions with ellipsoidal or torus symmetry, soliton-dilaton and wormhole- 
ffux tube configurations with anisotropic polarizations and/or running of constants. 

The aim of this paper is to investigate reheating after anisotropic inflation in the 
brane world with generic local anisotropy induced by off-diagonal metrics in the bulk 
In this scenario, our locally anisotropic Universe is described on a 4D boundary (3D 
anisotropic brane) of ^-symmetric 5D space-time with a gravitational vacuum polar- 
ization constant and its computed renormalized effective value. In the locally isotropic 
limit the constant of gravitational vacuum polarization results in a negative cosmological 
constant A5 = —6k 2 , where k is a positive constant. Our approach is in the spirit of 
Horava-Witten theory ^21 E3j and recovers the Einstein gravity around the brane with 
positive tension EJ EH], the considerations being extended with respect to anholo- 
nomic frames. 

Theories of gravity and/or high energy physics must satisfy a number of cosmologi- 
cal tests including cosmological inflation JB] which for brane models could directed by 
anisotropic renormalizations of parameters jTI] . We shall develop a model of anisotropic 
inflation scenarios satisfying the next three requirements: 1) it is characterized by a suf- 
ficiently long quasi-exponential expansion driven by vacuum-like energy density of the 
potential energy of a scalar field; 2) the termination of accelerated anisotropic expansion 
is associated with an entropy production or reheating to satisfy the conditions for the 
initial state of the classical hot Big Bang cosmology, slightly anisotropically deformed, 
before the primordial nucleosynthesis and 3) generation of primordial fluctuations 
with desired amplitude and spectrum [T5] . 

We assume the 5D vacuum Einstein equations written with respect to anholonomic 
frames which for diagonal metrics with respect to holonomic frames contains a negative 
cosmological constant A 5 and a 3D brane at the 5th coordinate w = about which the 
space-time is Z 2 symmetric and consider a quadratic line interval 

5s 2 = fl 2 (t, w, y)[dx 2 + g 2 (t, w) dt 2 + g 3 (t, w) dw 2 + /i 4 (t, w, y)Sy 2 + h 5 (t, w) dz 2 }, (9.1) 

where the 'elongated' differential 5y = dy + ( 2 (t,w,y)dt + ( 3 (t,w,y)dw, together with 
dx, dt and dw define an anholonomic co-frame basis (dx, dt, dw, Sy, 5z = dz) which is 
dual to the anholonomic frame basis (TU1 HI] (<5i = -§^,S 2 = — (2-^, ^3 = §1 — C3^; ^4 — 
J^, 85 = J^); we denote the 4D space-time coordinates as (x,t,w,y,z) with t being the 
time like variable. The metric ansatz for the interval ()9.1|) is off-diagonal with respect 
to the usual coordinate basis (dx, dt, dw, dy, dz) . 

As a particular case we can parametrize from (|9.1|) the metric near an locally isotropic 
brane like a flat Robertson- Walker metric with the scale factor a(t) [O] if we state the 
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values 

n 2 = (aQ) 2 , g 2 = -{aQY 2 N 2 , g 3 = (aQ)~ 2 , h 4 = 1, h 5 = 1, (2,3 = 0, 



for 



N 2 (t, w) = Q- 2 (t, w)[cosh(2kw) + i&T 2 [h 2 + if) (cosh(2£;u;) - 1) 

1 + \k~ 2 (2H 2 + h) 

V 7 sinh(2fc|w|)] 

VI + A;~ 2 ii 2 + Ca-* 



Q 2 (t, w) = cosh(2kw) + -k~ 2 H 2 (cosh(2kw) - 1) - Vl + k~ 2 H 2 + Ca~ 4 , (9.2) 

when the bulk is in a vacuum state with a negative cosmological constant A 5 , C is an 
integration constant One takes N = Q = 1 on the brane w — 0. The function H (t) 
and constants k and C from (|9.2jl are related with the evolution equation on the brane 
in this case is given by 

if 2 = - = + — + -2-p t 2 nt -, A 4 = - A 5 + — , (9.3) 

\aj 18 H 3 36^ tot a 4 ' 2 V 5 6 J K ' 

where k\ is the 5D gravitational constant related with the 5D reduced Planck scale, M5, 
by k 2 = M5" 3 ; a is the brane tension, the total energy density on the brane is denoted by 
Ptot, and the last term of ()9.3j) represents the dark radiation with C being an integration 
constant [To"! |2*U1 IT9~] . We recover the standard Friedmann equation with a vanishing 
cosmological constant at low energy scales if a = Qk/nf and n\ = = K^k, where 

k 2 is the 4D gravitational constant related with the 4D reduced Planck scale, M4, as 
k\ = M^ 2 . We find that M\ = M$/k. If we take k = M4, all the fundamental scales in 
the theory take the same value, i. e. k = M4 = M5. The the scale above is stated by 
constant k which the nonstandard term quadratic in p tot is effective in (|9.3J) . One suppose 
jHj that k is much larger than the scale of inflation so that such quadratic corrections 
are negligible. 

For simplicity, in locally isotropic cases one assumes that the bulk metric is governed 
by A 5 and neglect terms suppressed by k~ x and Ca~ A and writes 

ds\ = -e- 2k ^dt 2 + e- 2k ^a 2 {t) (dx 2 + dy 2 + dz 2 ) + dw 2 . (9.4) 



The conclusion of Refs JT] is that the presence of off-diagonal components in the 
bulk 5D metric results in locally anisotropic renormalizations of fundamental constants 
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and modification of the Newton low on the brane. The purpose of this paper is to analyze 
the basic properties of models of anisotropic inflation on 3D brane with induced from 
the bulk local anisotropy of metrics of type (j9.1j) which define cosmological solutions 
of 5D vacuum Einstein equations depending on variables (w, t, y) , being anisotropic on 
coordinate y (see details on construction of various classes of solutions by applying the 
method of moving anholonomic frames in Ref [TUt [TT] ) . 

For simplicity, we shall develop a model of inflation on 3D brane with induced from 
the bulk local anisotropy by considering the ansatz 

5s 2 = e -2(k\ W \ + k y \y\) a 2( t)[dx 2 _ dt 2] + ^1^2 + e -2(kH + k y \y\) a 2 ^ y 2 + ^ ( g g) 

which is a particular case of the metric (|9.1|) with n 2 (w,t,y) = e^ 2( - k ^ +ky ^a 2 (t), g 2 = 
— 1,(73 — e 2k)[W \ — 1, hs — 1 and ( 2 = k/k y , (3 = (da/dt)/k y a taken as the ansatz (j9.5J) 
would be an exact solution of 5D vacuum Einstein equations. The constants k and k y 
have to be established experimentally. We emphasize that the metric (|9.5J) is induced 
alternatively on the brane from the 5D anholonomic gravitational vacuum with off- 
diagonal metrics. With respect to anholonomic frames it has some diagonal coefficients 
being similar to those from ()9.4|) but these metrics are very different in nature and de- 
scribes two types of branes: the first one is with generic off-diagonal metrics and induced 
local anisotropy, the second one is locally isotropic defined by a brane configuration and 
the bulk cosmological constant. For anisotropic models, the respective constants can be 
treated as some 'receptivities' of the bulk gravitational vacuum polarization. 

The next step is to investigate a scenarios of anisotropic inflation driven by a bulk 
scalar field (f) with a 4D potential V[(f>] j2B 1221- We shall study the evolution of <fi after 
anisotropic brane inflation expecting that reheating is to proceed in the same way as in 
4D theory with anholonomic modification (a similar idea is proposed in Ref. |2Sj but for 
locally isotropic branes). We suppose that the scalar field is homogenized in 3D space 
as a result of inflation, it depends only on t and w and anisotropically on y and consider 
a situation when rapidly oscillates around = by expressing V[4>] = m 2 2 /2. The 
field (p(t,w,y) is non-homogeneous because of induced space-time anisotropy. Under 
such assumptions he Klein-Gordon equation in the background of metric (|9.5|) is written 

n B< f>(f,t,y) - V'[<f>(f,t,y)) = -±=[6 t [^W\g 22 5 t <p)+5 W (vW 3 ^) 
+d y (^\g~\h 4 %<p)]-V'\<P}=^ (9.6) 

where 5 W = ^ — C,2-§^^t = §1 ~ Csjy>j l= ' 5 ^ s ^ ne d'Alambert operator and \g\ is the 
determinant of the matrix of coefficients of metric given with respect to the anholonomic 
frame (in Ref. [Oj the operator D 5 is alternatively constructed by using the metric ()9.4|) ). 
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The energy release of is modelled by introducing phenomenologically a dissipation 
terms defined by some constants r^,]?^, and representing the energy release to the 
brane and to the entire space, 

r w 1 T v 1 1 

D 5( f>(w,t,y) - V'[<f>(w,t,y)) = ^6(w)-6 t <j>+^6(y)-6 t <f> + T B -6 t <j>. (9.7) 

Following ()9.6|) and ()9.7|) together with the Z 2 symmetries on coordinates w and y, 
we have 



i . . . i 1 d 



5 w <j> + = -5 w (j>- = -^6 t <j>(p,y,t),d y <p + = -d y r = ^-6 t (f>(w,0,t), (9. 



where superscripts + and — imply values at w, y — ► +0 and —0, respectively. In this 
model we have two types of warping factors, on coordinates w and y. The constant k y 
characterize the gravitational anisotropic polarization in the direction y. 

Comparing the formulas (J9.7)) and (J9.8)) with similar ones from Ref. jU] we conclude 
the the induced from the bulk brane anisotropy could result in additional dissipation 
terms like that proportional to T y D . This modifies the divergence of divergence 

the energy-momentum tensor T^ N of the scalar field 0: Taking 

t mn = $M<p5 N (p - Qmn (^g PQ 5 P (j)5Q<j) + V[( 

with five dimensional indices, M,N,... = 1,2,..., 5 and anholonomic partial derivative 
operators 5p being dual to 5 P we compute 



T { % = {n 5 <f>(w,t,y)-V'[ ( f>(w,t,y))} ( f>, A 

A0- (9-9) 



r w i r y 1 1 

2k v N 2ky V J N tY N tH 



We can integrate the A = component of ()9.9j) from w = — e to w = +e near the brane, 
than we integrate from y = —e\ to y = -\-e%, in the zero order in e and e±, we find from 
(J2U) that 

= -{3H + r B )(<y>) 2 (0, 0, t) - ^(0, 0, t), (9.10) 



Of 



with P<f> = i(5 t 0) 2 + V[<l>], Jj, = —%&f (V\9~\Sf<p) - -7=^ (yiOlW) , which states 

that the energy dissipated by the T^ D and T y D terms on anisotropic brane is entirely com- 
pensated by the energy flows (locally isotropic and anisotropic) onto the brane. In this 
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paper we shall model anisotropic inflation by considering that <p looks like homogeneous 
with respect to anholonomic frames; the local anisotropy and induced non-homogeneous 
effects are modelled by additional terms like T y D and elongated partial operators with a 
further integration on variable y. 

Now we analyze how both the isotropic and anisotropic energy released from affects 
evolution of our brane Universe by analyzing gravitational field equations Et3E2] written 
with respect to anholonomic frames. We consider that the total energy-momentum 
tensor has a similar structure as in holonomic coordinates but with the some anholonomic 
variables, including the contribution of bulk cosmological constant, 

Tmn = ~ K 5 2 ^59mn + 4fi + Smn3(w), 

where Smn is the stress tensor on the brane and the capital Latin indices M,N,... 
run values 1,2, ...5 (we follow the denotations from [§| with that difference that the 
coordinates are reordered and stated with respect to anholonomic frames). One intro- 
duces a further decomposition as S^ u = —aq^ + r^ u , where r^ u represents the energy- 
momentum tensor of the radiation fields produced by the decay of and it is of the 
form r/f = diag(2p r , — p r ,p r ,0) with p r = p r /3 which defines an anisotropic distribution 
of matter because of anholonomy of the frame of reference. 

We can remove the considerations on an anisotropic brane (hypersurface) by using a 
unit vector hm = (0, 0, 1, 0, 0) normal to the brane for which the extrinsic curvature of 
a w = const hypersurface is given by Kmn = lM<lN n Q;P with q\iN = 9 kin — Wm^jv- Ap- 
plying the Codazzi equation and the 5D Einstein equations with anholonomic variables 
EDI EH, we find 

D U K; - D^K = 4T MN n N qM = k 2 5 T, w = 4(5^) (5 w ct>)5% (9.11) 

where 5* is the Kronecker symbol, small Greek indices parametrize coodinates on the 
brane, D v is the 4D covariant derivative with respect to the metric q^ v . The above 
equation reads 



D V K^ - D K + = k 



^(^) 2 (0,t,0) + ^(^) 2 (0,t,0) 



(9.12) 



near the brane w — ► +0 and neglecting non-homogeneous behavior, by putting y = 0. 
We have 

d u k;+ - d,k + = -^d u s; = -^jW;. (9.13) 
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which follows from the junction condition and ^-symmetry with 

K tv = ~ K i (*V - \%» s ) ■ Usin s (EH and <M>> we § et 



i. e. 



5 tPr = -3H( Pr + Pr ) + ^0) 2 + {d y <pf 



Zlftj Zithy 



on the anisotropic brane. This equation describe the reheating in an anisotropic pertur- 
bation theory (for inflation in 4D theory see |24|). 



The 4D Einstein equations with the Einstein tensor G \l were proven 
the form 

g { T = 4 W + if) + 4K - K 



to have 



A' ' 



with T 



(a)u 



J_ 

6 A: 



|m 2 2 



where 7r^ 



4<f ^0)(5 ? 0) + (j(5 c 0) z - fg«%0)(<5 ? 0) 

contains terms quadratic in rg which are higher order in p r /(/cM 4 ) 2 and are consistently 
neglected in our analysis. E v = is a component of the 5D Weyl tensor Cpg treated 
as a source of dark radiation |19j . 

With respect to anholonomic frames the 4D Bianchi identities are written in the usual 
manner, 



D v G(f 



(d u t^> + d v tD - d u e; = 



(9.14) 



with that difference that D V G^ V = only for holonomic frames but in the anholonomic 
cases, for general constraints one could be D V G^ V ^ flUEI. In this 

paper we shall 

consider such constraints for which the equalities (j9.14|) hold which yield 

(5 i 0) 2 - (5 W <P) 2 - (dj) 2 + m 2 ^ 



4k dt 



k 



2 ^-(^) 2 -|r D (^) 2 -|^(^ 



Putting on the anisotropic brane (S w (j)) 2 =rf)(<5t0) 2 /(16/c 2 ) and 

(d y 4>) 2 = (T y D ) 2 (5 t 4>) 2 / (16k 2 ) similarly to Ref. by substituting usual partial deriva- 
tives into 'elongated' ones and introducing (p(t) = 4>(0,t.y)/y/2k, b = a(t)e~ ky ^ and 
e = E%/k 2 we prove the evolution equations in the brane universe w = 
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s tPv = -(3^ + r B )(M 2 -^, J ^ = ^ 
s tPr = -4^ Pr + r D (M 2 + r^(M 2 , 

6 t e = -4He-(H + T D + T y D -T B )(5 t <p) 2 + J v . 



We find the solution of (|9.6|) in the background (|9.5j) in the way suggested by [221 IS] 
by introducing an additional factor depending on anisotropic variable y, 

<j)(t,w) = C n+n /T„ +n /(t)F„(u0^n'(2/) + #.C. 



with 



n+n' 



_2fc|ia| [ T f mn „k\w\ 



YJw) 



Y n >(y) 



m n k\vi\ 



for z/ = 2yl + ^2=2 + ^2, and considering that the field oscillates rapidly in cosmic 
expansion time scale. The values m n and m n > are some constants which may take con- 
tinuous values in the case of a single brane and b n and b n > are some constants determined 
by the boundary conditions, 5 w <p = at w = and d y (j) = at y = 0. We write 



b„> 



m r 



2j„ ^ + -^j: 



2J U 



k 



k 



k 

rn n , , 
k v 

Ky 



m r . 



m 



2N U ( ^ I + ^ M ( ^ 



2 AT,. 



m ri \ m ri „ 

Ky 



-1 



The effect of dissipation on the boundary conditions is given by 
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2 + 
2 + 



im n T D 

2k 2 
im n T D 

2k 2 



J, 



m r 



+ 



"m r , 



b n ' 



im n >T y D 
2k 2 



k J ' k J \k 

» T f m n\ m n „w (Tn n 

N " (t) + (t 
J, 



X 
~1 -1 



2 + 



ky 



h 

y 

m ri »w 

A- " 



x 



k a 



where use has been made of d t T n+n i{t) = —im n+n >T n+n /(t). 

For simplicity, let analyze the case when a single oscillation mode exists, neglect 
explicit dependence of (p on variable y (the effect of anisotropy being modelled by terms 
like m n >, k y and T^and compare our results with those for isotropic inflation [Eh In this 
case we approximate 5(p ~ if, where dot is used for the partial derivative dt- We find 



(9.15) 



The evolution of the dark radiation is approximated in the regime when (p(t) oscillates 
rapidly, parametrized as 

^ = ^ (oft}) e~ iX ^' {t - u \ \ n+n , =m n + m n , - % -T B , 

with m n + m n i ^> H and Tb being positive constants which assumes that only a single 
oscillation mode exists. 

Then the evolution equation of e(t) = k^ 2 E 2 is given by 



dt 



-AHe - (T D + T y D + H - Y B )p 2 - (m 2 - m 2 n - m 2 n ,)pp. 



The next approximation is to consider tp as oscillating rapidly in the expansion time scale 
by averaging the right- hand- side of evolution equations over an oscillation period. Using 
<p 2 {t) = (m 2 +m 2 i ,) ip 2 (t) and <p<p(t) = — (3H + T B )ip 2 {t)/2, we obtain the following set of 
evolution equations in the anisotropic brane universe w = 0, for small non-homogeneities 
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on y, where the bar denotes average over the oscillation period. 



H 2 




dp, 



-(3H + T B )(m 2 + m 2 n + m 2 n ,)^, 
AHp r + (T D m 2 n + T y D m 2 n ) (p 2 , 



Of 

dp r 

dt 

de 

di 



-AHe -iV D + H 
+ l -(ZH + T B ){m 2 



T B )m 2 n ^ — (T V D + H — Y B )mW 



(9.16) 



(9.17) 




) 



-3 



with if 2 if) = ip: 



e 



r B (t-u) 



The system f!9.16|) and ()9.17|) was analyzed in Ref. for the case when m n i and T V D 
vanishes: 

It was concluded that if m n > m, we do not recover standard cosmology on the brane 
after inflation. The same holds true in the presence of anisotropic terms. 

In the locally isotropic case it was proven that if m n -C n the last term of ()9.17j) is 
dominant and we find more dark radiation than ordinary radiation unless is extremely 
small with T b /Td < m^/m 2 1. The presence of anisotropic values m n > and T y D can 
violate this condition. 

The cases m n ,m n / < m are the most delicate cases because the final amount of 
dark radiation can be either positive or negative depending on the details of the model 
parameters and the type of anisotropy. The amount of extra radiation-like matter have 
to be hardly constrained jT7| if we wont a successful primordial nucleosynthesis. In 
order to have sufficiently small e compared with p r after reheating without resorting 
to subsequent both isotropic and anisotropic entropy production within the brane, the 
magnitude of creation terms of e should be vanishingly small at the reheating epoch 
H ~ r#. This hold if only there are presented isotropic and/or anisotropic modes which 
satisfies the inequality 



We conclude that the relation (|9.18|) should be satisfied for the graceful exit of 
anisotropic brane inflation driven by a bulk scalar field <fi. The presence of off-diagonal 
components of the metric in the bulk which induces brane anisotropics could modify the 
process of nucleosynthesis. 



2T B (m 2 -m 2 n -m 2 n ,)- V D m 2 n - T y D m 2 n , I < T D m 2 n + T y D m 2 n 



(9.18) 
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In summary we have analyzed a model of anisotropic inflation generated by a 5D off- 
diagonal metric in the bulk. We studied entropy production on the anisotropic 3D brane 
from a decaying bulk scalar field by considering anholonomic frames and introducing 
dissipation terms to its equation of motion phenomenologically. We illustrated that the 
dark radiation is significantly produced at the same time unless the inequality ()9.18|) is 
satisfied. Comparing our results with a similar model in locally isotropic background we 
found that off-diagonal metric components and anisotropy results in additional dissipa- 
tion terms and coefficients which could substantially modify the scenario of inflation but 
could not to fall the qualitative isotropic possibilities for well defined cases with specific 
form of isotropic and anisotropic dissipation. Although we have analyzed only a case of 
anisotropic metric with a specific form of the dissipation, we expect our conclusion is 
generic and applicable to other forms of anisotropies and dissipation, because it is essen- 
tially an outcome of the anholonomic frame method and Bianchi identities (|9.14jl . We 
therefore conclude that in the brane-world picture of the Universe it is very important 
what type of metrics and frames we consider, respectively, diagonal or off-diagonal and 
holonomic or anholonomic (i. e. locally isotropic or anisotropic). In all cases there are 
conditions to be imposed on anisotropic parameters and polarizations when the dominant 
part of the entropy we observe experimentally originates within the brane rather than 
in the locally anisotropic bulk. Such extra dimensional vacuum gravitational anisotropic 
polarizations of cosmological inflation parameters may be observed experimentally. 

The authors are grateful to D. Singleton and E. Gaburov for useful communications. 
The work of S. V. is partially supported by the "The 2000-2001 California State Uni- 
versity Legislative Award". 
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Chapter 10 



A New Method of Constructing 
Black Hole Solutions in Einstein and 
5D Gravity 

Abstract 1 

It is formulated a new 'anholonomic frame' method of constructing exact solutions 
of Einstein equations with off-diagonal metrics in 4D and 5D gravity. The previous ap- 
proaches and results PH El El Ej are summarized and generalized as three theorems which 
state the conditions when two types of ansatz result in integrable gravitational field equa- 
tions. There are constructed and analyzed different classes of anisotropic and/or warped 
vacuum 5D and 4D metrics describing ellipsoidal black holes with static anisotropic hori- 
zons and possible anisotropic gravitational polarizations and/or running constants. We 
conclude that warped metrics can be defined in 5D vacuum gravity without postulating 
any brane configurations with specific energy momentum tensors. Finally, the 5D and 
4D anisotropic Einstein spaces with cosmological constant are investigated. 

10.1 Introduction 

During the last three years large extra dimensions and brane worlds attract a lot of 
attention as possible new paradigms for gravity, particle physics and string/M-theory. 
As basic references there are considered Refs. jSJ, for string gravity papers, the Refs. [U], 
for extra dimension particle fields, and gravity phenomenology with effective Plank scale 

1 © S. Vacaru, A New Method of Constructing Black Hole Solutions in Einstein and 5D Dimension 
Gravity, |hep-th/0110250| 
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and [7j, for the simplest and comprehensive models proposed by Randall and Sundrum 
(in brief, RS; one could also find in the same line some early works [8 j as well to cite, 
for instance, |Hj for further developments with supersymmetry, black hole solutions and 
cosmological scenaria) . 

The new ideas are based on the assumption that our Universe is realized as a three 
dimensional (in brief, 3D) brane, modelling a 4D pseudo-Riemannian spacetime, em- 
bedded in the 5D anti-de Sitter (AdS 5 ) bulk spacetime. It was proved in the RS papers 
[7] that in such models the extra dimensions could be not compactified (being even infi- 
nite) if a nontrivial warped geometric configuration is defined. Some warped factors are 
essential for solving the mass hierarchy problem and localization of gravity which at low 
energies can "bound" the matter fields on a 3D subspace. In general, the gravity may 
propagate in extra dimensions. 

In connection to modern string and brane gravity it is very important to develop 
new methods of constructing exact solutions of gravitational field equations in the bulk 
of extra dimension spacetime and to develop new applications in particle physics, as- 
trophysics and cosmology. This paper is devoted to elaboration of a such method and 
investigation of new classes of anisotropic black hole solutions. 

In higher dimensional gravity much attention has been paid to the off-diagonal met- 
rics beginning the Salam, Strathee and Peracci works ^U] which showed that includ- 
ing off-diagonal components in higher dimensional metrics is equivalent to including 
U(l), SU{2) and SU{2>) gauge fields. They considered a parametrization of metrics of 
type 

gij + N9N^h ab N*h ae 
Nfh be h ab 



9a/3 



(10.1) 



where the Greek indices run values 1, 2, n + m, the Latin indices k, ... from the 
middle of the alphabet run values 1,2, ...,n (usually, in Kaluza-Klein theories one put 
n — 4) and the Latin indices from the beginning of the alphabet, a,b,c, run values 
n + 1, n + 2, ...,n + m taken for extra dimensions. The local coordinates on higher 
dimensional spacetime are denoted u a = (x l ,y a ) which defines respectively the local 
coordinate frame (basis), co-frame (co-basis, or dual basis) 

d a = du a = (d i = dx\ d a = dy a ) . (10.3) 

The coefficients gij = gij {u a ) , h ab = h ab (u a ) and N" = N" 1 {u a ) should be defined by 
a solution of the Einstein equations (in some models of Kaluza-Klein gravity [11 one 
considers the Einstein- Yang-Mills fields) for extra dimension gravity. 
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The metric (110. lj) can be rewritten in a block (n x n) © (m x m) form 

with respect to some anholonomic frames (N-elongated basis), co-frame (N-elongated 
co-basis) , 

6 ° = d^ = ^ = 9l ~ ^ 6a = ^ ' (10 ' 5) 

S a = 5u a = (S i = d l = dx\ 5 a = dy a + Nfdx') , (10.6) 
which satisfy the anholonomy relations 

5 a 8p - 5f3S a = wl 8y 
with the anholonomy coefficients computed as 

w% = 0, w% = 0, w k ab = 0, < 6 = 0, <■ = 5 t N; - tfjJV?, < = -< = S.iV*. (10.7) 

In Refs. ^U] the coefficients N" 1 (hereafter, N-coefficients) were treated as some 
£7(1), SU(2) or SU(3) gauge fields (depending on the extra dimension m). There are 
another classes of gravity models which are constructed on vector (or tangent) bundles 
generalizing the Finsler geometry jT2j. In such approaches the set of functions N? were 
stated to define a structure of nonlinear connection and the variables y a were taken to 
parametrize fibers in some bundles. In the theory of locally anisotropic (super) strings 
and supergravity, and gauge generalizations of the so-called Finsler-Kaluza-Klein grav- 
ity the coefficients iVf were suggested to be found from some alternative string models 
in low energy limits or from gauge and spinor variants of gravitational field equations 
with anholonomic frames and generic local anisotropy 0. 

The Salam, Strathee and Peracci [TU] idea on a gauge field like status of the coefficients 
of off-diagonal metrics in extra dimension gravity was developed in a new fashion by 
applying the method of anholonomic frames with associated nonlinear connections just 
on the (pseudo) Riemannian spaces [UI2]- The approach allowed to construct new classes 
of solutions of Einstein's equations in three (3D), four (4D) and five (5D) dimensions 
with generic local anisotropy (e.g. static black hole and cosmological solutions with 
ellipsoidal or toroidal symmetry, various soliton-dilaton 2D and 3D configurations in 
4D gravity, and wormhole and flux tubes with anisotropic polarizations and/or running 
on the 5th coordinate constants with different extensions to backgrounds of rotation 
ellipsoids, elliptic cylinders, bipolar and toroidal symmetry and anisotropy). 



(10.4) 
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Recently, it was shown in Refs. [I] that if we consider off-diagonal metrics which can 
be equivalently diagonalized with respect to corresponding anholonomic frames, the RS 
theories become substantially locally anisotropic with variations of constants on extra 
dimension coordinate or with anisotropic angular polarizations of effective 4D constants, 
induced by higher dimension and/or anholonomic gravitational interactions. 

The basic idea on the application of the anholonomic frame method for constructing 
exact solutions of the Einstein equations is to define such N-coefficients when a given type 
of off-diagonal metric is diagonalized with respect to some anholonomic frames (jl(J.5|) 
and the Einstein equations, re-written in mixed holonomic and anholonomic variables, 
transform into a system of partial differential equations with separation of variables which 
admit exact solutions. This approach differs from the usual tetradic method where the 
differential forms and frame bases are all 'pure' holonomic or 'pure" anholonomic. In our 
case the N-coefficients and associated N-elongated partial derivatives (jl().5j) are chosen 
as to be some undefined values which at the final step are fixed as to separate variables 
and satisfy the Einstein equations. 

The first aim of this paper is to formulate three theorems (and to suggest the way 
of their proof) for two off-diagonal metric ansatz which admit anholonomic transforms 
resulting in a substantial simplification of the system of Einstein equations in 5D and 
4D gravity. The second aim is to consider four applications of the anholonomic frame 
method in order to construct new classes of exact solutions describing ellipsoidal black 
holes with anisotropies and running of constants. We emphasize that is possible to define 
classes of warped on the extra dimension coordinate metrics which are exact solutions 
of 5D vacuum gravity. We analyze basic physical properties of such solutions. We also 
investigate 5D spacetimes with anisotropy and cosmological constants. 

We use the term 'locally anisotropic' spacetime (or 'anisotropic' spacetime) for a 5D 
(4D) pseudo-Riemannian spacetime provided with an anholonomic frame structure with 
mixed holonomic and anholonomic variables. The anisotropy of gravitational interactions 
is modelled by off-diagonal metrics, or, equivalently, by theirs diagonalized analogs given 
with respect to anholonomic frames. 

The paper is organized as follow: In Sec. II we formulate three theorems for two types 
of off-diagonal metric ansatz, construct the corresponding exact solutions of 5D vacuum 
Einstein equations and illustrate the possibility of extension by introducing matter fields 
(the necessary geometric background and some proofs are presented in the Appendix). 
We also consider the conditions when the method generates 4D metrics. In Sec. Ill we 
construct two classes of 5D anisotropic black hole solutions with rotation ellipsoid horizon 
and consider subclasses and reparemetization of such solutions in order to generate new 
ones. Sec. IV is devoted to 4D ellipsoidal black hole solutions. In Sec. V we extend the 
method for anisotropic 5D and 4D spacetimes with cosmological constant, formulate two 
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theorems on basic properties of the system of field equations and theirs solutions, and 
give an example of 5D anisotropic black solution with cosmo logical constant. Finally, in 
Sec. VI, we conclude and discuss the obtained results. 



10.2 Off— Diagonal Metrics in Extra Dimension Gra- 
vity 



The bulk of solutions of 5D Einstein equations and their reductions to 4D (like 
the Schwarzshild solution and brane generalizations ^3], metrics with cylindrical and 
toroidal symmetry [Ti] . the Friedman-Robertson- Walker metric and brane generaliza- 
tions ^21) were constructed by using diagonal metrics and extensions to solutions with 
rotation, all given with respect to holonomic coordinate frames of references. This Sec- 
tion is devoted to a geometrical and nonlinear partial derivation equations formalism 
which deals with more general, generic off-diagonal metrics with respect to coordinate 
frames, and anholonomic frames. It summarizes and generalizes various particular cases 
and ansatz used for construction of exact solutions of the Einstein gravitational field 
equations in 3D, 4D and 5D gravity P3I21II]- 

10.2.1 The first ansatz for vacuum Einstein equations 

Let us consider a 5D pseudo-Riemannian spacetime provided with local coordinates 
u a = (x l ,y 4 = v,y 5 ), for i = 1,2,3. Our aim is to prove that a metric ansatz of 
type can be diagonalized by some anholonomic transforms with the N-coefficients 

N % a = N l a (x\v) depending on variables (x\v) and to define the corresponding system 
of vacuum Einstein equations in the bulk. The exact solutions of the Einstein equa- 
tions to be constructed will depend on the so-called holonomic variables x l and on one 
anholonomic (equivalently, anisotropic) variable y A = v. In our further considerations 
every coordinate from a set / can be stated to be time like, 3D space like or extra 
dimensional. 

For simplicity, the partial derivatives will be denoted like a x = da/dx 1 , a' = da/dx 2 , 
a = da/dx 3 , a* = da/dv . 

We begin our approach by considering a 5D quadratic line element 



with the metric coefficients g a p parametrized (with respect to the coordinate frame 



ds 2 = g a/ 3 (x % , v) du a du 
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(|10.3[l ) by an off-diagonal matrix (ansatz) 

gi + w 2 h A + n 2 h^ wiw 2 h A + nin 2 h 5 w\w 3 h A + nin 3 h$ W\h A n-Ji^ 
w\w 2 h A + n A n 2 h 5 g 2 + w 2 2 h A + n 2 2 h 5 w 2 w 3 h A + n 2 n 3 h 5 w 2 h A n 2 h 5 
WiWshi + nin 3 /i5 w 2 w 3 h A + n 2 n 3 h 5 g 3 + w 2 h A + n 2 h 5 w 3 h A n 3 h 5 , (10.9) 

1t;i/l4 U?2^4 ^3^4 ^4 

rai/15 n 2 /^5 « 3 /i5 /i 5 

where the coefficients are some necessary smoothly class functions of type: 

gi = ±1,02,3 = 02,3(z 2 , a^ 3 ), h A)5 = h A>5 (x\v), 
Wi = Wi(x\v),rii = rii(x\v). 

Lemma 10.2.1. The quadratic line element hlO.ty) with metric coefficients MU.ty) can 
be diagonalized, 

5s 2 = Mdx 1 ) 2 + g 2 (dx 2 ) 2 + g 3 (dx 3 ) 2 + h A (5v) 2 + h 5 (Sy 5 ) 2 }, (10.10) 
with respect to the anholonomic co-frame (dx l , Sv, 5y 5 ) , where 

5v = dv + Widx 1 and 5y 5 = dy 5 + ntdx 1 (10.11) 
which is dual to the frame (Si, d A , 85) , where 

5i = di + Wid A + nid 5 . (10.12) 

In the Lemma 1 the iV-coefficients from (jlO.fij) and (jlO.fi)) are parametrized like 
Nf = Wi and Nf = n { . 

The proof of the Lemma 1 is a trivial computation if we substitute the values of 
(jlO.llj) into the quadratic line element (jlO.lOJl . Re- writing the metric coefficients with 
respect to the coordinate basis ()10.3|) we obtain just the quadratic line element (jlO.SJ) 
with the ansatz (jl0.9|) . 

In the Appendix A we outline the basic formulas from the geometry of anholonomic 
frames with mixed holonomic and anholonomic variables and associated nonlinear con- 
nections on (pseudo) Riemannian spaces. 

Now we can formulate the 
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Theorem 10.2.1. The nontrivial components of the 5D vacuum Einstein equations, 
RP = 0, (see hi 0.10$) in the Appendix) for the metric hi 0.10}) given with respect to an- 
holonomic frames hi 0.11]) and hlO.lty) are written in a form with separation of variables: 

R > - fis - ~^ |j3 -^-^r +!h -i^-^- ] - °- (iai3) 

sl *= s *=-2k - < 10 - 14 > 

3 a- 

Rsi = -^-K + 'K) = o, (10.16) 

where 



a:; 



d { h* 5 - h* 5 d i hiy/\h i h B l/3= h* 5 * - ^[lnVlM 5 |]*,7 = 3ht/2h B - h*Jh 4 . (10.17) 



Here the separation of variables means: 1) we can define a function g 2 (x 2 ,x 3 ) for a 
given g 3 (x 2 ,x 3 ), or inversely, to define a function g 2 (x 2 ,a; 3 ) for a given g 3 (x 2 ,:r 3 ), from 
equation (jl(J.13J) ; 2) we can define a function /^(x 1 , x 2 , x 3 , v) for a given hs(x 1 , x 2 ,x 3 ,v), 
or inversely, to define a function /^(x 1 , x 2 , x 3 , t>) for a given /^(x 1 , x 2 , x 3 , w), from equation 
(jl(J.14|) ; 3-4) having the values of and /i 5 , we can compute the coefficients (|10.17|) 
which allow to solve the algebraic equations (jl(J.15|) and to integrate two times on v the 
equations (jl0.16|) which allow to find respectively the coefficients Wi(x k , v) and iii(x k , v). 

The proof of Theorem 1 is a straightforward tensorial and differential calculus for 
the components of Ricci tensor (J5.14j) as it is outlined in the Appendix A. We omit such 
cumbersome calculations in this paper. 



10.2.2 The second ansatz for vacuum Einstein equations 

We can consider a generalization of the constructions from the previous subsection 
by introducing a conformal factor Q(x l , v) and additional deformations of the metric via 
coefficients Q(x\v) (indices with 'hat' take values like i = 1,2,3,5). The new metric is 
written like 

ds 2 = n 2 (x\ v)g aP (¥, v) du a du^ (10.18) 
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were the coefficients g a p are parametrized by the ansatz 



gi + (to-, 2 + Ci 2 )^4 + n-^hs (w\W2 + (i( 2 )!i4 + nin 2 h 5 (wiw-i + CiC3)/»4 + ninths (u>i+fi)/i4 nih 5 
(iUl«i2 + ClC2)ft.4 + nrn 2 h 5 g 2 + (w 2 2 + ( 2 2 )hi + n^h 5 (w 2 w 3 + C2C3)^4 + n 2 n 3 h 5 (w 2 + C 2 )h 4 ri 2 h 5 
(wiws + (i(3)h,4 + nyn,3h 5 (w 2 w 3 + &(3)h4 + n 2 n 3 h^ g 3 + (w 3 2 + C 3 2 )/i4 + n 3 2 ^5 (w 3 + C 3 )/i4 "3^5 
(tt>l+Cl)/l 4 (^2+C2)^4 («<3+C3)^4 h 4 

"2^5 "3^5 h 5 + Cshi . 

(10.19) 



Such 5D pseudo-Riemannian metrics are considered to have second order anisotropy 
• For trivial values Q = 1 and = 0, the squared line interval ()10.18|) transforms 

into irnrs|i . 

Lemma 10.2.2. T/ie quadratic line element MU.lty) with metric coefficients \10.19\j can 

be diagonalized, 

5s 2 = n 2 (x\v)[ gi (dx 1 ) 2 + g 2 (dx 2 ) 2 + g 3 (dx 3 ) 2 + h 4 (5v) 2 + h(Sy 5 ) 2 }, (10.20) 
with respect to the anholonomic co-frame (dx\ Sv, 5y 5 ^j , where 

Sv = dv + (wi + Q)dx i + ( 5 5y 5 and 5y 5 = dy 5 + n i dx i (10.21) 
which is dual to the frame <9 4 , <9 5 j , where 

5i = di- (wi + Ci)<9 4 + nid 5 , d 5 = d 5 - (584. (10.22) 

In the Lemma 2 the iV-coefficients from ()10.2|) and ()10.5|) are parametrized in the 
first order anisotropy (with three anholonomic, x l , and two anholonomic, y A and y 5 , 
coordinates) like Nf = Wi and Nf = and in the second order anisotropy (on the 
second 'shell', with four anholonomic, (x l ,y 5 ), and one anholonomic,?/ 4 , coordinates) 
with iV- 5 = Q, in this work we state, for simplicity, Q = 0. 

The Theorem 1 can be extended as to include the generalization to the second ansatz: 

Theorem 10.2.2. The nontrivial components of the 5D vacuum Einstein equations, 
RP = 0, (see HU.lUty) in the Appendix) for the metric \l(J.2i$ given with respect to 
anholonomic frames MU.21)) and MO. 22]) are written in the same form as in the system 
MU.l^i - MU.lb]) with the additional conditions that 

5ih A = and = (10.23) 

and the values Q = (Ci,Cs = 0) are found as to be a unique solution of \10.2ty) : for 
instance, if 

Qii/12 — anc i q 2 are integers), (10.24) 
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Q satisfy the equations 

diQ - (wi + QW = 0. (10.25) 

The proof of Theorem 2 consists from a straightforward calculation of the components 
of the Ricci tensor (|5.14|) as it is outlined in the Appendix. The simplest way is to use the 
calculus for Theorem 1 and then to compute deformations of the canonical d-connection 
(|5.11|) . Such deformations induce corresponding deformations of the Ricci tensor ([5.14)1 . 
The condition that we have the same values of the Ricci tensor for the ()10.9|) and ()10.19|) 
results in equations ()10.23|) and ()10.25|) which are compatible, for instance, if VL qi / q2 = h±. 
There are also another possibilities to satisfy the condition (J10.23)) . for instance, if Q = Q\ 
Q 2 , we can consider that h 4 = Vt q ^ q2 Q^^ 4 for some integers qi, q2, q3 and q^. 



10.2.3 General solutions 

The surprising result is that we are able to construct exact solutions of the 5D vacuum 
Einstein equations for both types of the ansatz f)lU.9j) and f)10.19j) : 

Theorem 10.2.3. The system of second order nonlinear partial differential equations 
\10.13\) - \10.1b)) and MO. 25)) can be solved in general form if there are given some values 
of functions g 2 (x 2 , x 3 ) (or (^(x 2 , x 3 )), /i 4 (x\ v ) (or h 5 (x\v)) and Q (x l , v) : 

• The general solution of equation 111 0. 13)) can be written in the form 

zu = c/[o] exp[a 2 x 2 (x 2 ,x 3 ) + a 3 x 3 (x 2 ,a; 3 )], (10.26) 

were g[o],d2 and a 3 are some constants and the functions x 2,3 (x 2 ,x 3 ) define coor- 
dinate transforms x 2 ' 3 —>■ x 2,3 for which the 2D line element becomes conformally 
flat, i. e. 

g 2 (x 2 ,x 3 )(dx 2 ) 2 + g 3 (x 2 ,x 3 )(dx 3 ) 2 ^ zu[(dx 2 ) 2 + e(dx 3 ) 2 ] . (10.27) 

• The equation \W.i4 ) relates two functions h^ (x l ,v) and h^ (x l ,v). There are two 
possibilities: 

a) to compute 



= h S [i] (x l ) + h 5[2] (x l ) J ^\h 4 (x\v) \dv, hi (x\v) ^ 0; 
= h 5[1] (x*) + h m (x*) v, K (x\ v) = 0, (10.28) 
for some functions /is[i,2] stated by boundary conditions; 
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b) or, inversely, to compute h 4 for a given h 5 (x l ,v) ,h^^0, 

V^M = h m {x l ) (y/\h 5 (x\v)\T, (10.29) 
with hr ] (x l ) given by boundary conditions. 
The exact solutions of hi 0.15}) for (3 ^ is 

w k = d k HV\hihB\/\hl\]/d v HV\^h B \/\h* s \], (10.30) 

with d v = d/dv and h\ ^ 0. If = 0, or even hi ^ but /3 = 0, the coefficients 
Wk could be arbitrary functions on (x l ,v) . For vacuum Einstein equations this is a 
degenerated case which imposes the the compatibility conditions (3 — ctj = 0, which 
are satisfied, for instance, if the h 4 and h 5 are related as in the formula h!0.29i) 
but with hin] (x % ) = const. 



The exact solution of hlU.lb]) 



is 



n k = n k[1] (x*) +n k{2] (z*) J [h 4 /(^/\h\) 3 }dv, h* 5 ^ 0; 

= njfe[i] (a:*) + n m (x 4 ) J h A dv, h* B = 0; (10.31) 
= n m (a?)+n m (a?) [ [l/(^/\h\) 3 }dv, h\ = 0, 



for some functions nmp] stated by boundary conditions. 

The exact solution of hi 0.25}) is given by some arbitrary functions Q = Q (x\v) if 
both dtfl = and Q* = 0, we chose = for Q = const, and 

(. = - Wi + (ft*)" 1 ^, VI* ^ 0, (10.32) 
= (Q*)~ 1 diQ, fi* 7^ 0, for vacuum solutions. 



We note that a transform ()10.27|) is always possible for 2D metrics and the explicit 
form of solutions depends on chosen system of 2D coordinates and on the signature 
e = ±1. In the simplest case the equation (|10.13|) is solved by arbitrary two functions 
#2 (x 3 ) and gs(x 2 ). The equation ()10.14|) is satisfied by arbitrary pairs of coefficients 
hi (x\ v) and h 5 [ ] (x l ) . 

The proof of Theorem 3 is given in the Appendix B. 
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10.2.4 Consequences of Theorems 1—3 

We consider three important consequences of the Lemmas and Theorems formulated 
in this Section: 

Corollary 10.2.1. The non-trivial diagonal components of the Einstein tensor, Gi = 
R a -\R 5%, for the metric Ml). 1(A) . given with respect to anholonomic N-bases, are 

G\ — — (^2 ^4) ) ^2 = ^3 = — ^4 j ^4 = ^5 = — R\- (10.33) 

So, the dynamics of the system is defined by two values R\ and S%. The rest of non- 
diagonal components of the Ricci (Einstein tensor) are compensated by fixing correspond- 
ing values of N- coefficients. 



The formulas (jl0.33|) are obtained following the relations for the Ricci tensor (jl0.13|) - 

(HEED. 

Corollary 10.2.2. We can extend the system of 5D vacuum Einstein equations MU.lty - 
111 0. lb)) by introducing matter fields for which the energy-momentum tensor T a p given 
with respect to anholonomic frames satisfy the conditions 

T\ = Tl + T\,Tl = T\,T\ = T\. (10.34) 

We note that, in general, the tensor Y a/ # for the non- vacuum Einstein equations, 

is not symmetric because with respect to anholonomic frames there are imposed con- 
straints which makes non symmetric the Ricci and Einstein tensors (the symmetry condi- 
tions hold only with respect to holonomic, coordinate frames; for details see the Appendix 
and the formulas ()4.18|1 ). 

For simplicity, in our further investigations we shall consider only diagonal matter 
sources, given with respect to anholonomic frames, satisfying the conditions 

kT 2 2 = kT 3 3 = T 2 , kT\ = kT 5 5 = T 4 , and T 1 = T 2 + T 4 , (10.35) 

where k is the gravitational coupling constant. In this case the equations (jl0.13|) and 
(J10.14|) are respectively generalized to 

p2 _ p3 _ 1 r^»» 9*9* (9*) 2 , " #2^3 Gfo) 2 ] _ T finocl 

K 2~ R3- ~n #3 ~ ^ o ^92-^, 7, --I4 (10.3b) 

2# 2 #3 2^ 2^3 2g 3 2g 2 

and 

* = * = = - T » (ia37) 
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Corollary 10.2.3. The class of metrics ilU.lfy) satisfying vacuum Einstein equations 
MO.l^l - MO.ln]) and \10.2di) contains as particular cases some solutions when the 
Schwarzs child potential $ = —M/{M 2 r), where M p is the effective Planck mass on the 
brane, is modified to 

_ Ma m Qa q 
M 2 r + 2r 2 ' 

where the 'tidal charge' parameter Q may be positive or negative. 

As proofs of this corollary we can consider the Refs jl] where the possibility to modify 
anisotropically the Newton law via effective anisotropic masses Ma m , or by anisotropic 
effective 4D Plank constants, renormalized like a m /M 2 , and with "effective" electric 
charge, Qo~ q was recently emphasized (see also the end of Section III in this paper). 
For diagonal metrics, in the locally isotropic limit, we put the effective polarizations 

10.2.5 Reduction from 5D to 4D gravity 

The above presented results are for generic off-diagonal metrics of gravitational fields, 
anholonomic transforms and nonlinear field equations. Reductions to a lower dimensional 
theory are not trivial in such cases. We give a detailed analysis of this procedure. 

The simplest way to construct a 5D — > 4D reduction for the ansatz and (jl0.19j) 

is to eliminate from formulas the variable x 1 and to consider a 4D space (parametrized 
by local coordinates (x 2 , x 3 , v, y 5 )) being trivially embedded into 5D space (parametrized 
by local coordinates (x 1 , x 2 , x 3 , v , y 5 ) with g n = ±1, g\ & — 0,a — 2,3,4,5) with further 
possible conformal and anholonomic transforms depending only on variables (x 2 ,x 3 ,v) . 
We admit that the 4D metric g^ could be of arbitrary signature. In order to emphasize 
that some coordinates are stated just for a such 4D space we underline the Greek indices, 
a, (3, ... and the Latin indices from the middle of alphabet, i, j, ... = 2,3, where u- = 
(x l -,y a ) = {x 2 ,x 3 ,y A ,y 5 ) . 

In result, the analogs of Lemmas land 2, Theorems 1-3 and Corollaries 1-3 can be 
reformulated for 4D gravity with mixed holonomic-anholonomic variables. We outline 
here the most important properties of a such reduction. 

• The line element ifTTTEjl with ansatz ifTTHty and the line element fTTTKjl with 
are respectively transformed on 4D space to the values: 

The first type 4D quadratic line element is taken 

ds 2 = g^p (x 1 -, v) du-du^- (10.38) 
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with the metric coefficients g a p parametrized (with respect to the coordinate frame 
(J10.3)) in 4D) by an off-diagonal matrix (ansatz) 



g 2 + w 2 2 h 4 + n 2 2 h 5 w 2 w 3 h 4 + n 2 n 3 h 5 w 2 h 4: n 2 h 5 

w 2 w 3 h 4 + n 2 n 3 h 5 g 3 + u> 3 2 /i 4 + n 2 h 5 w 3 /i 4 n 3 h 5 
w 2 h± w^h^ hi 
n 2 h 5 n 3 h 5 h 5 

where the coefficients are some necessary smoothly class functions of type: 

92,3 = g2,z{x 2 > x 3 ), /i 4j5 = h 4j5 (x k , v), 
w i = w i{ x ~i v )i n i = n i{ x ~i v )'i hh— 2,3. 



(10.39) 



The anholonomically and conformally transformed 4D line element is 

ds 2 = fi 2 (x i , v)gaj3 (x L , v) du-du^-, 
were the coefficients g^ are parametrized by the ansatz 



32 + (w, 2 2 + C 2 2 )h4 + n 2 2 h 5 (w 2 w 3 + +( 2 ( 3 )h 4 + n 2 n 3 h 5 (w 2 + ( 2 )h 4 
(w 2 w 3 + +( 2 ( 3 )h 4 + n 2 n 3 h 5 g 3 + (w 3 2 + ( 3 2 )h,4 + n 3 2 h 5 (w 3 + ( 3 )li4 



n 2 h 5 
n 3 h 5 



(w 2 + ( 2 )h,4 
n 2 h 5 



(w 3 + ( 3 )h4 
n 3 h 5 



I '< 4 




h.5 + C5/14 

where Q = Q (x-, v ) and we shall restrict our considerations for £ 5 = 0. 
In the 4D analog of Lemma 1 we have 

6s 2 = [g 2 {dx 2 f + g 3 (dx 3 ) 2 + h,{Svf + h 5 (Sy 5 ) 2 ], 
with respect to the anholonomic co-frame (dx l , Sv, Sy 5 ) , where 

Sv = dv + Widx- and Sy 5 = dy 5 + riidx- 
which is dual to the frame (Si, <9 4 , d§) , where 

Si = di + Widi + riid 5 . 



[10 AO) 



(10.41) 



;i0.42) 



(10.43) 



10.44) 



In the conditions of the 4D variant of Theorem 1 we have the same equations 
(jl0.13|) - (jl0.16J) were we must put /i 4 = /i 4 (x-, v) and h 5 = h 5 (2-, v) . As a conse- 
quence we have that at [x k , v ) — * ctj (x-, v),/3 = /3 (x-, v) and 7 = 7 (x-, v) which 
result that Wi = Wi (x-, v) and n- L = (x-, v) . 
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• The respective formulas from Lemma 2, for £ 5 = 0, transform into 

5s 2 = n 2 {x\v)[g 2 {dx 2 ) 2 + g 3 (dx 3 ) 2 + h A {5v) 2 + h 5 (Sy b ) 2 }, (10.45) 

with respect to the anholonomic co-frame (dx 2 -, 8v, Sy 5 ^j , where 

Sv = dv + (w t + Qdx L and 5y 5 = dy 5 + n lL dx L (10.46) 
which is dual to the frame (s^, <9 4 , <9 5 J , where 

Si = di- (Wi + Qd 4 + riid 5 , 4 = ds. (10.47) 

• The formulas ()10.23|) and ()10.25|) from Theorem 2 must be modified into a 4D form 

<U 4 = and 4^ = (10.48) 

and the values Q — (d, = 0) are found as to be a unique solution of 1)10.23)1 : for 
instance, if 

^<?i/<22 _ ^ 4 anc } g 2 are integers), 

Ci satisfy the equations 

a £ n - + 0)^* = o. (10.49) 

• One holds the same formulas (jl0.28j) - (jl0.31)) from the Theorem 3 on the general 
form of exact solutions with that difference that their 4D analogs are to be obtained 
by reductions of holonomic indices, and holonomic coordinates, x % — > x l , i. 
e. in the 4D solutions there is not contained the variable x l . 

• The formulae ()10.33|) for the nontrivial coefficients of the Einstein tensor in 4D 
stated by the Corollary 1 are written 

G\ = Gl = -St G\ = G\ = -R\. (10.50) 

• For symmetries of the Einstein tensor (jl0.50|) we can introduce a matter field 
source with a diagonal energy momentum tensor, like it is stated in the Corollary 
2 by the conditions (jl0.34|) . which in 4D are transformed into 

T\ = T\,T\ = T\. (10.51) 
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• In 4D Einstein gravity we are not having violations of the Newton law as it was 
state in Corollary 3 for 5D. Nevertheless, off-diagonal and anholonomic frames can 
induce an anholonomic particle and field dynamics, for instance, with deforma- 
tions of horizons of black holes, which can be modelled by an effective anisotropic 
renormalization of constants if some conditions are satisfied PjJ 

There were constructed and analyzed various classes of exact solutions of the Ein- 
stein equations (both in the vacuum, reducing to the system (jl0.13J) . ((10.14(1 . (jl0.15|) 
and ()10.16|) and non- vacuum, reducing to (jl0.36J) . (jl0.37|) . (jl0.15j) and (jl0.16|) . cases) 
in 3D, 4D and 5D gravity P3 H]. The aim of the next Sections III - V is to prove that 
such solutions contain warped factors which in the vacuum case are induced by a second 
order anisotropy. We shall analyze some classes of such exact solutions with running con- 
stants and/or their anisotropic polarizations induced from extra dimension gravitational 
interactions. 



10.3 5D Ellipsoidal Black Holes 

Our goal is to apply the anholonomic frame method as to construct such exact solu- 
tions of vacuum 5D Einstein equations as they will be static ones but, for instance, with 
ellipsoidal horizon for a diagonal metric given with respect to some well defined anholo- 
nomic frames. If such metrics are redefined with respect to usual coordinate frames, they 
are described by some particular cases of off-diagonal ansatz of type f)lU.9j) . or f)lU.19|) 
which results in a very sophysticate form of the Einstein equations. That why it was not 
possible to construct such solutions in the past, before elaboration of the anholonomic 
frame method with associated nonlinear connection structure which allows to find exact 
solutions of the Einstein equations for very general off-diagonal metric ansatz. 

By using anholonomic transforms the Schwarzschild and Reissner-Nordstrom solu- 
tions were generalized in anisotropic forms with deformed horizons, anisoropic polariza- 
tions and running constants both in the Einstein and extra dimension gravity (see Refs. 
PUE]). It was shown that there are possible anisotropic solutions which preserve the local 
Lorentz symmetry, and that at large radial distances from the horizon the anisotropic 
configurations transform into the usual one with spherical symmetry. So, the solutions 
with anisotropic rotation ellipsoidal horizons do not contradict the well known Israel 
and Carter theorems JH] which were proved in the assumption of spherical symmetry 
at asymptotic. The vacuum metrics presented here differ from anisotropic black hole 
solutions investigated in Refs. [TJ H] . 
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10.3.1 The Schwarzschild solution in ellipsoidal coordinates 

Let us consider the system of isotropic spherical coordinates (p,9,<p), where the 
isotropic radial coordinate p is related with the usual radial coordinate r via the relation 
r = p (1 + r g /Ap) 2 for r g = 2G[^m /c 2 being the 4D gravitational radius of a point 
particle of mass mo, = is the 4D Newton constant expressed via Plank 

mass Mp[4] (following modern string/brane theories, M P ^ can be considered as a value 
induced from extra dimensions). We put the light speed constant c = 1. This system of 
coordinates is considered for the so-called isotropic representation of the Schwarzschild 
solution [T7] 

dS 2 = (j^j 2 dt 2 - p\ i^J~) 4 {dp 2 + P 2 d6 2 + p 2 sin 2 6d V 2 ) , (10.52) 

where, for our further considerations, we re-scaled the isotropic radial coordinate as 
p = p/pg, with p g = r g /4. The metric (110. 52j) is a vacuum static solution of 4D Einstein 
equations with spherical symmetry describing the gravitational field of a point particle of 
mass mo- It has a singularity for r = and a spherical horizon for r = r g , or, in re-scaled 
isotropic coordinates, for p = 1. We emphasize that this solution is parametrized by a 
diagonal metric given with respect to holonomic coordinate frames. 

We also introduce the rotation ellipsoid coordinates (in our case considered as alter- 
natives to the isotropic radial coordinates) (THj (u,\,(p) with 0<w<oo,0<A<7r,0< 
ip < 27r, where a = coshw > 1 are related with the isotropic 3D Cartezian coordinates 

(x = p sinh u sin A cos <f,y — p sinh u sin A sin <f,z — p cosh u cos A) (10.53) 

and define an elongated rotation ellipsoid hypersurface 

{x 2 + y 2 )/{a 2 -l) + ~z 2 /a 2 = p 2 . (10.54) 

with er = coshw. The 3D metric on a such hypersurface is 

dS(3D) = Quudu 2 + 5-aa^A 2 + g w dip 2 , 

where 

9uu = 9\\ = P 2 (sinh 2 u + sin 2 A) ,g w = p l sinh 2 u sin 2 A. 

We can relate the rotation ellipsoid coordinates (u, A, (p) from ()10.53|) with the isotrop- 
ic radial coordinates (p,9,ip), scaled by the constant p g , from ()10.52|) as 



p = 1, a = cosh u = p 
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and deform the Schwarzschild metric by introducing ellipsoidal coordinates and a new 
horizon defined by the condition that vanishing of the metric coefficient before dt 2 de- 
scribe an elongated rotation ellipsoid hypersurface (jl().54|) . 



dSf S) = [ ' COS j; U ' 1 V dt 2 - p\ ( C ° Sh l + 1 V (sinh 2 u + sin- A) (10.55) 
* coshw + 1 J ^ V coshw ' 



, , 9 , , 9 sinh u sin A , 9 , 

x [du + dX H 9 5~ dtp ]. 

sinh u + sin A 

The ellipsoidally deformed metric ()10.55|) does not satisfy the vacuum Einstein equations, 
but at long distances from the horizon it transforms into the usual Schwarzchild solution 

(H032D. 

For our further considerations we introduce two Classes (A and B) of 4D auxiliary 
pseudo-Riemannian metrics, also given in ellipsoid coordinates, being some conformal 
transforms of ([10.550 . like 

dS( S ) = Qa,b (u, A) dS( A B -} 
but which are not supposed to be solutions of the Einstein equations: 

• Metric of Class A: 

dSf A) = -du 2 - d\ 2 + a(u, \)dip 2 + b(u, \)dt 2 ], (10.56) 

where 

sinh 2 ti sin 2 A (cosh u — l) 2 cosh 4 u 

A) = - . 2 . 2 and b(u, A) = — , 

smh u + sin A fr g (cosh u + lj°(smh M + sin A) 

which results in the metric (110.55)1 by multiplication on the conformal factor 

, (cosh-u + P 4 
cosh 4 u 

Metric of Class B: 

dS 2 = g{u, A) (du 2 + d\ 2 ) - d<p 2 + f(u, X)dt 2 , (10.58 

where 

sinh 2 w + sin 2 A (cosh u — l) 2 cosh 4 u 

9\^i A) = —2 rrv" and f(u, A) = — , 2 r^r, 

smh m sin A Pg{coshu + 1)° smh wsm A 

which results in the metric (110. 55[) by multiplication on the conformal factor 



n A (it, A) = p 2 g K J J (sinh 2 u + sin 2 A). (10.57) 



2 (cOshM + l) 4 2 . 2 

\Ib{u,A)=p j Slim usm A. 

cosh u 
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Now it is possible to generate exact solutions of the Einstein equations with rotation 
ellipsoid horizons and anisotropic polarizations and running of constants by performing 
corresponding anholonomic transforms as the solutions will have an horizon parametrized 
by a hypersurface like rotation ellipsoid and gravitational (extra dimensional or nonlin- 
ear 4D) renormalization of the constant p g of the Schwarzschild solution, p g ^~p g = oop g , 
where the dependence of the function u on some holonomic or anholonomic coordinates 
depend on the type of anisotropy. For some solutions we can treat to as a factor mod- 
elling running of the gravitational constant, induced, induced from extra dimension, in 
another cases we may consider u as a nonlinear gravitational polarization which model 
some anisotropic distributions of masses and matter fields and/or anholonomic vacuum 
gravitational interactions. 

10.3.2 Ellipsoidal 5D metrics of Class A 

In this subsection we consider four classes of 5D vacuum solutions which are related 
to the metric of Class A (jl0.56j) and to the Schwarzschild metric in ellipsoidal coordinates 

Let us parametrize the 5D coordinates as (x 1 = x, % 2 = u, x 3 = A, y 4 = v, y 5 = p) , 
where the solutions with the so-called ^-anisotropy will be constructed for (v = <p, p = t) 
and the solutions with t-anisotropy will be stated for (v — t,p — (p) (in brief, we shall 
write respective 99-solutions and t-solutions). 

Class A solutions with ansatz (|10.9|) : 

We take an off-diagonal metric ansatz of type (jl0.9j) (equivalently, ()10.8jl ) by repre- 
senting 

9i = ±1,02 = -1,9s = -1,^4 = V4(^\v)h m (x l ) and h 5 = r] 5 (x\ v)h m (x l ), 

where 7]^ 5 (x l ,v) are corresponding "gravitational renormalizations" of the metric coeffi- 
cients ^4,5(o)(a ; *)- For ^-solutions we state h±t G \ = a(u,X) and /i 5 ( ) = b(u, A) (inversely, 
for t-solutions, /i 4 ( ) = b(u, A) and h^o) — a ( u , ^))- 

Next we consider a renormalized gravitational 'constant' p g = up g , were for <p- 
solutions the receptivity u = u(x\v) is included in the gravitational polarization 775 
as 775 = [uj{x\ip)} , or for t-solutions is included in 774, when 774 = [u {x\t)\ . We 
can construct an exact solution of the 5D vacuum Einstein equations if, for explicit 
dependencies on anisotropic coordinate, the metric coefficients h± and /15 are related by 
formula (jl0.29|) with h[o] (x l ) = = const (see the Theorem 3, with statements on 
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formulas f)10.29|) and ()8.10jl ). which in its turn imposes a corresponding relation between 
7/4 and r) 5 , 

7] 4 h m (x l ) = h 2 0) h m (x l ) (a/M") 
In result, we express the polarizations 7/4 and 775 via the value of receptivity u>, 

7/4 (x,u,X,(p) = h 
for ^-solutions , and 

dtu' 1 (x,u,X,t) 



2 b(u, A) 
i(0) a(«,A) 



{[<*> 1 (x,«, A,V?)]*} , 775 (x, A, <£>) = u 2 (x,u,\,Lp) , 

(10.59) 



7/4 (x, u, A, t) = a; 2 (x, u, A, t) , 7/5 (x, u, A, t) = h {0 2 h< f' y 

(10.60) 

for t-solutions, where a(tt, A) and b(u, A) are those from (J10.56}) . 

For vacuum configurations, following the discussions of formula (|8.10J) in Theorem 3, 
we put Wi = 0. The next step is to find the values of rii by introducing h 4 = 774^4(0) and 
^5 = ^5^-5(0) m t° the formula (jl0.31|) . which, for convenience, is expressed via general 
coefficients 7/4 and 7/5, with the functions n k \2\ (x l ) redefined as to contain the values h 2 ^, 
a(u, A) and b(u, A) 



n k = n fc[ i] (x*) +n m (a;*) y [t/ 4 /( VM 3 ]^, r?5 7^ 0; (10.61) 
= n fc [i] (x l ) + n k[2] (x l ) J i] 4 dv, rf 5 = 0; 
= n k[1] (x { ) + n k[2] (x l ) / [l/(v^) 3 ]d7;, 77* = 0. 



By introducing the formulas ()10.59j) for ^-solutions (or ()10.60|) for t-solutions) and 
fixing some boundary condition, in order to state the values of coefficients n&p, ( 2] {x l ) we 
can express the ansatz components n k {x l , if) as integrals of some functions of u {x l , if) 
and d^pUJ (x\ if) (or, we can express the ansatz components n k (x\ t) as integrals of some 
functions of u (x l , t) and d t oJ (x l ,t)). We do not present an explicit form of such formulas 
because they depend on the type of receptivity uj = cu(x l ,v) , which must be defined 
experimentally, or from some quantum models of gravity in the quasi classical limit. We 
preserved a general dependence on coordinates x % which reflect the fact that there is a 
freedom in fixing holonomic coordinates (for instance, on ellipsoidal hypersurface and 
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its extensions to 4D and 5D spacetimes) . For simplicity, we write that rij are some 
functionals of {x\ to (x\ v) , uj* (x % , v)} 



n 



{x, uj, uj*} = rii{x\ lo (x\ v) , uj* (x l , v)}. 



In conclusion, we constructed two exact solutions of the 5D vacuum Einstein equa- 
tions, defined by the ansatz ()10.9j) with coordinates and coefficients stated by the data: 

^-solutions : (x 1 = x, x 2 = u, x 3 = X, y 4 = v = ip, y 5 = p = t) , gi = ±1, 
g 2 = -1, g 3 = -1, h m = a(u, A), h 5 (o) = b(u, A), see (Jlii^jJ); 

hi = r]^(x\ip)h m (x l ),h 5 = r] 5 (x\Lp)h m (x l ), 

va = h lo) -r-k ll^" 1 (x> u >K<p)]*} 2 >vs = (x,u,\,<p) , 

v ; a(u, a) 

0, rii{x, u, u*} = rii{x l , uj {x\ ip) , u* (x l , ip) }. (10.62) 



W.: 



and 



t-solutions : (x 1 = x, x 2 = u, x 3 = X, y 4 = v = t, y 5 = p = Lp) , gi = ±1, 
g 2 = -1, g 3 = -1, h m = b(u, A), h m = a(u, A), see (jlU^; 
h 4 = rj 4 (x\t)h 4 ( )(x l ), h 5 = r) 5 (x % ,t)hs(o)(x l ), 



r) 4 = uj 2 {x, u, A, t) , 775 = h 



2 6(m 1 A)_ 
<®a(u, A) 



dt u 1 (x,u,X,t) 



2 



0, ni{x, uj, uj*} = m{x\ uj (x\ t) , uj* {x\ t)}. (10.63) 



Both types of solutions have a horizon parametrized by a rotation ellipsoid hyper- 
surface (as the condition of vanishing of the "time" metric coefficient states, i. e. when 
the function b(u, A) = 0). These solutions are generically anholonomic (anisotropic) 
because in the locally isotropic limit, when r/ 4 , r/ 5 , uj —>■ 1 and rij — > 0, they reduce to the 
coefficients of the metric (|1U.56|) . The last one is not an exact solution of 4D vacuum 
Einstein equations, but it is a conformal transform of the 4D Schwarzschild solution with 
a further trivial extension to 5D. With respect to the anholonomic frames adapted to 
the coefficients n, (see (jlO.llJl ). the obtained solutions have diagonal metric coefficients 
being very similar to the Schwarzschild metric (|10.55|) written in ellipsoidal coordinates. 
We can treat such solutions as black hole ones with a point particle mass put in one of 
the focuses of rotation ellipsoid hypersurface (for flattened ellipsoids the mass should be 
placed on the circle described by ellipse's focuses under rotation; we omit such details in 
this work which were presented for 4D gravity in Ref. pQ). 
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The initial data for anholonomic frames and the chosen configuration of gravitational 
interactions in the bulk lead to deformed "ellipsoidal" horizons even for static configu- 
rations. The solutions admit anisotropic polarizations on ellipsoidal and angular coordi- 
nates (u, A) and running of constants on time t and/or on extra dimension coordinate x- 
Such renormalizations of constants are defined by the nonlinear configuration of the 5D 
vacuum gravitational field and depend on introduced receptivity function u (x l , v) which 
is to be considered an intrinsic characteristics of the 5D vacuum gravitational 'ether', 
emphasizing the possibility of nonlinear self-polarization of gravitational fields. 

Finally, we note that the data (jl(J.62j) and (jl(J.63|) parametrize two very different 
classes of solutions. The first one is for static 5D vacuum black hole configurations with 
explicit dependence on anholonomic coordinate ip and possible renormalizations on the 
rest of 3D space coordinates u and A and on the 5th coordinate \. The second class of 
solutions are similar to the static solutions but with an emphasized anholonomic time 
running of constants and with possible anisotropic dependencies on coordinates (u, A, x)- 

Class A solutions with ansatz (110. 19|) : 

We construct here 5D vacuum cp— and t-solutions parametrized by an ansatz with 
conformal factor f2(x J ,t>) (see (jl0.19|) and (jl0.20j0 . Let us consider conformal fac- 
tors parametrized as Q = f£[Q](x l )Opi(x l , ?;). We can generate from the data (jl0.62|) 
(or (jl().63j) ) an exact solution of vacuum Einstein equations if there are satisfied the 
conditions $HLM and CUB , i- e. 

^[0) 92 ^ll] q2 = ^4^4(0), 

for some integers q\ and q2, and there are defined the second anisotropy coefficients 

0= (dihi\n [0] )\) (in|fi [1] |)*+(q 1] )" 1 9^ [1] . 

So, taking a <p- or t-solution with corresponding values of = 774/14(0), for some q\ and 
q2, we obtain new exact solutions, called in brief, <p c - or t c -solutions (with the index "c" 
pointing to an ansatz with conformal factor), of the vacuum 5D Einstein equations given 
in explicit form by the data: 
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y? c -solutions 

92 

Hi 

Wi 

Si 

774a 

and 

t c -solutions 

hi - 
774 -- 
Wi -- 

Ci - 



(x 1 = x, x 2 = u, x 3 = A, y 4 = v = cp, y 5 = p = t), g 1 = ±1, 
-1, g 3 = -1, h m = a(u, A), h 5 (p) = b(u, A), see IjlO.ftKjl: 

r) 4 (x\ip)h m (x l ),h 5 = r] 5 (x\ip)h m (x l ), 

h h { [w- 1 (X, u,\^)]*}\ V5 = co~ 2 ( X , u, A, ip) , (10.64) 

0, Tli{x, CO, CO*} = Tli{x\ CO (x 1 , (f) ,C0* [X 1 , (f) }, Q = f2[ ] (x*)f2[!] (x*, If) 

(^in|n [0] )|) (\n\n m \y + (n^y 1 d^, 
n^(x^%x\ip). 



(x 1 = x, x 2 = u, x 3 = A, y 4 = v = t, y 5 = p = ip), gi = ±1, 
-1, 03 = -1, h m = b(u, A), /i 5(0 ) = a(u, A), see (110.561): 

i]i(x l ,t)h m (x l ),h 5 = ri^(x l ,t)h m (x l ), 

_ 2 b(u,X) 



u (X, u, A, t) , 775 = ft,; 



n 2 



cftu; (x,u,A,*) 



(°)fl(n,A) 

0, nj{x, co, co*} = rii{x l , co (x l , t) , co* [x 1 , t)},VL = Q[ ](x l )Q[i}(x l , t) 



10.65) 



(9iiB|o [0] ) |) (1111^1)* + (q.) 1 a i n [lh r]4a = n%/»(x i )n%/ q *(x t i t). 



These solutions have two very interesting properties: 1) they admit a warped factor 
on the 5th coordinate, like 2 ~ exp[— k\x\], which in our case is constructed for an 
anisotropic 5D vacuum gravitational configuration and not following a brane configu- 
ration like in Refs. [7j; 2) we can impose such conditions on the receptivity co(x l ,v) 
as to obtain in the locally isotropic limit just the Schwarzschild metric (|10.55j) trivially 
embedded into the 5D spacetime. 

Let us analyze the second property in details. We have to chose the conformal factor 
as to be satisfied three conditions: 



iZ [0] — ?74 — ^5 — 

were Qa is that from ()10.24|) . The last two conditions are possible if 



(10.66) 



;i0.67) 
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which selects a specific form of receptivity u(x\v). Putting into (|10.67|) the values 
774 and i] 5 respectively from (jl0.64)) . or ()10.65j) . we obtain some differential, or integral, 
relations of the unknown uj (x l , v) , which results that 



1 - qi/q2)- 1 - qi/q2 



h,^ y/\a/b\(p + up] (V) , for ^-solutions; 



u(x\t) = (q 1 /q 2 - 1) h( )y/\a/b\t + U[!] (x*) 



1-91/92 



for t c -sohitions, (10.68) 



for some arbitrary functions (x l ) and uh\ (x l ) . So, receptivities of particular form 
like f)10.68|) allow us to obtain in the locally isotropic limit just the Schwarzschild metric. 

We conclude this subsection by the remark: the vacuum 5D metrics solving the Ein- 
stein equations describe a nonlinear gravitational dynamics which under some particular 
boundary conditions and parametrizations of metric's coefficients can model anisotropic 
solutions transforming, in a corresponding locally isotropic limit, in some well known ex- 
act solutions like Schwarzschild, Reissner-Nordstrom, Taub NUT, various type of worm- 
hole, solitonic and disk solutions (see details in Refs. PjJ E]). Here we emphasize 
that, in general, an anisotropic solution (parametrized by an off-diagonal ansatz) could 
not have a locally isotropic limit to a diagonal metric with respect to some holonomic 
coordinate frames. By some boundary conditions and suggested type of horizons, sin- 
gularities, symmetries and topological configuration such solutions model new classes of 
black hole/tori, wormholes and another type of solutions which defines a generic anholo- 
nomic gravitational field dynamics and has not locally isotropic limits. 



10.3.3 Ellipsiodal 5D metrics of Class B 

In this subsection we construct and analyze another two classes of 5D vacuum solu- 
tions which are related to the metric of Class B (jl(J.58j) and which can be reduced to the 
Schwarzschild metric in ellipsoidal coordinates (jl(J.55|) by corresponding parametrizations 
of receptivity uj (x\v). We emphasize that because the function g(u, A) from f)10.58|) is 
not a solution of equation (jl().13j) we introduce an auxiliary factor w (u, A) for which wg 
became a such solution, then we consider conformal factors parametrized as Q = w^ 1 
Q[2] v) and find solutions parametrized by the ansatz ()10.19|) and anholonomic metric 
interval (110.201) . 

Because the method of definition of such solutions is similar to that from previous 
subsection, in our further considerations we shall omit intermediary computations and 
present directly the data which select the respective configurations for <£> c -solutions and 
t c -solutions. 
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The Class B of 5D solutions with conformal factor are parametrized by the data: 

3_* „.4__ .jj_„_ t)f ^ = ±lf 



<£> c -solutions 

92 



,i 



^5(0) 
W 
111 

Vi 

Wi 

d 

and 
t c -solutions 

92 

*5(0) 
Zu 



(ar = x,x~ = u,xr = X,y 

g 3 = w(u,X)g(u,X),h 4 ( ) = 

w(u, X)f(u, A), see (ll().58j) : 

-i 



v = (f,y 
-w{u, A), 



V 



g zu exp[a 2 u + a 3 X], u>o,a 2 ,a 3 = const; see (I10.26J) 

r] 4 (x\(f)h m (x l ),h 5 = r] 5 (x\(p)h m (x t ), 

-hl )f(u,X) {[uT 1 (x,u,X,Lp)]*} 2 ,r] 5 = uj~ 2 (x,u,X,cp) 



(10.69) 



0, rii{x, to, uj*} = rii{x\u; [x 1 , (f) , lo* (x 1 , tp)},VL = w (u, X)Vl[ 2 ](x\ ip) 
diln\w\) (ln|fi [2 ]|)*+ (ftp]) - 0ity 2 ],f74 



— ■07 



-9i/92 



(s')figj /fl V lV 7). 



(x =X,x =u,x = X,y = v = t,y = p = <p), g x = ±1, 
5-3 = 07(11, X)g(u, A), /l 4 (o) = n7(u, X)f(u, A), 
-07(11, A), see (llt).58|) : 

g~ O7 exp[a 2 w + CI3A], w , a 2 , a 3 = const, see fll().26j) 

n A (x\t)h m {x l ),h 5 = %(^, ^)^5(o)(^), 

w" 1 (x,u, A,t) 



iu 4 



w (x,u,X,t) ,n 5 = -h {0) f(u,X) 
0, nj{x, a;, a/} = 714(0;*, [x l , t) , u* (x l , t)}, fl 



;io.7o) 



w \u,X)Q [2] (x i ,t) 

diQn\w\) (\n\n [2] \Y + (fiSj])" 1 ^],^ = -^-^(^fig/* (*',*)• 



where the coefficients Hi can be found explicitly by introducing the corresponding values 
774 and r/ 5 in formula (jlO.filJ) . 

By a procedure similar to the solutions of Class A (see previous subsection) we 
can find the conditions when the solutions (jl().69j) and (jl().7())) will have in the locally 
anisotropic limit the Schwarzschild solutions, which impose corresponding parametriza- 
tions and dependencies on Q[ 2 ](x l ,v) and u(x\v) like (jl(J.66|) and (jl(J.68J) . We omit 
these formulas because, in general, for anholonomic configurations and nonlinear solu- 
tions there are not hard arguments to prefer any holonomic limits of such off-diagonal 
metrics. 

Finally, in this Section, we remark that for the considered classes of ellipsoidal 
black hole solutions the so-called tt-components of metric contain modifications of the 
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Schwarzschild potential 



M Mu(x\v) 
$ = — z-= mto $ 



where Mpyq is the usual 4D Plank constant, and this is given with respect to the cor- 
responding anholonomic frame of reference. The receptivity u(x l ,v) could model cor- 
rections warped on extra dimension coordinate, Xi which for our solutions are induced 
by anholonomic vacuum gravitational interactions in the bulk and not from a brane 
configuration in AdS§ spacetime. In the vacuum case A; is a constant characterizing the 
receptivity for bulk vacuum gravitational polarizations. 



10.4 4D Ellipsoidal Black Holes 

For the ansatz (|1(J.39|) . without conformal factor, some classes of ellipsoidal solutions 
of 4D Einstein equations were constructed in Ref. PQ with further generalizations and 
applications to brane physics 4J . The goal of this Section is to consider some alter- 
native variants, both with and without conformal factors and for different coordinate 
parametrizations and types of anisotropies. The bulk of 5D solutions from the previous 
Section are reduced into corresponding 4D ones if one eliminates the 5th coordinate \ 
from the formulas and the off-diagonal ansatz (jl(J.39|) and (jl(J.41|) are considered. 

10.4.1 Ellipsiodal 5D metrics of Class A 

Let us parametrize the 4D coordinates as (x-, y a ) = (x 2 = u,x 3 = A, y 4 = v , y 5 = p) ; 
for the ^-solutions we shall take (v = (p,p = t) and for the solutions t-solutions we shall 
consider (v = t,p = (p). Following the prescription from subsection HE we can write 
down the data for solutions without proofs and computations. 

Class A solutions with ansat (110.391) : 

The off-diagonal metric ansatz of type f)10.39|) (equivalently, (jlO.SjO with the data 
(^-solutions : (x 2 = u, x 3 = A, y 4 = v = ip, y 5 = p = t) 

g 2 = -1, # 3 = -1, ^4(o) = a(% A), /i 5 (o) = b(u, A), see JliLSJiJ); 
h A = t) A (u, A, (p)h4(p)(u, A), h 5 — r) 5 (u, A, (p)h 5 ^(u, A), 

v ; a(u, X) 

Wi = 0, rii{x, w, u>*} = rii{u, A, uj (u, A, (p) , uj* (u, A, <p)}. (10.71) 
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t-solutions : (x 2 = u, x 3 = A, y 4 = v = t, y 5 = p = ip) 

92 = -l,g 3 = -l, h m = b(u, A), h m = a(u, A), see (IKL56J): 
h 4 = r} 4 (u, \,t)h^ ){u, A),/i 5 = r} 5 (u, \,t)h 5 ( )(u, A), 

w (u,\,t) ,T} 5 = h. 



Hi 

W; 



0, nj{x, cu, a/} = riij-u, A, (m, A, t) , u* (u, A, t)}. 
where the rii are computed 



% = %[i] (u, A) + nfc[2] (w, A) / [va/W |^5 1) %*/0 



(10.72) 



(10.73) 



nfc[i] (u, A) + n m (u, A) J r] 4 dv, ^ = 0; 
7ifc[i] (w, A) + nfe[ 2 ] (w, A) / [1/ (a/RsI) 3 ]^ , vl = 0- 



These solutions have the same ellipsoidal symmetries and properties stated for their 
5D analogs ()10.62j) and for ()10.63|) with that difference that there are not any warped 
factors and extra dimension dependencies. We emphasize that the solutions defined 
by the formulas ()10.71|) and ()10.72j) do not result in a locally isotropic limit into an 
exact solution having diagonal coefficients with respect to some holonomic coordinate 
frames. The data introduced in this subsection are for generic 4D vacuum solutions of 
the Einstein equations parametrized by off-diagonal metrics. The renormalization of 
constants and metric coefficients have a 4D nonlinear vacuum gravitational origin and 
reflects a corresponding anholonomic dynamics. 



Class A solutions with ansatz (|10.41|) : 

The 4D vacuum if- and t-solutions parametrized by an ansatz with conformal factor 
fl(u,\,v) (see (|10.41|) and (|10.45|) V Let us consider conformal factors parametrized as 
Q = Q[o](u, A)Q[i](w, A, v). The data are 
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y? c -solutions : 


(x 2 = u, x 3 = A, y 4 = v = <p, y 5 = p = t) 




92 = 


-1, g 3 = -1, /i 4 ( ) = a(u, A), h 5 ( ) = b{u, A), see (j10.5fij): 




hi = 


77 4 (u, A, ip)h m (u, A), /i 5 = 775(1/, A, ip)h m (u, A), 




774 = 


fr(o) / } ,775 = 0; 2 (u,A,^), 


(10.74) 


Wi = 


0, rijjx, a/} = nj{w, A, a; (u, A, </?) , cj* (u, A, y?)}, 




ft = 


ft[ ](w, A)ft[i](?i, \,ip), (i = (dihi |ft[ ]) |) (ln|ft[i]|)*+ (ft^j) 


1 <9ift[i], 


7/40 = 


n;/ 92 ( U) A)^ 2 («,A^). 





and 



t c -solutions 
/l 4 



Wi 

ft 

r/ 4 a 



(x 2 = u, x 3 = A, y 4 = v = t, y 5 = p = <p) 

-1, g 3 = -1, /i 4 ( ) = A), ^ 5 (o) = a(u, A), see (ll().5(i|): 

rj 4 (u,X : t)h m (u,X),h 5 = rj 5 (u, X,t)h 5{0) (u, A), 



-2, V m L-2 6 fo A ) 

>)a(u,A) 



u; 2 (u,X,t) ,7/5 = 



-1 2 



rft a; («, A, t) 



10.75) 



0, n^jx, w, u;*} = rij{M, A, u (u, A, t) , ui* (u, X, t)}, 

ft [0 ](w, A)ft[i](M, X,t),Ci = (diln\Q [Q] ) |) (ln|ft[i]|)*+ (Q^)' 1 difl {1] , 

ftf f 2 ( M ,A)ftf 1 1 ] /<?2 ( M) A,t), 



where the coefficients the rii are given by the same formulas ()10.73j) . 

Contrary to the solutions ()10.71j) and for (|10.72|) theirs conformal anholonomic trans- 
forms, respectively, (|10.74|) and (|10.75|) . can be subjected to such parametrizations of the 
conformal factor and conditions on the receptivity u (u, A, v) as to obtain in the locally 
isotropic limit just the Schwarzschild metric (|10.55p . These conditions are stated for 
ftj^ 92 = ft A , ft^ /92 77 4 = 1, ftfi 1 / 92 ^ = l,were ft A is that from (fTTT^jl . which is possible 

if 77,^ 91 7/92 7/5 = 1, which selects a specific form of the receptivity u. Putting the values 
774 and r/ 5 , respectively, from (|10.74|) . or (|10.75|) . we obtain some differential, or integral, 
relations of the unknown u) (x\ v) , which results that 



Lo(u,X lV ) = (l~ qi /q 2 )- 1 ^ 
u (u, A, t) = {qx/ g 2 -l) h {0) y/\a/b\t + (u, A) 



h,^y/\a/b\(p + c<j[o] (u, A) , for ^-solutions; 
1-91/92 



for t c -solutions, 
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for some arbitrary functions u)\q] (u, A) and (u, A) . The formulas for uj (u, A, ip) and 
uj [u, A, t) are 4D reductions of the formulas (J10.66)) and (jl().68|) . 

10.4.2 Ellipsiodal 4D metrics of Class B 

We construct another two classes of 4D vacuum solutions which are related to the 
metric of Class B (|1(J.58|) and which can be reduced to the Schwarzschild metric in el- 
lipsoidal coordinates (jlU.55)) by corresponding parametrizations of receptivity uj (u, A, v ). 
The solutions contain a 2D conformal factor w (u, A) for which wg becomes a solution 
of (jl0.13j) and a 4D conformal factor parametrized as Q = w^ 1 Q^ 2 } (u, X,v) in order to 
set the constructions into the ansatz (jl0.41|) and anholonomic metric interval 1)10.45)1 . 

The data selecting the 4D configurations for <y9 c -solutions and t c -solutions: 



V? c -solutions : (x 2 = u, x 3 = A, y 4 = v = ip, y 5 = p = t) 

92 = 93 = w(u,X)g(u,X), 

h m = -tu(u, A), /i 5 ( ) = zu(u, X)f(u, A), see (jl 0.58)1: 

w = g^ixjQ exp[a 2 M + a 3 X], zu ,a 2 ,a 3 = const; see (110.26)1 

h 4 = r] A (u,X,p)h m (u,X),h 5 = n 5 (u,X,p)h m (u,X), 

r/4 = -hf 0) f(u, A) {[a; -1 (u, X,(p)]*} 2 ,n 5 = uj~ 2 (u, X,<p) , (10.76) 

Wi = 0,rii{x,u,uj*} = rii{u, X,u (u, X,p>) ,u* (u, X,ip)}, 

Q = vj~ x {u, X)tt[2](u, X,(p), Q = di\n\w\) (in |fi [2 ]|)* + (fi[ 2] ) dflp], 

m = -w- qi ' q2 {u,X)n q ^ q2 {u,X,ip). 



and 



t c -solutions 

92 
^4(0) 

hi 



(x 2 = u, x 3 = X, y 4 = v = t, y 5 = p = <p) 
g 3 = w(u, X)g(u, A), 

zu(u, X)f(u, A), /i5(o) = — tu(u, A), see (110.58)) ; 
g~ l vjQ exp[a 2 u + a 3 A], zu , a 2 , a 3 = const, see ([10.1 
n 4 (u,X,t)h m (x l ),h 5 = r)s{u, X,t)h m (x l ), 



Wi 



uj 2 (u, X, t),r] 5 = -h { 2 f(u, A) 



dt uj 1 {u, A, t) 



0, ni{x, uj, uj*} = ni{u, X, uj {u, X, t) , uj* {u, X, t)}, 



;i0.77) 
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Vt = w 1 (u, A)0[ 2 ](«, A,t),(j = di(ln\vj\) (in |fy 2 ]|)* + (Of 2 ]) ^^p], 

^ 4 = -tj7-«i/®(«,A)ng /9!, («,A,t). 

where the coefficients rij can be found explicitly by introducing the corresponding values 
r/4 and r] 5 in formula ([10.610 . 

For the 4D Class B solutions one can be imposed some conditions (see previous sub- 
section) when the solutions ([10.76(1 and ([10.77(1 have in the locally anisotropic limit the 
Schwarzschild solution, which imposes some specific parametrizations and dependencies 
on 0[2i(«, A, v) and u(u,X,v) like ([10.66(1 and ([10.68(1 . We omit these considerations 
because for aholonomic configurations and nonlinear solutions there are not arguments 
to prefer any holonomic limits of such off-diagonal metrics. 

We conclude this Section by noting that for the considered classes of ellipsoidal black 
hole 4D solutions the so-called t-component of metric contains modifications of the 
Schwarzschild potential 

M Muiu.X.v) 
$ = -- tts into $ 



where Mpui is the usual 4D Plank constant; the metric coefficients are given with respect 
to the corresponding anholonomic frame of reference. In 4D anholonomic gravity the 
receptivity u (u, A, v) is considered to renormalize the mass constant. Such gravitational 
self-polarizations are induced by anholonomic vacuum gravitational interactions. They 
should be defined experimentally or computed following a model of quantum gravity. 



10.5 The Cosmo logical Constant and Anisotropy 

In this Section we analyze the general properties of anholonomic Einstein equations 
in 5D and 4D gravity with cosmological constant and construct a 5D exact solution with 
cosmological constant. 



10.5.1 4D and 5D Anholnomic Einstein spaces 

There is a difference between locally anisotropic 4D and 5D gravity. The first theory 
admits an "isotropic" 4D cosmological constant Aui = A even for anisotropic grav- 
itational configurations. The second, 5D, theory admits extensions of vacuum anis- 
toropic solutions to those with a cosmological constant only for anisotropic 5D sources 
parametrized like A[ 5 ] Q/3 = (2A#n, Ag^) (see the Corollary 4 below). We emphasize that 
the conclusions from this subsection refer to the two classes of ansatz ([10.9(1 and ([10.19(1 . 
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The simplest way to consider a source into the 4D Einstein equations, both with or 
not anistoropy, is to consider a gravitational constant A and to write the field equations 

Gf = A [4] <f (10.78) 

which means that we introduced a "vacuum" energy-momentum tensor kT^ = A[4\d~j 
which is diagonal with respect to anholonomic frames and the conditions (jl0.51|) trans- 
forms into T2 = T| = T| = T5 = « -1 A. According to A. Z. Petrov [201 the s P aces 
described by solutions of the Einstein equations 

Rap = Ag^p, A = const 

are called the Einstein spaces. With respect to anisotropic frames we shall use the term 
anholonomic (equivalently, anisotropic) Einstein spaces. 

In order to extend the equations (jl0.78j) to 5D gravity we have to take into consid- 
eration the compatibility conditions for the energy-momentum tensors (jl().34j) . 

Corollary 10.5.4. We are able to satisfy the conditions of the Corollary 2 if we con- 
sider a 5D diagonal source T^j = {2A, T|r = A5j}, for an anisotropic 5D cosmological 

constant source (2Ag n , Agap). The 5D Einstein equations with anisotropic cosmological 
"constants" , for ansatz H07y\) are written in the form 

R\ = St = -A. (10.79) 

These equations without coordinate x 1 and gu hold for the \10.39i) . We can extend the 
constructions for the ansatz with conformal factors, MO. 19^ and \lU.4i]) by considering 
additional coefficients Q satisfying the equations M0.25\) and \10.J^9^ for non vanishing 
values of Wi. 

The proof follows from Corollaries 1 and 2 formulated respectively to 4D and 5D 
gravity (see formulas ()10.50|) and f)10.51|) and, correspondingly, f)10.33|) and ()10.34|0 . 

Theorem 10.5.4. The nontrivial components of the 5D Einstein equations with 
anisotropic cosmological constant, Ru = 2Agn and R^p = Ag^, for the ansatz MU.19\i 
and anholonomic metric M0.2ty) given with respect to anholonomic frames M0.21\) and 
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MU.2 6 J\i are written in a form with separation of variables: 

2Ag 2 g 3 , (10.80) 

2Ah 4 h 5 , (10.81) 

0, (10.82) 

0, (10.83) 

0. (10.84) 

where 

di = d { h* 5 - h* 5 di In ^\hj^\, (3 = 2Ah 4 h 5 , 7 = 3h* 5 /2h 5 - h*Jh A . (10.85) 

The Theorem 4 is a generalization of the Theorem 2 for energy-momentum tensors 
induced by the an anisotropic 5D constant. The proof follows from (|10.13|) - (|10.16|) 
and (|10.25|) . revised as to satisfy the formulas (|10.36|) and (|10.37|) with that substantial 
difference that (3 7^ and in this case, in general, Wi 7^ 0. We conclude that in the presence 
of a nonvanishing cosmological constant the equations ()10.13|) and ()10.14|) transform 
respectively into ()10.80|) and (jl0.81|) which have a more general nonlinearity because of 
the 2Ag 2 g 3 and 2A/i 4 /i 5 terms. For instance, the solutions with g 2 = const and g 3 = const 
(and h 4 = const and h§ = const) are not admitted. This makes more sophisticate the 
procedure of definition of g 2 for a given g 3 (or inversely, of definition of g 3 for a given 
g 2 ) from ()10.80|) [similarly of construction h 4 for a given /i 5 from ()10.8H) and inversely], 
nevertheless, the separation of variables is not affected by introduction of cosmological 
constant and there is a number of possibilities to generate new exact solutions. 

The general properties of solutions of the system (jl0.80j) - (jl0.84j) are stated by the 

Theorem 10.5.5. The system of second order nonlinear partial differential equations 
UU.8U\) - ilU.8^) and \10.84\ l can be solved in general form if there are given some values 
of functions g 2 (x 2 , x 3 ) (or gz(x 2 , x 3 )), h 4 (x l , v ) (or (x l ,v)) and Q(x l ,v) : 

• The general solution of equation ilU.8U\) is to be found from the equation 

zuzu" - (w*f + wzu" - {w'f = 2Aw 3 . (10.86) 

for a coordinate transform coordinate transforms x 2 ' 3 — > x 2,3 (u, A) for which 

g 2 (u, \)(du) 2 + g 3 (u, \)(d\) 2 -> w \{dx 2 ) 2 + t(dx 3 ) 2 ] , e = ±1 



g'g' _ (gf) 2 , " _ Mi _ i^f 

2g 2 2g 3 92 2g 3 2^ 2 

Wij3 + oti = 
n** + 771* = 

din-Owi + Qsr = 



and w* = dzu/dx 2 and w = dzu/dx 3 . 
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The equation MO. 81]) relates two functions h 4 (x\v) and h$ (x l ,v) with ^ 0. // 
the function h 5 is given we can find h 4 as a solution of 

hl + —(h i ) 2 + 2[ t )h 4 = Q, (10.87) 



T \ T 



where r = hl/2h 5 . 

The exact solutions of i lO.Sfy) for (3 ^ is 



w k = -a k /P, (10.88) 
= d k \n[^\h^\/\hl\}/djn[^\h^\/\hl\], 



for d v = d/dv and h* 5 ^ 0. 
The exact solution of \10.8ty) is 



n k = n k[1] (x*) +n m (a?) [h 4 /(^/\h\) 3 ]dv, (10.89) 



n k[1] (z*) +n k[2] (x l ) / [l/(v^) 3 ]*, K = 0, 



for some functions n k n t 2] {x l ) stated by boundary conditions. 
• The exact solution of M0.25\) is given by 

Q = - Wi + {Q,*)- l ditt, VI* ^ 0, (10.90) 

We note that by a corresponding re-parametrizations of the conformal factor Q (x l , v) 
we can reduce ()10.86|) to 

zuw" - (w') 2 = 2Au7 3 (10.91) 
which has an exact solution w = w (x 2 ) to be found from 

(to*) 2 = w 3 (Cuj- 1 + 4A) , C = const, 

(or, inversely, to reduce to 

zuzu" - (w) 2 = 2Aw 3 
with exact solution w = w (x 3 ) found from 

(w') 2 = w 3 (Cm- 1 + 4A) , C = const). 
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The inverse problem of definition of h 5 for a given can be solved in explicit form when 
h* A — 0, /14 = h^o){x % ). In this case we have to solve 

K + %^ - 2A^4(o)^5 = 0, (10.92) 

which admits exact solutions by reduction to a Bernulli equation. 
The proof of Theorem 5 is outlined in Appendix C. 

The conditions of the Theorem 4 and 5 can be reduced to 4D anholonomic spacetimes 
with "isotropic" cosmological constant A. To do this we have to eliminate dependencies 
on the coordinate x 1 and to consider the 4D ansatz without gn term as it was stated in 
the subsection II E. 



10.5.2 5D anisotropic black holes with cosmological constant 

We give an example of generalization of anisotropic black hole solutions of Class A 
, constructed in the Section III, as they will contain the cosmological constant A; we 
extend the solutions given by the data 1)10.64)) . 

Our new 5D if- solution is parametrized by an ansatz with conformal factor Q(x l , v) 

(see ()10.19)1 and 1)10.20)) ) as Vt = n7 _1 (u)n [ o](a: < )t!7" 1 (w)fi[i] The factor ™( u ) is 
chosen to be a solution of 1)10.91)) . This conformal data must satisfy the conditions 
(gnUD and GEEK, i- e. 

for some integers q± and q 2 , where 774 is found as /i 4 = rj^wh^Q) is a solution of equation 
(|10.87)) . The factor VL^x 1 ) could be chosen as to obtain in the locally isotropic limit and 
A — > the Schwarzschild metric in ellipsoidal coordinates ()10.55)) . Putting h 5 = r] 5 zuh 5 ( ), 
^5^5(0) i n the ansatz for (f 10.64)) . for which we compute the value r = hl/2h 5 , we obtain 
from ([10.87)) an equation for 774, 

2A f t* \ 

T)l + —wh m (r] 4 ) 2 + 2(— -rj?74 = 

which is a Bernulli equation jTH| and admit an exact solution, in general, in non explicit 
form, 7/4 = 7]^ ern \x\ v , A, w, u, a, b), were we emphasize the functional dependencies on 
functions zu,u,a,b and cosmological constant A. Having defined 774[& ern ], 775 and zu, we 
can compute the c^-, (3— , and 7-coefficients, expressed as 

aj = af ern \x\ v, A, w, u,a,b), (3 = (3^- bern \x\ v, A, w, u, a, b) 
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and A, w, u, a, b), following the formulas (|10.85p . 

The next step is to find 

Wi = wf ern \x\ v, A, w, u, a, b) and n« = nf (x l , v, A, w, w, a, b) 

as for the general solutions ()10.88|) and (|10.89|) . 

At the final step we are able to compute the the second anisotropy coefficients 

Q = + (dtlnlvj- 1 ^) |) (lnlO^I)* + (nfo)- 1 ^], 

which depends on an arbitrary function Q[o](u, A). If we state fl[o](u, A) = Qa, as for Qa 
from (jl().58|) . see similar details with respect to formulas (jlO.fifiJ) . (jl().67j) and fjl().68j) . 

The data for the exact solutions with cosmological constant for v = ip can be stated 
in the form 

(/^-solutions : (x 1 = x, x 2 = u, x 3 = A, y 4 = v = ip, y 5 = p = t), g\ = ±1, 
g 2 = zn(u),g 3 = m(u), 
/i 4 (o) = a(u, A), /i5(o) = b(u, A), see (jl(J.56|) and (|10.91|) : 

h = r] A (x\p)w(u)h m (x l ),h 5 = r] 5 (x\p)zu(u)h m (x l ), 

r] A = r] [ ^ ern] (x\v,A J w J uj J a,b) J r] 5 = uj~ 2 (x,u, \,<p), (10.93) 

[bern]/ i \ ?\ r *T [bern]/ % . ,\ 

Wi = w\ (x , v , A, w, u>, a, 0), ni{x, u, uj } = n\ [x ,v,A,m,u),a,o), 

n = zu-\ u )n [0] (x l )n [1] (x\p),r l4 a = n^ 

Q = _ w fem] + ( diln | ro -l Q[0] )|) (iBlfi^D'+^li])" 1 ^!]. 

We note that a solution with v = t can be constructed as to generalize (jl0.65j) in 
order to contain A. We can not present such data in explicit form because in this case 
we have to define 775 by integrating an equation like ()l().81j) for h$, for a given h^, with 
h% 7^ which can not be integrated in explicit form. 

The solution (|10.93J) has has the same the two very interesting properties as the solu- 
tion (|1U.64|) : 1) it admits a warped factor on the 5th coordinate, like VL q ^j q2 ~ exp[— 
which in this case is constructed for an anisotropic 5D vacuum gravitational configuration 
with anisotropic cosmological constant and does not follow from a brane configuration 
like in Refs. [Zj; 2) we can impose such conditions on the receptivity to (x\ <p) as to obtain 
in the locally isotropic limit just the Schwarzschild metric (|1().55|) trivially embedded into 
the 5D spacetime (the procedure is the same as in the subsection IIIB). 

Finally, we note that in a similar manner like in the Sections III and IV we can 
construct another classes of anisotropic black holes solutions in 5D and 4D spacetimes 
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with cosmological constants, being of Class A or Class B, with anisotropic (^-coordinate, 
or anisotropic t-coordinate. We omit the explicit data which are some nonlinear anholo- 
nomic generalizations of those solutions. 

10.6 Conclusions 

We formulated a new method of constructing exact solutions of Einstein equations 
with off-diagonal metrics in 4D and 5D gravity. We introduced ahnolonomic trans- 
forms which diagonalize metrics and simplify the system of gravitational field equations. 
The method works also for gravitational configurations with cosmological constants and 
for non-trivial matter sources. We constructed different classes of new exact solutions 
of the Einstein equations is 5D and 4D gravity which describe a generic anholonomic 
(anisotropic) dynamics modelled by off-diagonal metrics and anholonomic frames with 
mixed holonomic and anholonomic variables. They extend the class of exact solutions 
with linear extensions to the bulk 5D gravity |21j . 

We emphasized such exact solutions which can be associated to some black hole like 
configurations in 5D and 4D gravity. We consider that the constructed off-diagonal 
metrics define anisotropic black holes because they have a static horizon parametrized 
by a rotation ellipsoid hypersurface, they are singular in focuses of ellipsoid (or on the 
circle of focuses, for flattened ellipsoids) and they reduce in the locally anisotropic limit, 
with holonomic coordinates, to the Schwarzschild solution in ellipsoidal coordinates, or 
to some conformal transforms of the Schwarzschild metric. 

The new classes of solutions admit variations of constants (in time and extra di- 
mension coordinate) and anholonomic gravitational polarizations of masses which are 
induced by nonlinear gravitational interactions in the bulk of 5D gravity and by a con- 
strained (anholonomic) dynamics of the fields in the 4D gravity. There are possible 
solutions with warped factors which are defined by some vacuum 5D gravitational in- 
teractions in the bulk and not by a specific brane configuration with energy-momentum 
tensor source. We emphasized anisotropics which in the effective 4D spacetime preserve 
the local Lorentz invariance but the method allows constructions with violation of local 
Lorentz symmetry like in Refs. [22] • in order to generate such solutions we should admit 
that the metric coefficients depends, for instance, anisotropically on extra dimension 
coordinate. 

It should be noted that the anholonomic frame method deals with generic off-diagonal 
metrics and nonlinear systems of equations and allows to construct substantially non- 
linear solutions. In general, such solutions could not have a locally isotropic limit with 
a holonomic analog. We can understand the physical properties of such solutions by 
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analyzing both the metric coefficients stated with respect to an adapted anholonomic 
frame of reference and by a study of the coefficients defining such frames. 

There is a subclass of static anisotropic black holes solutions, with static ellipsoidal 
horizons, which do not violate the well known Israel and Carter theorems JH] on spherical 
symmetry of solutions in asymptotically flat spacetimes. Those theorems were proved 
in the radial symmetry asymptotic limit and for holonomic coordinates. There is not a 
much difference between 3D static spherical and ellipsoidal horizons at long distances. 
In other turn, the statements of the mentioned theorems do not refers to generic off- 
diagonal gravitational metrics, anholonomic frames and anholonomic deformations of 
symmetries. 

Finally, we note that the anholonomic frame method may have a number of ap- 
plications in modern brane and string/M-theory gravity because it defines a general 
formalism of constructing exact solutions with off-diagonal metrics. It results in such 
prescriptions on anholonomic "mappings" of some known locally isotropic solutions from 
a gravity /string theory that new types of anisotropic solutions are generated: 

A vacuum, or non-vacuum, solution, and metrics conformally equivalent to a such 
solution, parametrized by a diagonal matrix given with respect to a holonomic ( coordinate ) 
base, contained in a trivial form of ansatz MO.tyl . or MO.lf^l . can be generalized to 
an anisotropic solution with similar but anisotropically renormalized physical constants 
and diagonal metric coefficients given with respect to adapted anholonomic frames; the 
new anholonomic metric defines an exact solution of a simplified form of the Einstein 
equations MU.l^l - MU.lb]) and H0.2ty) : such solutions are parametrized by off-diagonal 
metrics if they are re-defined with respect to coordinate frames . 
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10.7 A: Anholonomic Frames and Nonlinear Con- 
nections 

For convenience, we outline here the basic formulas for connections, curvatures and, 
induced by anholonomic frames, torsions on (pseudo) Riemannian spacetimes provided 
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with N-coefficient bases ()10.5|) and (jl(J.6j) [1, 4J. The N-coefficients define an associ- 
ated nonlinear connection (in brief, N-connection) structure. On (pseudo)-Riemannian 
spacetimes the N-connection structure can be treated as a "pure" anholonomic frame 
effect which is induced if we are dealing with mixed sets of holonomic-anholonomic basis 
vectors. When we are transferring our considerations only to coordinate frames (jl0.2|) 
and (jl0.3|) the N-connection coefficients are removed into both off-diagonal and diagonal 
components of the metric like in (jl(J.9|) . In some cases the N-connection (anholonomic) 
structure is to be stated in a non-dynamical form by definition of some initial (bound- 
ary) conditions for the frame structure, following some prescribed symmetries of the 
gravitational-matter field interactions, or , in another subset of N-coefficients 

have to be treated as some dynamical variables defined as to satisfy the Einstein equa- 
tions. 

10.7.1 D— connections, d— torsions and d— curvatures 

If a pseudo-Riemannian spacetime is enabled with a N-connection structure, the 
components of geometrical objects (for instance, linear connections and tensors) are 
distinguished into horizontal components (in brief h-components, labelled by indices 
like i,j,k,...) and vertical components (in brief v-components, labelled by indices like 
a,b, c, ..). One call such objects, distinguished (d) by the N-connection structure, as 
d-tensors, d-connections, d-spinors and so on [121 El II]- 

D metrics and d-connections: 

A metric of type (jlU.lUJl . in general, with arbitrary coefficients (x fc ,y a ) and 



derivation D, is compatible with a metric g a p and N-connection structure on a 5D 
pseudo-Riemannian spacetime if D a gp 1 = 0. The linear d-connection is parametrized 
by irreducible h-v-components, r°g = {L l - k) L a bk , C^ c , C a bc ) , where 





1 



(10.94) 



This defines a canonical linear connection (distinguished by a N-connection, in brief, 
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the canonical d-connection) which is similar to the metric connection introduced by 
Christoffel symbols in the case of holonomic bases. 

D— torsions and d— curvatures: 

The anholonomic coefficients W 7 a g and N-elongated derivatives give nontrivial coef- 
ficients for the torsion tensor, T(S 7 , 5p) = T a ^b a , where 

t% = r% - r> + w %, (10.95) 

and for the curvature tensor, R(8 T , 5^)5/3 = R^ 1T 5 a , where 

+iVV - r V r£ Vr + r V™V ( 10 - 96 ) 

We emphasize that the torsion tensor on (pseudo) Riemannian spacetimes is induced by 
anholonomic frames, whereas its components vanish with respect to holonomic frames. 
All tensors are distinguished (d) by the N-connection structure into irreducible h-v- 
components, and are called d-tensors. For instance, the torsion, d-tensor has the follow- 
ing irreducible, nonvanishing, h-v-components, T^ 7 = {T l j k , C l a , S a bc , T 11 ^, T a bi }, where 

rpi rpi j i j i rpi rpi 

■jk jk jk kji 1 ja -jai 1 aj Jo' 

T!j a — 0, T a bc = S a bc = C bc — C" 6 , (10.97) 
T% = -J2-, T a bl = d b N?-L a bll T a lb = -T a bl 

(the d-torsion is computed by substituting the h-v-components of the canonical d- 
connection ()10.94|) and anholonomic coefficients ()10.7|) into the formula for the torsion 
coefficients (110. 95|) ). where 

0?. = SjN? - 6 t N« 

is called the N-connection curvature (N-curvature). 

The curvature d-tensor has the following irreducible, non-vanishing, h-v-components 

= {R'h.jki R'b.jki Pj.kai ^kai Sj.bo ^kcdSi wri ere 

R'h.jk = &kL % hj — SjV hk + L^L % mk — L\ h V m j — C* ha fl a jk , (10.98) 

Rb.jk = 3kL a bj — SjL a bk + L c bj L a ck — L c bk L a cj — C b( fl c jk , 

Pj.ka = da,L % jk + C % j b T b ka — (S k C l ja + L\ k C l ja — L l jk C l la — L c ak C % -^, 

p.c Q jc j_ /nrc rpd (r r^c j_tc sid jd r^c jd ric \ 

r b.ka — °a^.bk + ^.bd 1 .ka ~ {°k^.ba + ^ .dk U .ba ~ ^ .bk U .da ~ ^ .ak U .bd) J 

o-i £) s~ii f) s~<i I fih sii /~th s~yi 

°j.bc — ° cLy .jb Vb^.jc^ ^.jb^.hc ^.jc^hbi 

^b.cd — °d^.bc ~ °c^.bd ' ^.bc^.ed ~ U .bd U .ec 
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(the d-curvature components are computed in a similar fashion by using the formula for 
curvature coefficients (|1().96J) ). 

10.7.2 Einstein equations with holonomic— anholonomic variab- 
les 

In this subsection we write and analyze the Einstein equations on 5D (pseudo) Rie- 
mannian spacetimes provided with anholonomic frame structures and associated N- 
connections. 

Einstein equations with matter sources 

The Ricci tensor = Rp~ a has the d-components 

Rij Pi.jki Pia Pi.kai (10.99) 

td 1 p p b td q.c 

J^-ai — r ai — r a.ibi -^ab — ° a .bc- 

In general, since 1 P a i 7^ 2 Pi a , the Ricci d-tensor is non-symmetric (this could be with 
respect to anholonomic frames of reference). The scalar curvature of the metric d- 
connection, R = g^R^, is computed 

R = G al3 R al 3 = R + S, (10.100) 

where R = g lj R {j and S = h ab S ab . 

By substituting f)10.99|) and ()10.100|) into the 5D Einstein equations 

R a p ~ ^9apR = kT q/3 , (10.101) 

where k and T ' a @ are respectively the coupling constant and the energy-momentum 
tensor we obtain the h-v-decomposition by N-connection of the Einstein equations 

Rii-\(R + S}g i3 = (10.102) 

Sab — - (R + S^j h ab = KT ab , 

1 p . _ K y . 2 p _ y 
1 ai ™ ± aii 1 la rv ± la • 

The definition of matter sources with respect to anholonomic frames is considered in 
Refs. [Q. 
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5D vacuum Einstein equations 

The vacuum 5D, locally anisotropic gravitational field equations, in invariant h- v- 
components, are written 

% = 0,S ab = 0, (10.103) 

Pai 0) Pia 0. 

The main 'trick' of the anholonomic frames method for integrating the Einstein equa- 
tions in general relativity and various (super) string and higher / lower dimension grav- 
itational theories is to find the coefficients N°- such that the block matrices and 
are diagonalized d Ej • This greatly simplifies computations. With respect to such 
anholonomic frames the partial derivatives are N-elongated (locally anisotropic). 

10.8 B: Proof of the Theorem 3 

We prove step by step the items of the Theorem 3. 

The first statement with respect to the solution of ()10.13|) is a connected with the 
well known result from 2D (pseudo) Riemannian gravity that every 2D metric can be 
redefined by using coordinate transforms into a conformally flat one. 

The equation ()10.14|) can be treated as a second order differential equation on variable 
v, with parameters x l , for the unknown function h$(x\ v) if the value of h^x 1 , v) is given 
(or inversely as a first order differential equation on variable v, with parameters x l , for 
the unknown function /i 4 (x l ,t>) if the value of hc,{x l ,v) is given). The formulas (|10.29|) 
and ()10.28|) are consequences of integration on v of the equation ()10.14j) being considered 
also the degenerated cases when = or hi = 0. 

Having defined the values and h 5 , we can compute the values the coefficients ctj, f3 
and 7 ()10.17|) and find the coefficients Wj and n.j The first set ()8.10|) for Wi is a solution 
of three independent first order algebraic equations f)10.15|) with known coefficients a« 
and f3. The second set of solutions ()10.31|) for is found after two integrations on the 
anisotropic variable v of the independent equations (|10.16|) with known 7 (the variables 
x l being considered as parameters). In the formulas (|10.31|) we distinguish also the 
degenerated cases when hi = or h\ = 0. 

Finally, we note that the formula (jl0.32j) is a simple algebraic consequence from 
(fTTPoT) . 

The Theorem 3 has been proven. 
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10.9 C: Proof of Theorem 5 

We emphasize the first two items: 

• The equation ()10.80j) imposes a constraint on coefficients of a diagonal 2D metric 
parametrized by coordinates x 2 = u and x 3 = A. By coordinate transforms x 2,3 — > 
x 2,3 (it, A) , see for instance, [20J we can reduce 2D every metric 

ds 2 2 j = g%{u, X)du 2 + gs(u, \)d\ 2 

to a conformally flat one 

dsf 2] = w(x 2 , x 3 ) [d(x 2 ) 2 + ed(x 3 ) 2 ] , e = ±1. 

with conformal factor w(x 2 , x 3 ), for which ()1().8()|) transforms into f)l().86j) with new 
'dot' and 'prime' derivatives w' = dw/dx 2 and w = dzu/dx 3 . It is not possible 
to find an explicit form of the general solution of ()10.86)) . If we approximate, for 
instance, that w = w (x 2 ) , the equation 

zuzu" - {vo'f = 2Azu 3 

has an exact solution (see 6.127 in |18j ) which can be found from a Bernulli equation 

(vj'f = vj 3 (Cw- 1 + 4A) , C = const, 

which allow us to find x 2 ^), or, in non explicit form w = w (x 2 ) . We can chose a 
such solution as a background one and by using conformal factors f2(5?, x 3 ), trans- 
forming wCx 2 ,^ 3 ) into vj (x 2 ) we can generate solutions of the 5D Einstein equa- 
tions with anisotropic cosmological constant by inducing second order anisotropy 
Q. The case when w — w (x 3 ) is to be obtained in a similar manner by changing 
the 'dot' derivative into 'prime' derivative. 

• The equation ()l().81j) does not admit h\ = because in this case we must have 

= 0. For a given value of h 5 , introducing a new variable r = hl/2h 5 we can 
transform (|10.81|) into a first order nonlinear equation for /i 4 ()10.104|) .which can 
be transformed JB] to a Ricatti, then to a Bernulli equation which admits exact 
solutions. We note that the holonomic coordinates are considered as parameters. 
The inverse problem, to find for a given h± is more complex because is connected 
with solution of a second order nonlinear differential equation 

K + W-- ~ 2A/14/15 = 0, (10.104) 
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which can not integrated in general form. Nevertheless, a very general class of 
solutions can be found explicitly if h\ = 0, i. e. if depend only on holonomic co- 
ordinates. In this case the equation (jl().l()4j) can be reduced to a Bernulli equation 
[T%] which admits exact solutions. 

• The fo rmulas fTTTS3|) . fTTH^ and solving respectively l|T7D%|l . (fTTTHHjl and 

(110. 84j) are proven similarly as for the Theorem 3 with that difference that in the 
presence of the cosmological term h% ^ 0, (3 ^ and, in general, u>j ^ 0. 

The Theorem 5 has been proven. 
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Chapter 11 



Black Tori Solutions in Einstein and 
5D Gravity 

Abstract 1 

The 'anholonomic frame' method PjJ 12 IH| is applied for constructing new classes of 
exact solutions of vacuum Einstein equations with off-diagonal metrics in 4D and 5D 
gravity. We examine several black tori solutions generated by anholonomic transforms 
with non-trivial topology of the Schwarzschild metric, which have a static toroidal hori- 
zon. We define ansatz and parametrizations which contain warping factors, running 
constants (in time and extra dimension coordinates) and effective nonlinear gravita- 
tional polarizations. Such anisotropic vacuum toroidal metrics, the first example was 
given in [Tj, differ substantially from the well known toroidal black holes [3] which were 
constructed as non-vacuum solutions of the Einstein-Maxwell gravity with cosmologi- 
cal constant. Finally, we analyze two anisotropic 5D and 4D black tori solutions with 
cosmo logical constant. 

11.1 Introduction 

Black hole - torus systems [5J and toroidal black holes j3J became objects of as- 
trophysical interest since it was shown that they are inevitable outcome of complete 
gravitational collapse of a massive star, cluster of stars, or can be present in the center 
of galactic systems. 

Black hole and black tori solutions appear naturally as exact solutions in general 
relativity and extra dimension gravity theories. Such solutions can be constructed in 

1 © S. Vacaru, Black Tori Solutions in Einstein and 5D Gravity, hep-th/0110284 
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both asymptotically flat spacetiems and in spacetimes with cosmological constant, posses 
a specific supersymmetry and could be with toroidal, cylindrical or planar topology j3j. 

String theory suggests that we may live in a fundamentally higher dimensional space- 
time |H] . The recent approaches are based on the assumption that our Universe is realized 
as a three dimensional (in brief, 3D) brane, modelling a 4D pseudo-Riemannian space- 
time, embedded in the 5D anti-de Sitter (AdS 5 ) bulk spacetime. It was proposed in the 
Rundall and Sundrum (RS) papers [7j that such models could be with relatively large 
extra dimension as a way to solve the hierarchy problem in high energy physics. 

In the present paper we explore possible black tori solutions in 5D and 4D gravity. 
We obtain a new class of exact solutions to the 5D vacuum Einstein equations in the 
bulk, which have toroidal horizons and are related via anholonomic transforms with 
toroidal deformations of the Schwarzschild solutions. The solutions could be with warped 
factors, running constants and anisotropic gravitational polarizations. We than consider 
4D black tori solutions and generalize both 5D and 4D constructions for spacetimes with 
cosmological constant. 

We also discuss implications of existence of such anisotropic black tori solutions with 
non-trivial topology to the extra dimension gravity and general relativity theory. We 
prove that warped metrics can be obtained from vacuum 5D gravity and not only from 
a brane configurations with specific energy-momentum tensor. 

We apply the Salam, Strathee and Peracci [H] idea on a gauge field like status of 
the coefficients of off-diagonal metrics in extra dimension gravity and develop it in a 
new fashion by applying the method of anholonomic frames with associated nonlinear 
connections on 5D and 4D (pseudo) Riemannian spaces PU [21 E] • 

We use the term 'locally anisotropic' spacetime (or 'anisotropic' spacetime) for a 5D 
(4D) pseudo-Riemannian spacetime provided with an anholonomic frame structure with 
mixed holonomic and anholonomic variables. The anisotropy of gravitational interactions 
is modelled by off-diagonal metrics, or, equivalently, by theirs diagonalized analogs given 
with respect to anholonomic frames. 

The paper is organized as follow: In Sec. II we consider two off-diagonal metric 
ansatz, construct the corresponding exact solutions of 5D vacuum Einstein equations and 
illustrate the possibility of extension by introducing matter fields and the cosmological 
constant term. In Sec. Ill we construct two classes of 5D anisotropic black tori solutions 
and consider subclasses and reparemetizations of such solutions in order to generate new 
ones. Sec. IV is devoted to 4D black tori solutions. In Sec. V we extend the approach for 
anisotropic 5D and 4D spacetimes with cosmological constant and give two examples of 
5D and 4D anisotropic black tori solution. Finally, in Sec. VI, we conclude and discuss 
the obtained results. 
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11.2 Off— Diagonal Metric Ansatz 

We introduce the basic denotations and two ansatz for off-diagonal 5D metrics (see 
details in Refs. PQI21E1) to be applied in definition of anisotropic black tori solutions. 

Let us consider a 5D pseudo-Riemannian spacetime provided with local coordinates 
u a = (x\y 4 = v,y 5 ), for indices like i,j,k,.. = 1,2,3 and a, b, ... = 4,5. The x % - 
coordinates are called holonomic and ^-coordinates are called anholonomic (anisotrop- 
ic); they are given respectively with respect to some holonomic and anholonomic sub- 
frames (see the formulae (jl(J.12j) and (jll.BJl ). Every coordinate x l or y a could be a 
time like, 3D space, or the 5th (extra dimensional) coordinate; we shall fix on necessity 
different parametrizations. 

We investigate two classes of 5D metrics: 

The first type of metrics are given by a line element 

ds 2 = g a/ 3 (x\ v) du a dvP (H-l) 

with the metric coefficients g a p parametrized with respect to the coordinate co-frame 
du a , being dual to d a = d/du a , by an off-diagonal matrix (ansatz) 



;ii.2) 



<7i + w x I14 + n x hs w\w 2 h/4 + nin 2 h 5 Wiw 3 fi4 + 711713/15 101/14 rii/15 

WiW 2 h A + riin 2 h 5 g 2 + w 2 h A + n 2 2 h 5 w 2 w 3 h A + n 2 n 3 h 5 w 2 h A n 2 h 5 

wiw 3 h A + riin 3 h 5 w 2 w 3 h A + n 2 n 3 h 5 g 3 + w 3 h 4 + n 3 2 h 5 w 3 h A n 3 h 5 

W\h± w 2 h,4 w 3 h^ /14 

ni/i 5 n 2 h 5 n 3 h 5 h 5 

where the coefficients are some necessary smoothly class functions of type: 

gi = ±1,02,3 = 02,3 fa 2 , £ 3 ), /i4,5 = h 4 ^{x\v), 

Wi = Wi(x\v),7ii = ni(x\v). 

The second type of metrics are given by a line element (with a conformal factor 
Q(x\v) and additional deformations of the metric via coefficients Q(x\v), indices with 
'hat' take values like % = 1,2, 3, 5)) written as 

ds 2 = n 2 ' 



(x\ v)g a p (x\ v) du a dvr , 
were the coefficients g a p are parametrized by the ansatz 

gi + (u)] 2 + ( 1 2 )h 4 + n-fhr, (wiiiij + (1(2)^ + "113/18 (wii«3 + CiC3)^4 + ni"3^5 (w 1 + d)h 4 

(1V1W2 + CiC2)?i4 + nina/is 92 + (w 2 2 + C 2 2 ) h 'i + n 2 2 hs (w 2 w 3 + (2(3)^4 + n 2 n 3 h 5 (w 2 + C2)^4 

(1U1W3 + Ci C3)?t4 + ninths (W2W3 + (2(3)114 + ri2ri3h5 33 + (io 3 2 + C 3 2 )^4 + nghh (1V3 + (3)h4 

(Wl+(l)h4 (l«2 + C2)^4 (1V3 + (3)^-4 ^4 

nih 5 712/15 713/15 



(11.3) 



ni/15 
712/15 

713/15 



/»5 + Csta 

(11.4) 
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For trivial values Q — 1 and Q = 0, the line interval pi. 3)1 transforms into (jll.lj) . 
The quadratic line element with metric coefficients (jll.2j) can be diagonalized, 

6s 2 = [ gi {dx l f + g 2 {dx 2 ) 2 + g 3 (dx 3 ) 2 + h 4 (8vf + h 5 (6y 5 ) 2 }, (11.5) 
with respect to the anholonomic co-frame (dx\Sv,5y 5 ) , where 

5v = dv + Widx 1 and 5y 5 = dy 5 + riidx 1 (H-6) 
which is dual to the frame (5i, d A , d§) , where 

5i = di + Widi + n,id 5 . (11.7) 
The bases (lll.fij) and (jll.7|) are considered to satisfy some anholonomic relations of type 

SiSj - 5j5i = W$6 k (11.8) 

for some non-trivial values of anholonomy coefficients Wh. We obtain a holonomic (co- 
ordinate) base if the coefficients Wjj vanish. 

The quadratic line element (jll.3|) with metric coefficients (jll.4|) can be also diago- 
nalized, 

6s 2 = Q 2 (x\ v^dx 1 ) 2 + g 2 {dx 2 ) 2 + g 3 (dx 3 ) 2 + h 4 (Svf + h 5 (5y 5 ) 2 ], (11.9) 
but with respect to another anholonomic co-frame (^dx l , 5v , 5y 5 ^j , with 

5v = dv + (wi + Qdx 1 + ( 5 5y b and 5y 5 = dy 5 + rudx 1 (11.10) 
which is dual to the frame <9 4 , d 5 j , where 

^ = di- (wi + Q)d A + riid 5 , d 5 = d 5 - ( 5 d A . (H- 11 ) 

The nontrivial components of the 5D Ricci tensor, Rr a , for the metric ()11.5|) given 
with respect to anholonomic frames (jll.6|) and (jll.7|) are 

d2 d3 1 9*9* (9*) 2 | " 9 2 9 3 (^2) 2 i /ii 10 \ 

* = fls = ^ [ * -^-^ +<h ~wr^ ] - (1L12) 
R * = ^-iL' (1113) 
R " = (1L14) 

«5i = -^-K** + 7<] (11-15) 
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where 

oa = dih* 5 - h*^ In y/\h 4 h 5 \, P = h* 5 *- h* 5 [\n VlM 5 |]*,7 = 3h*/2h 5 - h*Jh A . (11.16) 

For simplicity, the partial derivatives are denoted like a x = da/dx 1 , a' = da/dx 2 , a = 
da/dx 3 ,a* = da/dv. 

We obtain the same values of the Ricci tensor for the second ansatz ()11.9|) if there 
are satisfied the conditions 

Sih 4 = and = (H-17) 

and the values Q = (C?, Cs = 0) are found as to be a unique solution of (|11.17|) : for 
instance, if 

_ ^ 4 ^ anc j g 2 are integers), (11.18) 
the coefficients Q must solve the equations 

diVL - ( Wi + 0)^* = 0. (11.19) 

The system of 5D vacuum Einstein equations, RP a = 0, reduces to a system of 
nonlinear equations with separation of variables, 

R\ = 0, R\ = 0, Ra = 0, i?5j = 0, 

which together with (|11.19j) can be solved in general form For any given values of g 2 
(or g 3 ), h 4 (or h 5 ) and Q, and stated boundary conditions we can define consequently 
the set of metric coefficients ^(or g 2 ), h 4 (or h 4 ), Wi, rii and Q. 

The introduced ansatz can be used also for constructing solutions of 5D and 4D 
Einstein equations with nontrivial energy-momentum tensor 

The non-trivial diagonal components of the Einstein tensor, G^ = Rg — \R5^ for 
the metric ([11.5)1 . given with respect to anholonomic frames, are 

G\ = - (i?2 + S 4 ) > ^2 = ^3 = — ^4) G\ = G\ = -R\. (11.20) 

So, we can extend the system of 5D vacuum Einstein equations by introducing matter 
fields for which the energy-momentum tensor T a/ g given with respect to anholonomic 
frames satisfy the conditions 

Tj = T£ + Ti Tl = Tlj, Tt = Tjj. (11.21) 
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We note that, in general, the tensor T a p may be not symmetric because with respect 
to anholonomic frames there are imposed constraints which makes non symmetric the 
Ricci and Einstein tensors [U El Oj • 

In the simplest case we can consider a "vacuum" source induced by a non-vanishing 
4D cosmological constant, A. In order to satisfy the conditions (jll.21|) the source induced 
by A should be in the form kT Q/3 = (2Ag n , Ag^), where underlined indices a, /3, ... run 
4D values 2,3,4,5. We note that in 4D anholonomic gravity the source = Ag^ 

satisfies the equalities T| = T| = Tf = Tjj. 

By straightforward computations we obtain that the nontrivial components of the 5D 
Einstein equations with anisotropic cosmological constant, Ru = 2Ag n and R^p = Agap, 
for the ansatz (jll.4|) and anholonomic metric (jll.9|) given with respect to anholonomic 
frames (jll.lOj) and (jll.llj) . are written in a form with separated variables: 

= 2Ag293 , ( ii. 22) 

2#2 2g 3 2g 3 2g 2 

h** - hl\\n^\h 4 h 5 \]* = 2Ah 4 h 5 , (11.23) 

Wifi + oii = 0, (11.24) 

n**+7< = 0, (11.25) 

difl - (wi + Qtt* = 0. (11.26) 



where 

on = dihl - h* 5 di In vTMsI, P = 2Ah 4 h 5 , 7 = 3h* 5 /2h 5 - h*Jh A . (11.27) 



In the vacuum case (with A = 0) these equations are compatible if (5 = a,i = which 
results that Wi (x % , v) could be arbitrary functions; this reflects a freedom in definition 
of the holonomic coordinates. For simplicity, for vacuum solutions we shall put Wi = 0. 
Finally, we remark that we can "select" 4D Einstein solutions from an ansatz (jll.2j) or 
()11.4j) by considering that the metric coefficients do not depend on variable x , which 
mean that in the system of equations (jll.22|) - (J11.26|) we have to deal with 4D values 
Wi (x~, v) , rii (x-, v) , Ci {x-, v) , and h 4 (x-, v) , h 5 (x-, v) , Vl (2-, v) . 



11.3 5D Black Tori 

Our goal is to apply the anholonomic frame method as to construct such exact so- 
lutions of vacuum (and with cosmological constant) 5D Einstein equations as they have 
a static toroidal horizon for a metric ansatz 1)11.2)1 or (jll.4j) which can be diagonalized 
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with respect to some well defined anholonomic frames. Such solutions are defined as 
some anholonomic transforms of the Schwarzschild solution to a toroidal configuration 
with non-trivial topology. In general form, they could be defined with warped factors, 
running constants (in time and extra dimension coordinate) and nonlinear polarizations. 



11.3.1 Toroidal deformations of the Schwarzschild metric 

Let us consider the system of isotropic spherical coordinates (p,9,(p), where the 
isotropic radial coordinate p is related with the usual radial coordinate r via the relation 
r = p(l + r g /Ap) 2 for r g = 2G[4]m Q /c 2 being the 4D gravitational radius of a point 
particle of mass mo, G[4] = l/Mp^ is the 4D Newton constant expressed via Plank 
mass Mpu] (following modern string/brane theories, Mpui can be considered as a value 
induced from extra dimensions). We put the light speed constant c = 1. This system of 
coordinates is considered for the so-called isotropic representation of the Schwarzschild 
solution [HI] 

ds i= ^|ziy^_ p 2^P + l^ (dp 2 +p 2 de 2 + p 2 sm 2 edtp 2 ), (11.28) 

where, for our further considerations, we re-scaled the isotropic radial coordinate as 
p — p/pg, with p g = r g /4. The metric (jll.28j) is a vacuum static solution of 4D Einstein 
equations with spherical symmetry describing the gravitational field of a point particle of 
mass m . It has a singularity for r = and a spherical horizon for r = r g , or, in re-scaled 
isotropic coordinates, for p = 1. We emphasize that this solution is parametrized by a 
diagonal metric given with respect to holonomic coordinate frames. 

We also introduce the toroidal coordinates (in our case considered as alternatives to 
the isotropic radial coordinates) 9 J (er, r, <p), running values — tx <a<7r,0<T<oo,0< 
ip < 2tt, which are related with the isotropic 3D Cartezian coordinates via transforms 

psinhr _ psinhr psinhcr 

x = — cosp,y = — sin<p,5= — (11.29) 

cosh t — cos a cosh r — cos a cosh r — cos a 

and define a toroidal hypersurface 

2 ~2 



\ sinn t J smt 



sinh 2 r 



The 3D metric on a such toroidal hypersurface is 



da 1 + g 

TT 
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where 

p 2 p 2 sinh 2 r 

9 era — 9tt — ~ : ~2 > 9fxp = ~, \ 72 ' 

(cosh r — cos a) (cosh r — cos a) 

We can relate the toroidal coordinates (a, r, <p) from (jl(J.53j) with the isotropic radial 
coordinates (p,Q,ip), scaled by the constant p g , from (jll.28j) as 

p = 1, sinh -1 r = p 

and transform the Schwarzschild solution into a new metric with toroidal coordinates by 
changing the 3D radial line element into the toroidal one and stating the it-coefficient 
of the metric to have a toroidal horizon. The resulting metric is 

ds 2 = ( S[ni " T ~ l \ dt 2 -p 2 a (sinh T + 2 (da 2 + dr 2 + sinh 2 rdip 2 ) } , (11.30) 
{s > \smhr + lj ^(coshr-cosa) 2 V yJ 

Such deformed Schwarzschild like toroidal metric is not an exact solution of the vacuum 
Einstein equations, but at long radial distances it transform into usual Schwarzschild 
solution with the 3D line element parametrized by toroidal coordinates. 

For our further considerations we introduce two Classes (A and B) of 4D auxiliary 
pseudo-Riemannian metrics, also given in toroidal coordinates, being some conformal 
transforms of ([11.30)1 . like 

ds 2 S ) = Va,b (<t, r) ds 2 (AB) 
but which are not supposed to be solutions of the Einstein equations: 



Metric of Class A: 



ds 2 (A) = -da 2 - dr 2 + a(r)dy 2 + b(a,r)dt 2 ], (11.31) 



where 



\2 i i \2 

a(r) = — sinh r and b(a, r) 



__ (sinhr — 1) (cosh r — cos a) 



p 2 g (sinhr + 1) 

which results in the metric flll.30j) by multiplication on the conformal factor 



■l 



n ( \ 2 (sinhr + 1) 

n A (<7,T)=p- -2- (11.32) 

(cosh r — cos a) 
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Metric of Class B: 

ds\ B) = g{r) {da 2 + dr 2 ) - dip 2 + f(a, r)dt 2 , (11.33) 



where 



g {r) = - sinh 2 t and f(a, r) = p 2 



sinh t — 1 
cosh r — cos a 



which results in the metric (I11.3U)) by multiplication on the conformal factor 

„ . , n (cosh r — cos a) 2 

a -^ = "f (slnhT + 1) , • 

We shall use the metrics (|11.30p . (|11.31|) and ()11.33|) in order to generate exact solu- 
tions of the Einstein equations with toroidal horizons and anisotropic polarizations and 
running of constants by performing corresponding anholonomic transforms as the solu- 
tions will have a horizon parametrized by a torus hypersurface and gravitational (extra 
dimensional, or nonlinear 4D) renormalizations of the constant p g of the Schwarzschild 
solution, p g — > ~p g = upg, where the dependence of the function u on some holonomic 
or anholonomic coordinates will depend on the type of anisotropy. For some solutions 
we shall treat u as a factor modelling running of the gravitational constant, induced, 
induced from extra dimension, in another cases we will consider u as a nonlinear gravi- 
tational polarization which models some anisotropic distributions of masses and matter 
fields and/or anholonomic vacuum gravitational interactions. 



11.3.2 Toroidal 5D metrics of Class A 

In this subsection we consider four classes of 5D vacuum solutions which are related 
to the metric of Class A (jll.31j) and to the toroidally deformed Schwarzschild metric 
(ITPUD . 

Let us parametrize the 5D coordinates as (x 1 = x,x 2 = <r,x 3 = r,y 4 = v,y 5 = p) , 
where the solutions with the so-called (^-anisotropy will be constructed for (v — <p,p — t) 
and the solutions with t-anisotropy will be stated for (y = t, p = tp) (in brief, we write 
respectively, (^-solutions and t-solutions) . 

Class A of vacuum solutions with ansatz (jll.2|) : 

We take an off-diagonal metric ansatz of type (jll.2|) (equivalently, ((11.1)1 ) by repre- 
senting 

gi = ±1,5-2 = -1,03 = ~l,h 4 = Vi(^ T ,v)h m (a,T) and h 5 = 7] 5 (a,T,v)h 5{0 )(cr,T), 
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where 77 4j5 (cr, r, t>) are corresponding "gravitational renormalizations" of the metric coef- 
ficients /i4,5(o)(c, r). For yj-solutions we state = a(r) and = b(cr, r) (inversely, 
for t-solutions, /i 4 ( ) = b(a, r) and /i 5 ( ) = a(a, r)). 

Next we consider a renormalized gravitational 'constant' p g = up g , were for (p- 
solutions the receptivity uj = u (a, r, v ) is included in the gravitational polarization 
rj 5 as 77 5 = [u (cr, r, y)]~ 2 , or for t-solutions is included in 774, when 774 = [a; (cr, r, t)]~ 2 . 
We can construct an exact solution of the 5D vacuum Einstein equations if, for explicit 
dependencies on anisotropic coordinate, the metric coefficients /i 4 and h 5 are related by 
the equation (jll.23j) . which in its turn imposes a corresponding relation between 774 and 



774/14(0) = /l( )^5(0) 



(0) 



const. 



In result, we express the polarizations 774 and 775 via the value of receptivity ui, 
Vi (X 0", 7", ¥>) = ^(o) „,\ { (x, °"> r > ¥>)] } > ^5 (x, o-, r, y?) = (x, a, r, y?) 



a r 



;n.34) 



for ^-solutions , and 



(X, o-, r, t) = ui (x, o-, r, t) , 77 5 (x, ct, r,t) = h 



(°) a(r) 



dta; (x, cr, r, t) 



'11.35) 



for it-solutions, where a(r) and b(a,r) are those from ([11.310 . 
For vacuum configurations, following (jll.24jh we put Wi 



0. The next step is to 



find the values of n« by introducing I14 = 774/2,4(0) and hs = 775/15(0) into the formula 
(jl 1.25|) . which, for convenience, is expressed via general coefficients 774 and 775. After two 
integrations on variable v, we obtain the exact solution 



n k (a,T,v) = n m (cx, r) + n k[2] (cr, r) / [774/ (Vws I) ]dv, rj* 5 ^ 0; (11.36) 



n k [i] (o", r) + 7i fe[2 ] (a, r) J r] 4 dv, r]* 5 = 0; 
n k [i] (cr, r) + n fc[2 ] (cr, r) / [1/(a/|7t7|) 3 ]c/w, 77* = 0, 



with the functions n^p] (cr, r) are defined as to contain the values h 2 ^, a(r) and b(a, r). 



By introducing the formulas (jll.34j) for ^-solutions (or (jll.35[) for i-solutions) and 
fixing some boundary condition, in order to state the values of coefficients n&p.^] (cr, r) we 
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can express the ansatz components (cr, r, ip) as integrals of some functions of u (cr, t, ip) 
and d^oj (cr, r, ip) (or, we can express the ansatz components nu (cr, r, t) as integrals of 
some functions of u(a,T,t) and dtu> (cr, r, £)). We do not present an explicit form of 
such formulas because they depend on the type of receptivity u — uj (a, r, v) , which 
must be defined experimentally, or from some quantum models of gravity in the quasi 
classical limit. We preserved a general dependence on coordinates (cr, r) which reflect the 
fact that there is a freedom in fixing holonomic coordinates (for instance, on a toroidal 
hypersurface and its extensions to 4D and 5D spacetimes). For simplicity, we write that 
rii are some functionals of {cr, r, uj (cr, r, v) , u* (cr, r, v)} 

rii{a, r, u, lo*} = m{a, t, lo (cr, r, v) , u* (a, r, v)}. 

In conclusion, we constructed two exact solutions of the 5D vacuum Einstein equa- 
tions, defined by the ansatz (jll.2j) with coordinates and coefficients stated by the data: 

^-solutions : (x 1 = x, x 2 = a, x 3 = r, y 4 = v = ip, y 5 = p = t), g\ = ±1, 
92 = -l,9a = -1,^4(0) = a(r),/i5 (0) = 6(<r,r),Bee (|1L3]J; 
h 4 = r} 4 (a,T,(p) h m , h 5 = r] 5 (a, r, <p) h m , 

V4 = h fo)-^y { i^ 1 (x,v,T,(p)]*} 2 ,rj5 = (x,0,t,<p) , 

Wi = 0,rii{a, t,u,uj*} = rii{cr, r,u {a, r, <p) ,u* (a, r, ip)}. (11.37) 



and 



i-solutions : (x 1 = x, = a, x 3 = t, y 4 = v = t, y 5 = p = ip) , g\ = ±1, 
g 2 = -1,5-3 = -l,/i4(o) = K°") T )>^5(o) = a(r),see (JIOIJ); 
h 4 = rj 4 (a,r,t) h m , h 5 = rj 5 (a,T,t) h m , 

,6(cr,r) r " 



r] 4 = uj (x, cr, T,t),rj 5 = h 



(o) 



dt w 1 (x, cr, r, t) 



a{T) 

Wi = 0,rii{<T,T,u),L}*} = rii{a,T,uj (cr, r, t) ,ou* (cr, r, t)}. (11.38) 

Both types of solutions have a horizon parametrized by torus hypersurface (as the 
condition of vanishing of the "time" metric coefficient states, i. e. when the function 
b(a, t) = 0). These solutions are generically anholonomic (anisotropic) because in the 
locally isotropic limit, when r] 4 ,r] 5 , lu — > 1 and rii — > 0, they reduce to the coefficients 
of the metric (jll.31j) . The last one is not an exact solution of 4D vacuum Einstein 
equations, but it is a conformal transform of the 4D Schwarzschild metric deformed to 
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a torus horizon, with a further trivial extension to 5D. With respect to the anholonomic 
frames adapted to the coefficients rij (see (lll.fjjl ). the obtained solutions have diagonal 
metric coefficients being very similar to the metric (jf f .3()j) written in toroidal coordinates. 
We can treat such solutions as black tori with the mass distributed linearly on the circle 
which can not transformed in a point, in the center of torus. 

The solutions are constructed as to have singularities on the mentioned circle. The 
initial data for anholonomic frames and the chosen configuration of gravitational inter- 
actions in the bulk lead to deformed toroidal horizons even for static configurations. The 
solutions admit anisotropic polarizations on toroidal coordinates (a, r) and running of 
constants on time t and/or on extra dimension coordinate x- Such renormalizations of 
constants are defined by the nonlinear configuration of the 5D vacuum gravitational field 
and depend on introduced receptivity function to (cr, r, v) which is to be considered an in- 
trinsic characteristics of the 5D vacuum gravitational 'ether', emphasizing the possibility 
of nonlinear self-polarization of gravitational fields. 

Finally, we point that the data (jll.37|) and (jll.38|) parametrize two very different 
classes of solutions. The first one is for static 5D vacuum black tori configurations with 
explicit dependence on anholonomic coordinate <p and possible renormalizations on the 
rest of 3D space coordinates a and r and on the 5th coordinate \. The second class of 
solutions is similar to the static ones but with an emphasized anholonomic running on 
time of constants and with possible anisotropic dependencies on coordinates (a, r, x\ 

Class A of vacuum solutions with ansatz (jll.4|) : 

We construct here 5D vacuum ip- and t-solutions parametrized by an ansatz with 
conformal factor Q(a, r, v) (see flll.4|) and (jll.9j0 . Let us consider conformal factors 
parametrized as Q = Q[o\(cr, r)Q[i](a, r, v ). We can generate from the data (jll.37|) (or 
(jll.38|0 an exact solution of vacuum Einstein equations if there are satisfied the condi- 
tions (fTTT71). (fTTTTHl) and ITTTTOIt . i. e. 

for some integers q\ and q 2 , and there are defined the second anisotropy coefficients 

Ci = (0iin|ft [O ])l) Mn {1] \y + (n^y 1 d^. 

So, taking a (p- or t-solution with corresponding values of /14 = 774/14(0), for some qi and 
q2, we obtain new exact solutions, called in brief, (p c - or t c -solutions (with the index "c" 
pointing to an ansatz with conformal factor), of the vacuum 5D Einstein equations given 



11.3. 5D BLACK TORI 



399 



in explicit form by the data: 



and 



<y9 c -solutions 

92 

h,f 

Wi 

t c -solutions 

92 
Wi 

Ci 



(x 1 = x,x 2 



c 3 = r,y 4 = v = Lf, y 5 



V = t),gi = ±1, 
1, 93 = -1, h m = o(r), h m = b(a, r), see (|11.31|); 



774(0-, r, <f)h m ,h 5 = 775(0-, r, y?)/i 5 (o), 

2 b(a,T) rr _ n , .n*-,2 



(0)" 



a r 



{[w 1 (x,o",r, v?)]*} ,rj b = u 2 (x, a, r, y>) , (11.39) 



0, n^a, r, w, u;*} = ra^cr, r, cj (a, r, <p) , (a, r, <p)}, 

(diin\n [0] )\) (in !%]!)* + (nf 1] )- 1 9 i n [1] , 



' il/92 (a,r)^ /9 >,r,^), fi = r)%](a, r, <p) 



(x 1 = X} x 2 = a, x 3 = r, = v = t, y 5 = p = <p), g x = ±1, 
-1, 03 = -1, 6-4(0) = b(<j, r), /i 5(0) = a(r), see (|11.31|); 
774(0, r, t)/i 4 (o), ^5 = ^(c, r, £)/i 5 (o), 



dt u 1 (x, cr, r, t) 



-2/ + N 1 1 -2 6 (°'> T ) 

w (x, r , *) , V5 = h (0) — — — 

( ' a[r) 

0, rii{a, r, u, u*} = rii{cr, r, u (cr, r, t) , u* (a, r, t)}, 

(di\n\n [0] )\) (\n\n m \y + (n* m y l d^w, 



1 2 



[UAO) 



These solutions have two very interesting properties: 1) they admit a warped factor 
on the 5th coordinate, like fi?V 9a ~ exp[— k\x\], which in our case is constructed for an 
anisotropic 5D vacuum gravitational configuration and not following a brane configura- 
tion like in Refs. [7j; 2) we can impose such conditions on the receptivity u(a,r,v) as 
to obtain in the locally isotropic limit just the toroidally deformed Schwarzschild metric 
flll.3()j) trivially embedded into the 5D spacetime. 

We analyze the second property in details. We have to chose the conformal factor as 
to be satisfied three conditions: 



iZ [0] — V4— V5 — J- , 

were Qa is that from (jll.32j) . The last two conditions are possible if 



11.41) 



11.42) 
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which selects a specific form of receptivity u(x l ,v). Putting into (jll.42j) the values 
r/4 and rj 5 respectively from (J11.39)) . or (J11.40)) . we obtain some differential, or integral, 
relations of the unknown u (cr, r, v ) , which results that 

u(a,T,(p) = (1 - qi/q2y 1 ~ qi/q2 h^^/\a/b\(p + lu [0] (cr, r) , for ^-solutions; 
u(a,T,t) = (qi/q 2 — 1) h(o)\/\a/b\t + U[i](a,r) , for t c -solutions, (11.43) 

for some arbitrary functions u>[ ] (cr, r) and uj^ (cr, r) . So, a receptivity of particular form 
like ()11.43|) allow us to obtain in the locally isotropic limit just the toroidally deformed 
Schwarzschild metric. 

We conclude this subsection: the vacuum 5D metrics solving the Einstein equations 
describe a nonlinear gravitational dynamics which under some particular boundary con- 
ditions and parametrizations of metric's coefficients can model anisotropic, topologically 
not-trivial, solutions transforming, in a corresponding locally isotropic limit, in some 
toroidal or ellipsoidal deformations of the well known exact solutions like Schwarzschild, 
Reissner-Nordstrom, Taub NUT, various type of wormhole, solitonic and disk solutions 
(see details in Refs. [H 121 El)- We emphasize that, in general, an anisotropic solution 
(parametrized by an off-diagonal ansatz) could not have a locally isotropic limit to a 
diagonal metric with respect to some holonomic coordinate frames. This was proved in 
explicit form by choosing a configuration with toroidal symmetry. 



11.3.3 Toroidal 5D metrics of Class B 

In this subsection we construct and analyze another two classes of 5D vacuum solu- 
tions which are related to the metric of Class B (jll.33j) and which can be reduced to the 
toroidally deformed Schwarzschild metric (jll.30j) by corresponding parametrizations of 
receptivity ui (a, t, v). We emphasize that because the function g(a, r) from (jll.33|) is not 
a solution of equation !)! 1.22)1 we introduce an auxiliary factor w (a, r) for which wg be- 
came a such solution, then we consider conformal factors parametrized as Q = w^ 1 (a, r) 
flpj] (cr, t, v) and find solutions parametrized by the ansatz (jll.4j) and anholonomic metric 
interval fTTH)) . 

Because the method of definition of such solutions is similar to that from previous 
subsection, in our further considerations we shall omit computations and present directly 
the data which select the respective configurations for ^-solutions and t c -solutions. 

The Class B of 5D solutions with conformal factor are parametrized by the data: 
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^-solutions 

92 



h 



and 



4(0) 

w 

Wi 

Ci 



t c -solutions 

92 
^4(0) 
W 

hi 

n-i 

Wi 

G 



3 4 

a,x =r,y 



v = v,y 5 =p = t),gi = ±i, 



[x =x,x 
93 = w((T,T)g(a, r), 
-w(a, r), h 5 (o) = w(a, r)f(cr, r), see 
g _1 (o, T)tu exp[a 2 o + a 3 r], tz7 ,a 2 ,a 3 = const; 
774(0", r,(p)h m ,h 5 = n 5 (a,r, (f)h m , 

- h (o)f(<r,T) {[(J' 1 (x,cr,r,(p)]*} , r/ 5 = c^ 2 (x, o, r, <p) , (11.44) 
0, ^{a, r, w, cj*} = n;{o, r, cj (a, r, y>) , u* (o, r, y?)}, 
0iln|tz7|) (ln|fi [2 ]|)*+ (Q^y 1 ditt [2 ], 

T-^Ca, r)ng, /a> ((7, r, p), n = ^(o, r)n M (a, r, 



= X, x = a,x =r,y 
93 = w(a, r)g(a,r), 

™(<7,T)f((T,T),h5(p) ~- 



t,y 5 =p = <p),gi = ±1, 



ro^cr, t), see 



(^(o, r)w exp[a 2 o + a 3 r], ro , 612,^3 = const, 
774(0-, r, t)/i 4 ( ), h 5 = 775(0-, r, t)/i 5(0 ), 



<*> (x,°,T,t) ,rj 5 = -h (0) f((J,T) 



dt lv (x, o, r, i) 



, (11.45) 



0, rij{o-, r, u;*} = 7ij{o, r, cj (o, r, t) , ^* (o, r, t)}, 



f (liiM) (m|^ 2] |)* + (q 2] ) 

,31. 
-[2] 



-W 



-^(a,r)n%{ q2 (a,T,t), Q = w~\a, r)fi [2] (o, r, t), 



where the coefficients rij can be found explicitly by introducing the corresponding values 
774 and n 5 in formula (jll.36|) . 

By a procedure similar to the solutions of Class A (see previous subsection) we 
can find the conditions when the solutions (jll.44j) and 1)11.45)1 will have in the locally 
anisotropic limit the toroidally deformed Schwarzschild solutions, which impose corre- 
sponding parametrizations and dependencies on fip] (a, r, v) and u(a,r,v) like fill .41)) 
and f)11.43j) . We omit these formulas because, in general, for anholonomic configurations 
and nonlinear solutions there are not hard arguments to prefer any holonomic limits of 
such off-diagonal metrics. 
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Finally, in this Section, we remark that for the considered classes of black tori solu- 
tions the so-called t-components of metric contain modifications of the Schwarzschild 
potential 

$ = -T79 mto $ = ,V ~ , 

M| [4] r M 2 P[4 r 

where Mp[4] is the usual 4D Plank constant, and this is given with respect to the corre- 
sponding anholonomic frame of reference. The receptivity u (a, r, v) could model correc- 
tions warped on extra dimension coordinate, Xi which for our solutions are induced by 
anholonomic vacuum gravitational interactions in the bulk and not from a brane config- 
uration in AdS§ spacetime. In the vacuum case A; is a constant which characterizes the 
receptivity for bulk vacuum gravitational polarizations. 



11.4 4D Black Tori 

For the ansatz (|11.2|) . with trivial conformal factor, a black torus solution of 4D 
vacuum Einstein equations was constructed in Ref. PQ. The goal of this Section is to 
consider some alternative variants, with trivial or nontrivial conformal factors and for 
different coordinate parametrizations and types of anisotropies. The bulk of 5D solutions 
from the previous Section are reduced into corresponding 4D ones if we eliminate the 
5th coordinate x from the the off-diagonal ansatz (jll.2|) and (jll.4|) and corresponding 
formulas and solutions. 

11.4.1 Toroidal 4D vacuum metrics of Class A 

Let us parametrize the 4D coordinates as (x l , y a ) = (x 2 = a, x 3 = r, y A = v , y 5 = p) ; 
for the (^-solutions we shall take (v = ip, p = t) and for the solutions t-solutions will 
consider (v = t,p = ip). For simplicity, we write down the data for solutions without 
proofs and computations. 



Class A of vacuum solutions with ansatz (|11.2|) : 

The off-diagonal metric ansatz of type (jll.2|) (equivalently, (I11.5J1 ) with the data 
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and 



^-solutions 

92 

hi 



t-solutions 

92 

hi 
Hi 

Wi 



(x 2 = a,x 3 = r,y 4 = v = ip,y 5 = p = t) 

-1, g 3 = -1, h m = a(r), h m = b(a, r), see (|11.31|); 

774 (cr, t, (f)h 4 ( ), h = f] 5 {a, r, y?)/i 5 (o), 

^(o) h a{r) ^ ^' r ' ^)]*} 2 ' ^ 5 = ^ r ' ^ ' 

0, rii{a, t, to, u*} = rii{a, r, to (cr, r, tp) , u* (a, r, if)}. (11.46) 



,: i 4 

a,x =r,y 



v = t,y 5 =p = ip) 
-l,g 3 = -1, h m = b(a, r), h m = a(r), see pi.31|) 
774 (ex, r, t) /z 4 ( ) ,h 5 = rj 5 (a, r, i) /i 5(0 ) , 



-2,_ f \ r-2%il) 

> a(r) 



w 2 (cr, r, t),i] 5 = h: 



dt uj (cr, r, t) 



0, 7ii{a, r, u, u*} = n t _{a, r, u (cr, r, £) , u;* (cr, r, £)}. 



where the are computed 



n k (a,r,v) = 7i fc[ i] (<t,t) +n fc[2 ] (<t,t) / [W(v M) ]dv, ^ 0; (11.4 



"fc[i] (cr, r) + n fe [ 2 ] (cr, r) / ^df , % = 0; 
n k [i] (cr, r) + n k[2] (cr, r) / [1/ (\f\r]s\f}dv , ^ = 0. 



;il.47) 



when the integration variable is taken v — ip, for ()11.4fij) . or v = t, for 1)11.47)1 . These 
solutions have the same toroidal symmetries and properties stated for their 5D analogs 
(jll.37)) and for ()11.38)) with that difference that there are not any warped factors and ex- 
tra dimension dependencies. Such solutions defined by the formulas ()11.46|) and (|11.47|) 
do not result in a locally isotropic limit into an exact solution having diagonal coeffi- 
cients with respect to some holonomic coordinate frames. The data introduced in this 
subsection are for generic 4D vacuum solutions of the Einstein equations parametrized 
by off-diagonal metrics. The renormalization of constants and metric coefficients have 
a 4D nonlinear vacuum gravitational nature and reflects a corresponding anholonomic 
dynamics. 
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Class A of vacuum solutions with ansatz (jll.4|) : 

The 4D vacuum (p- and t-solutions parametrized by an ansatz with conformal factor 
Q(a, t, v) (see f)11.4j) and (jll.9j) ). Let us consider conformal factors parametrized as 
Q = fl[o](cr, T)f2[i](cx, r, v). The data are 

V? c -solutions : (x 2 = cr, x 3 = r, y 4 = v = ip, y 5 = p = t) 

92 = -1,5-3 = -l,^4(o) = a(r),/i 5 (o) = 6(o-,r), see (HU3U); 

h 4 = r] 4 (a,r,Lp)h m ,h 5 = rj 5 (a,T, p)h m ,tt = Q [0] (a, ^^(a, t, (p) , 

Va = ^(o) b ^a(r) ^ t^" 1 ^ r ' y )]* } 2 = u ~ 2 r ' ^) ' (11.49) 
Wi = 0,rii{a, r,u,u*} = m{a, r, X,u(a, r, <p) ,u* (a, r, tp)}, 

= (9<in|n [0 ])l) (in !%]!)* + (of 1] )- 1 a i % ] , 

r? 4 a = ^{a^^ia^ip). 

and 

£ c -solutions : (x 2 = cr, x 3 = r, y 4 = v = t, y 5 = p = <p) 

92 = -1, & = -1, ^4(0) = b(a, r), h m = a(r), see (J1L31J); 

/i 4 = r] 4 (a,r,t)h 4 (Q),h = r) 5 (a,T,t)h 5 ( ),Q = fy ](cr, r)fi[i](cr, r, t), 



r? 4 = a; 2 (a, T,t) ,r) 5 = h 



_ 2 b(a, r) 



(0) 



2 



11.50) 



dt to 1 (cr, r, t) 

^ = 0,ni{a, r,cu,^*} = rii{a, t,u (a, T,t) ,u* (cr, r,t)}, 
= In |O [0] ) |) (lnmnD' + ^fi])" 1 ^], 

where the coefficients the rii are given by the same formulas (jll.48|) . 

Contrary to the solutions (jll.46j) and for (jll.47|) theirs conformal anholonomic trans- 
forms, respectively, f)11.49|) and (jll.50p . can be subjected to such parametrizations of 
the conformal factor and conditions on the receptivity uj (cr, r, v ) as to obtain in the lo- 
cally isotropic limit just the toroidally deformed Schwarzschild metric (jl 1.30)1 . These 
conditions are stated for Q^ q2 = $Ia> ^l/^Vi = 1, ^n/^Vs = l> wer e is that from 

([11.32)1 . which is possible if rj A qi ^ 92 i]^ = 1, which selects a specific form of the receptivity 
uj. Putting the values 774 and i] 5 , respectively, from (jll.49|) . or (jl 1.50)1 . we obtain some 
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differential, or integral, relations of the unknown uj (a, r, v) , which results that 

u(a,T,<p) = (1 - qi/q2y 1 ~ 9l/q2 y/\a/b\<p + uj[ ] (cr, r) , for ^-solutions; 



u(cr,T,t) = {qi/q 2 - 1) h{Q)^\a/b\t + (a, r) 



1-91/92 



for ^-solutions, 



for some arbitrary functions cjr i (a, r) and wpj (cr, r) . The formulas for uj (cr, r, <£>) and 
c<j (cr, r, i) are 4D reductions of the formulas (|11.4H1 and (J11.43|) . 

11.4.2 Toroidal 4D vacuum metrics of Class B 

We construct another two classes of 4D vacuum solutions which are related to the 
metric of Class B flll.33|) and can be reduced to the toroidally deformed Schwarzshild 
metric (jll.30j) by corresponding parametrizations of receptivity uj (a, r, v). The solu- 
tions contain a 2D conformal factor to (a, r) for which wg becomes a solution of (jll.22|) 
and a 4D conformal factor parametrized as Q = w~ l ft™ (o - , T i v ) m order to set the 
constructions into the ansatz (J11.4)) and anholonomic metric interval (J11.9)) . 

The data selecting the 4D configurations for ^-solutions and t c -solutions: 

^-solutions : (x 2 = a,x : — r,y = v = ip,y = p = t) 

92 = 93 = tv(<T,T)g(a,T), 

h m = -w(a,r),h m = w(a, r)/(<r, r), see (|LL33J; 

zu = g~ 1 zu exp[a2cr + a 3 r], wq, a 2 , 0,3 = const; 

h 4 = n 4 (a,T,ip)h m ,h 5 = r] 5 (a,T, Lp)h m ,tt = ti7 _1 (cr, r)fi [2] (cr, r, v?) 

774 = -h 2 0) f(a,T) { [a; -1 (cr, r, tp)]* } 2 ,n 5 = uT 2 (a, r, v?) , (11.51) 
Wi = 0,ni{a,T,u,u*} = rii{a,T,u (a,r,ip) ,u* (a,T,ip)}, 

d = diln\w\) (\n\Q[2]\y + (fi* 2 ])~ dP[ 2 ], 



and 
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£ c -solutions : (x 2 = a, x 3 = r, y 4 = v = t, y 5 = p = ip) 

92 = 93 = tu(a,r)g(a,T), 

h m = m(a, r)f(a, r), h m = -w(a, r), see (jl 1.331): 

zu = g~ 1 zu exp[a2<J + cl 3 t], zuo, a 2 , a 3 = const, 



~1 2 

r] 4 = uj~ 2 (cr,T,t) ,775 = -h7^f(a,r) 



dt uj 1 (er, r, t) 



11.52) 



"(0). 

Wi = 0,rii{a, t,uj,u*} = m{a, T,u(a, T,t) ,u* (a, r,t)}, 
(i = di(ln\w\) (ln|fi [2 ]|)*+ (fif 2 ]) _ difl[ 2 ], 

where the coefficients can be found explicitly by introducing the corresponding values 
r/ 4 and r/ 5 in formula (jll.36|) . 

For the 4D Class B solutions, some conditions can be imposed (see previous sub- 
section) when the solutions ()11.51|) and ()11.52j) have in the locally anisotropic limit the 
toroidally deformed Schwarzschild solution, which imposes some specific parametriza- 
tions and dependencies on fi[2](er, r, v) and uj (a, r, v) like ()11.41j) and (|11.4H|1 . We omit 
these considerations because for anholonomic configurations and nonlinear solutions 
there are not arguments to prefer any holonomic limits of such off-diagonal metrics. 

We conclude this Section by noting that for the constructed classes of 4D black tori 
solutions the so-called t-component of metric contains modifications of the Schwarzschild 
potential 

M Muj(a,T,v) 

$ = ^ into $ = y - , 

M 2 m r M 2 p[4] r 

where Mpw is the usual 4D Plank constant; the metric coefficients are given with respect 
to the corresponding anholonomic frame of reference. In 4D anholonomic gravity the 
receptivity uj (a, r, v ) is considered to renormalize the mass constant. Such gravitational 
self-polarizations are induced by anholonomic vacuum gravitational interactions. They 
should be defined experimentally or computed following a model of quantum gravity. 



11.5 The Cosmo logical Constant and Anisotropy 

In this Section we analyze the general properties of anholonomic Einstein equations 
in 5D and 4D gravity with cosmological constant and consider two examples of 5D and 
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4D exact solutions. 

A non-vanishing A term in the system of Einstein's equations results in substantial 
differences because t (3 ^ and, in this case, one could be Wi ^ 0; The equations (jll.22|) 
and f)11.23|) are of more general nonlinearity because of presence of the 2Ag2<?3 arid 2hhji§ 
terms. In this case, the solutions with gi = const and #3 = const (and = const and 
/15 = const) are not admitted. This makes more sophisticate the procedure of definition 
of (72 for a stated g% (or inversely, of definition of #3 for a stated #2) from (jll.22j) [similarly 
of constructing /i 4 for a given h§ from f)11.23j) and inversely], nevertheless, the separation 
of variables is not affected by introduction of cosmological constant and there is a number 
of possibilities to generate exact solutions. 

The general properties of solutions of the system (J11.22j) - (jll.26|) . with cosmological 
constant A, are stated in the form: 

• The general solution of equation (jll.22|) is to be found from the equation 

ww" - {w'f + ww" - (vo') 2 = 2Aw 3 . (11.53) 
for a coordinate transform coordinate transforms x 2 ' 3 — > x 2,3 (u, A) for which 

5-2(0", r)(da) 2 + g 3 (a, r)(dr) 2 -> w [(dx 2 ) 2 + e(dx 3 ) 2 ] , e = ±1 
and w* = dzu/dx 2 and m = dzu/dx 3 . 

• The equation f)11.23|) relates two functions /i 4 (cr, r, v ) and h 5 (a, r, v) with h* b 7^ 0. 
If the function /i 5 is given we can find /14 as a solution of 

K + — (K) 2 + 2 (— -7rV 4 = 0, (11.54) 



7T \ 7T 



where tc = h\/2h^. 

The exact solutions of (jll.24|) for (3 7^ is 

Wk = -a k /P, (11.55) 
= d k ln[yf\h^\/\hWdMv¥J^\/\K\}, 

for d v = d/dv and h\ ^ 0. 
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The exact solution of (jll.25j) is 



n k = n^(a,r) +n k[2 ]{a,T) J [hi/(^/\h^\f]dv, (11.56) 
= n fc [i] (a, r) + n k[2] (a, r) / [1 / (^/\h^\) 3 ]dv , h\ = 0, 



for some functions rim^] (c, r) stated by boundary conditions. 
• The exact solution of (jll.26j) is given by 

Q = - Wi + (fi*)- 1 ^, VI* 0, (11.57) 

We note that by a corresponding re-parametrizations of the conformal factor 
Q (cr, r, v) we can reduce (lll.53|) to 

zuzu" - {w'f = 2Aw 3 (11.58) 

which gives and exact solution w = w (x 2 ) found from 



TJJ 



x2 



uj 3 (Cw 1 + 4A) , C = const, 



(or, inversely, to reduce to 

zuzu" - (w') 2 = 2Azu 3 
with exact solution w = w (x 3 ) found from 

[w'f = w 3 (Cw- 1 + AA),C = const). 

The inverse problem of definition of h$ for a given h 4 can be solved in explicit form when 
= 0, /14 = /i 4 ( )(<7, r). In this case we have to solve 

K + %^ " 2M m h 5 = 0, (11.59) 

which admits exact solutions by reduction to a Bernulli equation. 

The outlined properties of solutions with cosmological constant hold also for 4D 
anholonomic spacetimes with "isotropic" cosmological constant A. To transfer general 
solutions from 5D to 4D we have to eliminate dependencies on the coordinate x 1 and to 
consider the 4D ansatz without gu term. 
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11.5.1 A 5D anisotropic black torus solution with cosmological 
constant 

We give an example of generalization of ansiotropic black hole solutions of Class A 
, constructed in the Section III as they will contain the cosmological constant A; we 
extend the solutions given by the data pi.39j) . 

Our new 5D ip- solution is parametrized by an ansatz with conformal factor Q(x l , v) 
(see (jll.4|) and (|11.9Jl ) as Q = w~ 1 (a)D,[ -\(a, r)0[i] (a, r, v). The factor zu(a, r) is chosen 
as to be a solution of (jll.58|) . This conformal data must satisfy the condition (|11.18|) . i. 
e. 

for some integers c/i and q%, where 774 is found as /14 = ri^wh^ satisfies the equation 
(jll.54|) and f2[ ] (a, r) could be chosen as to obtain in the locally isotropic limit and A — > 
the toroidally deformed Schwarzschild metric (jll.30|) . Choosing h 5 = r] 5 zuh 5 ( ), r] 5 h 5 ^ is 
for the ansatz for (|11.39|) . for which we compute the value ir = /ig/2/i 5 , we obtain from 
flll.54|) an equation for 774, 

2A , . .0 fn* \ 
77 4 H K7/i4(0)(^74j +2 71- 774 = 

7T \ 7T J 

which is a Bernulli equation ^T] and admit an exact solution, in general, in non explicit 
form, r/ 4 = r^ ern \a, r, v, A, w, u>, a, 6), were we emphasize the functional dependencies on 
functions w,u,a,b and cosmological constant A. Having defined »74[& ern ], 775 and w, we 
can compute the /3— , and 7-coefficients, expressed as 

«i = af e "^(<r, r, 7j, A, -07, u,a,b), (3 = j3^ bern \a, r, u, A, -07, tu, a, 6) 

and A, cur, cj, a, 6), following the formulas 

The next step is to find 

Wi = wf ern ^ (a, r, v, A, w, u, a, b) and rti = nf ern ^ (cr, r, v, A,m,uj, a, b) 

as for the general solutions and 

At the final step we are able to compute the the second anisotropy coefficients 

q = - w f ern] + (dMzu- 1 ^) (in !%]!)* + (n^y 1 d t n m , 

which depends on an arbitrary function fi[o](o", r). If we state Q[o](a, r) = Qa, as for Qa 
from (jll.33|) . see similar details with respect to formulas (jll.41|) . (|11.42jl and (jll.43|) . 
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The data for the exact solutions with cosmological constant for v = ip can be stated 
in the form 

(^-solutions : (x 1 = x, x 2 = a, x 3 = r, y 4 = v = f, y 5 = p = t), g\ = ±1, 

g 2 = w(a),g 3 = w{a), 

h m = a(r),h 5 (p) = b(a, r),see (jl l.Hljl and (jll.ftSjl: 

h 4 = rj 4 (cr, r, if)w(a)h m ,h b = r] b (a, t, f)w(a)h 5(0 ), 

r) 4 = r)l ern \<T,T,v, A,w,uj,a,b),r] 5 = uj~ 2 (x,a,r,if) , (11.60) 

Wi = vof ern \<T, t, v, A, za, u, a, b), 

Tit = nf eTri \a,T,v,A,w,u,a,b), 

Q = w' 1 (a)Vt\ f)] {a,T)VL [l] {a,T,if),ri A a = Q^j 92 (a, r) Q^j 92 (a, r, (p) . 

Ci = -wf^ + ^ln^-^o])!) (ln|n [1] |)* + (fif 1] )" 1 5 i O [1] . 

We note that a solution with v = t can be constructed as to generalize (jll.40|) to 
the presence of A. We can not present such data in explicit form because in this case we 
have to define 775 by solving a solution like (|11.23J) for /i 5 , for a given h 4 , which can not 
be integrated in explicit form. 

The solution (jll.60|) preserves the two interesting properties of flll.39|) : 1) it admits 
a warped factor on the 5th coordinate, like flpj ~ exp[— k\x\], which in this case is 
constructed for an anisotropic 5D vacuum gravitational configuration with anisotropic 
cosmological constant but not following a brane configuration like in Refs. [Zj; 2) we can 
impose such conditions on the receptivity u> (a, r, f) as to obtain in the locally isotropic 
limit just the toroidally deformed Schwarzschild metric (|1 1.30(1 trivially embedded into 
the 5D spacetime. 



11.5.2 A 4D anisotropic black torus solution with cosmological 
constant 

The simplest way to construct a such solution is to take the data (jll.60j) . for v — (f, 
to eliminate the variable x an d to reduce the 5D indices to 4D ones. We obtain the 4D 
data: 
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<y9 c -solutions : (x 2 = a, x 3 = r, y 4 = v = <p, y 5 = p = t), 

g 2 = w(a),g 3 = m{o), 

/i4(o) = o(t),^5(o) = b(a,r),see fjl 1 .3 lj) and (|11.58|) : 

h 4 = r] i (a,T,ip)G7((r)h i (o),h 5 = r} 5 ((j,T,ip)G7(a)h 5 (o), 

V4 = r)f ern] (a,T,v,A } m,u,a,b) : r] 5 = uj~ 2 (a,T,(p), (11.61) 

Wi = wf ern \a, r, v, A, -07, u), a, b), 

rii = nf ern ^ (a, r, v , A, w, u, a, b) , 

Q = ro _1 (o-)fi [0] (cr,r)fi [1] (cr,r,v5),?74a = fij] r)ng /,a (<7, r, 

c . = - w fH + ( 9 . ln | ro -iQ [0] )|) ( ln + (n* ] )- 1 a f j2 [1] . 

The solution f)l l.Cjlj) describes a static black torus solution in 4D gravity with cosmolog- 
ical constant, A. The parameters of solutions depends on the A as well are renormalized 
by nonlinear anholonomic gravitational interactions. We can consider that the mass as- 
sociated to such toroidal configuration can be anisotropically distributed in the interior 
of the torus and gravitationally polarized. 

Finally, we note that in a similar manner like in the Sections III and IV we can 
construct another classes of anisotropic black holes solutions in 5D and 4D spacetimes 
with cosmological constants, being of Class A or Class B, with anisotropic ^-coordinate, 
or anisotropic t-coordinate. We omit the explicit data which are some nonlinear anholo- 
nomic generalizations of those solutions. 



11.6 Conclusions and Discussion 

We have shown that static black tori solutions can be constructed both in vacuum Ein- 
stein and five dimensional (5D) gravity. The solutions are parametrized by off-diagonal 
metric ansatz which can diagonalized with respect to corresponding anholonomic frames 
with mixtures of holonomic and anholonomic variables. Such metrics contain a toroidal 
horizon being some deformations with non-trivial topology of the Schwarzschild black 
hole solution. 

The solutions were constructed by using the anholonomic frame method 121 El 
which results in a very substantial simplification of the Einstein equations which admit 
general integrals for solutions. 

The constructed black tori metrics depend on classes of two dimensional and three 
dimensional functions which reflect the freedom in definition of toroidal coordinates as 
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well the possibility to state by boundary conditions various configurations with running 
constants, anisotropic gravitational polarizations and (in presence of extra dimensions) 
with warping geometries. The new toroidal solutions can be extended for spacetimes 
with cosmo logical constant. 

In view of existence of such solutions, the old problem of the status of frames in 
gravity theories rises once again, now in the context of "effective" diagonalization of off- 
diagonal metrics by using anholonomic transforms. The bulk of solutions with spherical, 
cylindrical and plane symmetries were constructed in gravitational theories of diverse 
dimensions by using diagonal metrics (sometimes with off-diagonal terms) given with 
respect to "pure" coordinate frames. Such solutions can be equivalently re-defined with 
respect to arbitrary frames of reference and usually the problem of fixing some reference 
bases in order to state the boundary conditions is an important physical problem but not 
a dynamical one. This problem becomes more sophisticate when we deal with generic 
off-diagonal metrics and anholonomic frames. In this case some 'dynamical, compo- 
nents of metrics can be transformed into "non-dynamical" components of frame bases, 
which, following a more rigorous mathematical approach, reflects a constrained nonlin- 
ear dynamics for gravitational and matter fields with both holonomic (unconstrained) 
and anholonomic (constrained) variables. In result there are more possibilities in defi- 
nition of classes of exact solutions with non-trivial topology, anisotropies and nonlinear 
interactions. 

The solutions obtained in this paper contain as particular cases (for corresponding 
parametrizations of considered ansatz) the 'black ring' metrics with event horizon of 
topology S 1 x S 2 analyzed in Refs. j!2j . In our case we emphasized the presence of 
off-diagonal terms which results in warping, anisotropy and running of constants. Here 
it should be noted that the generic nonlinear character of the Einstein equations written 
with respect to anholonomic frames connected with diagonalization of off-diagonal met- 
rics allow us to construct different classes of exact 5D and 4D solutions with the same 
or different topology; such solutions can define very different vacuum gravitational and 
gravitational-matter field configurations. 

The method and results presented in this paper provide a prescription on anholonomic 
transforming of some known locally isotropic solutions from a gravity/string theory into 
corresponding classes of anisoropic solutions of the same, or of an extended theory: 

A vacuum, or non-vacuum, solution, and metrics conformally equivalent to a known 
solution, parametrized by a diagonal matrix given with respect to a holonomic (coordi- 
nate) base, contained as a trivial form of ansatz Ml.ty) . or \11.J$ , can be transformed into 
a metric with non-trivial topological horizons and then generalized to be an anisotropic 
solution with similar but anisotropically renormalized physical constants and diagonal 
metric coefficients, given with respect to adapted anholonomic frames; the new anholo- 
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nomic metric defines an exact solution of a simplified form of the Einstein equations 
M1.22]) - M1.2n}) and \11.19i) : such types of solutions are parametrized by off-diagonal 
metrics if they are re-defined with respect to usual coordinate frames. 

We emphasize that the anholonomic frame method and constructed black tori so- 
lutions conclude in a general formalism of generating exact solutions with off-diagonal 
metrics in gravity theories and may have a number of applications in modern astrophysics 
and string/M-theory gravity. 
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Chapter 12 



Ellipsoidal Black Hole - Black Tori 
Systems in 4D Gravity 

Abstract 1 

We construct new classes of exact solutions of the 4D vacuum Einstein equations 
which describe ellipsoidal black holes, black tori and combined black hole - black tori 
configurations. The solutions can be static or with anisotropic polarizations and running 
constants. They are defined by off-diagonal metric ansatz which may be diagonalized 
with respect to anholonomic moving frames. We examine physical properties of such 
anholonomic gravitational configurations and discuss why the anholonomy may remove 
the restriction that horizons must be with spherical topology. 



12.1 Introduction 

Torus configurations of matter around black hole - neutron star objects are inten- 
sively investigated in modern astrophysics |X]. One considers that such tori may radiate 
gravitational radiation powered by the spin energy of the black hole in the presence of 
non-axisymmetries; long gamma-ray bursts from rapidly spinning black hole-torus sys- 
tems may represent hypernovae or black hole-neutron star coalescence. Thus the topic 
of constructing of exact vacuum and non-vacuum solutions with non-trivial topology in 
the framework of general relativity and extra dimension gravitational theories becomes 
of special importance and interest. 

In the early 1990s, new solutions with non-spherical black hole horizons (black tori) 
were found |2 a for different states of matter and for locally anti-de Sitter space times; for 
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a recent review, see Static ellipsoidal black hole, black tori, anisotropic wormhole 
and Taub NUT metrics and solitonic solutions of the vacuum and non-vacuum Einstein 
equations were constructed in Refs. |U E]. Non-trivial topology configurations (for 
instance, black rings) are intensively studied in extra dimension gravity [H10IE]- 

For four dimensional gravity (4D), it is considered that a number of classical theorems 
P impose that a stationary, asymptotically flat, vacuum black hole solution is completely 
characterized by its mass and spin and event horizons of non-spherical topology are 
forbidden [TU|; see [TT] for further discussion of this issue. 

Nevertheless, there were constructed various classes of exact solutions in 4D and 5D 
gravity with non-trivial topology, anisotropies, solitonic configurations, running con- 
stants and warped factors, under certain conditions defining static configurations in 4D 
vacuum gravity. Such metrics were parametrized by off-diagonal ansazt (for coordinate 
frames) which can be effectively diagonalized with respect to certain anholonomic frames 
with mixtures of holonomic and anholonomic variables. The system of vacuum Einstein 
equations for such ansatz becomes exactly integrable and describe a new "anholonomic 
nonlinear dynamics" of vacuum gravitational fields, which posses generic local anisotropy. 
The new classes of solutions may have locally isotropic limits, or can be associated to 
metric coefficients of some well known, for instance, black hole, cylindrical, or wormhole 
soutions. 

There is one important question if such anholonomic (anisotropic) solutions can exist 
only in extra dimension gravity, with some specific effective reductions to lower dimen- 
sions, or the anholonomic transforms generate a new class of solutions even in general rel- 
ativity theory which might be not restricted by the conditions of Israel-Carter-Robinson 
uniqueness and Hawking cosmic cenzorship theorems [01 E2] ? 

In the present paper, we explore possible 4D ellipsoidal black hole - black torus 
systems which are defined by generic off-diagonal matrices and describe anholonomic 
vacuum gravitational configurations. We present a new class of exact solutions of 4D 
vacuum Einstein equations which can be associated to some exact solutions with el- 
lipsoidal/toroidal horizons and signularities, and theirs superpositions, being of static 
configuration, or, in general, with nonlinear gravitational polarization and running con- 
stants. We also discuss implications of these anisotropic solutions to gravity theories and 
ponder possible ways to solve the problem with topologically non-trivial and deformed 
horizons. 

The organization of this paper is as follows: In Sec. II, we consider ellipsoidal and 
torus deformations and anistoropic conformal transforms of the Schwarzschild metric. 
We introduce an off-diagonal ansatz which can be diagonalized by anholonomic trans- 
forms and compute the non-trivial components of the vacuum Einstein equations in 
Sec. III. In Sec. IV, we construct and analyze three types of exact static solutions with 
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ellisoidal-torus horizons. Sec. V is devoted to generalization of such solutions for con- 
figurations with running constants and anisotropic polarizations. The conclusion and 
discussion are presented in Sec. VI. 



12.2 Ellipsoidal/Torus Deformations of Metrics 

In this Section we analyze anholonomic transforms with ellipsoidal/torus deforma- 
tions of the Schwarzschild solution to some off-diagonal metrics. We define the conditions 
when the new 'deformed' metrics are exact solutions of vacuum Einstein equations. 

The Schwarzschild solution may be written in isotropic spherical coordinates (p, 9, <p) 

dS 2 = -Ps(^) 4 {dp 2 + p 2 d6 2 + p 2 sin 2 6d<p 2 ) (12.1) 



2 

2 



+ b^— dt 

where the isotropic radial coordinate p is related with the usual radial coordinate r via 
the relation r = p (1 + r g /Ap) 2 for r g = IG^m^jc 2 being the 4D gravitational radius of 
a point particle of mass m , G[ 4 ] = l/Mj,^ is the 4D Newton constant expressed via 
Plank mass Mpw,. In our further considerations, we put the light speed constant c = 1 
and re-scale the isotropic radial coordinate as p = p/p g , with p g = r g /4. The metric 
(J12.1J) is a vacuum static solution of 4D Einstein equations with spherical symmetry 
describing the gravitational field of a point particle of mass m . It has a singularity for 
r = and a spherical horizon for r = r g , or, in re-scaled isotropic coordinates, for ~p— 1. 
We emphasize that this solution is parametrized by a diagonal metric given with respect 
to holonomic coordinate frames. 

We may introduce a new 'exponential' radial coordinate ? = hip and write the 
Schwarzschild metric as 

ds 2 = -p 2 g b{q) {dq 2 + d6 2 + sin 2 6d<p 2 ) + a{q)dt 2 , (12.2) 

/exp?-l\ 2 (exp? + l) 4 

«W = — r ,b(q) = — —. 12.3 

\exp?+l/ (expg^ 

The condition of vanishing of coefficient a (?) , exp ? = 1, defines the horizon 3D spherical 
hypersurface 



? = ? 



P 



^a/x 2 + y 2 + z 2 
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where x, y and z are usual Cartezian coordinates. 
The 3D spherical line element 

ds 2 3) = dq 2 + d9 2 + sin 2 9d(p 2 , 

may be written in arbitrary ellipsoidal, or toroidal, coordinates which transforms the 
spherical horizon equation into very sophisticate relations (with respect to new coordi- 
nates). 

Our idea is to deform (renormalize) the coefficients 1)12.3)1 . a (q) — > A (q, 9) and 
b (q) — > B(q,9), as they would define a rotation ellipsoid and/or a toroidal horizon 
and symmetry (for simplicity, we shall consider the elongated ellipsoid configuration; the 
flattened ellipsoids may be analyzed in a similar manner). But such a diagonal metric 
with respect to ellipsoidal, or toroidal, local coordinate frame does not solve the vacuum 
Einstein equations. In order to generate a new vacuum solution we have to "elongate" 
the differentials dip and dt, i. e. to introduce some "anholonomic transforms" (see details 
in 0), like 

dip — ► 5ip + w q (<?, 9, v ) dq + w e (<r, 9, v) d9, 
dt — > 5t + n q (q,9,v) dq + n e (q,9,v) d9, 

for v = ip (static configuration), or v = t (running in time configuration) and find the 
conditions when w- and n-coeflicients and the renormalized metric coefficients define off- 
diagonal metrics solving the Einstein equations and possessing some ellipsoidal and/or 
toroidal horizons and symmetries. 

We shall define the 3D space ellipsoid - toroidal configuration in this manner: in the 
center of Cartezian coordinates we put an rotation ellipsoid elongated along axis z (its 
intersection by the xy-coordinate plane describes a circle of radius pg = \/ x 2 + y 2 ~ 
p g ); the ellipsoid is surrounded by a torus with the same z axis of symmetry, when 
— Zq < z < Zq, and the intersections of the torus with the xy-coordinate plane describe 
two circles of radia pf 1 — z = \/ x 2 + y 2 and + z = \/ x 2 + y 2 ; the parameters p\^ , p^ 
and zq are chosen as to define not intersecting toroidal and ellipsoidal horizons, i. e. the 
conditions 

pf -z > pf > (12.4) 

are imposed. 

12.2.1 Ellipsoidal Configurations 

We shall consider the rotation ellipsoid coordinates [TB] (u, A, (p) with < u < oo, < 
A < 7r, < ip < 2ir, where a = cosh-u > 1, are related with the isotropic 3D Cartezian 
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coordinates (x, y, z) as 

(x = p sinh u sin A cosy?, (12.5) 
y = p sinh u sin A sin tp,z = p cosh u cos A) 

and define an elongated rotation ellipsoid hypersurface 

(x 2 + 2/ 2 )/(a 2 -l) + 5 2 / ( T 2 =p 2 . (12.6) 

with cr = coshw. The 3D metric on a such hypersurface is 

dS ?3D) = 9u U du 2 + g\\d\ 2 + g w dip 2 , 

where 



9uu = 9\x = P 2 (sinh 2 u + sin 2 A) 



fiW = P 2 sinh^ m sin z A. 

We can relate the rotation ellipsoid coordinates 
(u, A, if) from (jl2.5j) with the isotropic radial coordinates (p, 9, <p), scaled by the constant 
p g , from ()12.1|) . equivalently with coordinates (q,9,<p) from ()12.2|1 . as 

p = 1, cosh u = p = exp <^ 

and deform the Schwarzschild metric by introducing ellipsoidal coordinates and a new 
horizon defined by the condition that vanishing of the metric coefficient before dt 2 de- 
scribe an elongated rotation ellipsoid hypersurface ()12.6j) . 

dsl = -p 2 ( C ° sh l +1 )\smh 2 u + sm 2 \) (12.7) 



cosh u 

r , 9 ,, 9 sinh 2 u sin 2 A , 9l 

x [du + dX H 9 2~ ^ J 

sinh u + sin A 

/ cosh u — 1 \ 2 ,9 

+ — 5 7 ■ 

\ cosh u + 1 / 

The ellipsoidaly deformed metric ()12.7[) does not satisfy the vacuum Einstein equations, 
but at long distances from the horizon it transforms into the usual Schwarzschild solution 

(EUi. 
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We introduce two Classes (A and B) of 4D auxiliary pseudo-Riemannian metrics, 
also given in ellipsoid coordinates, being some conformal transforms of (jl2.7j) . like 

ds 2 E = Qa(b)e (u, A) ds\^ E 

which also are not supposed to be solutions of the Einstein equations: 
Metric of Class A: 

ds 2 (AE) = -du 2 - d\ 2 + a E (u, X)d(p 2 + b E (u, X)dt 2 ], (12.8) 



where 



sinh 2 w sin 2 A 

a E {u,X) = — —2 . 2 - , (12.9) 

sinn u + sin A 

^ ^ (cosh u — l) 2 cosh 4 u 

p^(coshw + l) 6 (sinh 2 u + sin 2 A) ' 

which results in the metric f!12.7|) by multiplication on the conformal factor 

n AE {u, A) = p 2 (cQShM , + 1)4 (sinh 2 u + sin 2 A). (12.10) 
cosh u 

Metric of Class B: 

ds 2 BE = g E (u, A) (du 2 + dX 2 ) - dip 2 + f E (u, X)dt 2 , (12.11) 



where 



. , . sinh u + sin 2 A 

g E {u,X) = 



sinh 2 u sin 2 A ' 
(cosh u — l) 2 cosh u 

p^coshw + l) 6 sinh 2 u sin 2 A 



/.(«.» = -, t rr (12.12) 



which results in the metric fll2.7j) by multiplication on the conformal factor 



o - \, 2 ( cosnM + 1 ) 4 • 1 2 ■ > x 
\l BE [u, X) = p j sinh -usm A. 

cosh u 



In Ref. |7] we proved that there are anholonomic transforms of the metrics ()12.7|) . 
()12.8|) and ()12.11j) which results in exact ellipsoidal black hole solutions of the vacuum 
Einstein equations. 
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12.2.2 Toroidal Configurations 

Fixing a scale parameter p§ which satisfies the conditions ()12.4j) we define the 
toroidal coordinates (a, r, tp) (we emphasize that in in this paper we use different let- 
ters for ellipsoidal and toroidal coordinates introduced in Ref. PB]). These coordinates 
run the values — n < a < 7r, < r < oo, < (p < 2n. They are related with the isotropic 
3D Cartezian coordinates via transforms 

psinhr 

x = — cos<p, (12.13) 

cosh t — cos a 

psinhr _ p sinh a 



U — ; sin (p, z 



cosh r — cos a cosh r — cos a 

and define a toroidal hypersurface 



— _cosh t \ 2 9 p 2 

y 2 - p— r— ) + z - 



sinh t J sinh r 

The 3D metric on a such toroidal hypersurface is 



ds% D) = gauda 2 + g TT dr 2 + g^dip 2 , 



where 



_ P 2 

Quo Qtt . . 2 ' 

(cosh r — cos a) 

p 2 sinh 2 r 

9ff = 7 7 72- 
(cosh t — cos a) 

We can relate the toroidal coordinates (a, r, <p) from ()12.13|) with the isotropic radial 
coordinates (pM, 9, <p), scaled by the constant pj, , as 

p = ^sinb^r = p^ 

and transform the Schwarzschild solution into a new metric with toroidal coordinates by 
changing the 3D radial line element into the toroidal one and stating the tt-coefficient 
of the metric to have a toroidal horizon. The resulting metric is 



_ / [tlx 2 (sinhr + 1 
(cosh T — COS 

(da 2 + dr 2 + sinh 2 rdp 2 ) + ( smhr ~ ^ dt 2 
v r ; V sinnr + 1 / 



d4 = , 

(cosh T — cos cr) 
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Such a deformed Schwarzschild like toroidal metric is not an exact solution of the vacuum 
Einstein equations, but at long radial distances it transforms into the usual Schwarzschild 
solution with effective horizon p§ with the 3D line element parametrized by toroidal 
coordinates. 

We introduce two Classes (A and B) of 4D auxiliary pseudo-Riemannian metrics, 
also given in toroidal coordinates, being some conformal transforms of ([12.14)1 . like 

ds? = VL A (b)t (c, t ) ds 2 A ^ T 

but which are not supposed to be solutions of the Einstein equations: 
Metric of Class A: 

ds 2 AT = -da 2 - dr 2 + a T {j)dip 2 + b T ((T, r)dt 2 , (12.15) 

where 

Qt(t) = — sinh 2 r, 
, , . (sinh t — l) 2 (cosh r — cos a) 2 

M'.r) = * >} L (12.16) 

pg (smh t + 1) 

which results in the metric (112. 14j) by multiplication on the conformal factor 

n AT{ °,r) = pf> , ( f T + 1) V (12-17) 

(cosh t — cos a J 



Metric of Class B: 

ds 2 BT = g T (r) (da 2 + dr 2 ) - dip 2 + f T (a, r)dt 2 , (12.18) 

where 

9t(t) = -sinh _2 r, 



f T (a,r) = p 



[t]2 



'.I 



f sinh 2 r — 1 N 



\coshr — cosa^ 

which results in the metric (112. 14|) by multiplication on the conformal factor 

_ , s / Im -2 (cosh t — cos a) 2 

Vet (a, t) = (pf) \ ' . (12.19) 

(smhr + 1) 

In Ref . jH] we used the metrics ()12.14|) , ()12.15j) and ()12.18|) in order to generate exact 
solutions of the Einstein equations with toroidal horizons and anisotropic polarizations 
and running constants by performing corresponding anholonomic transforms. 
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12.3 The Metric Ansatz and Vacuum Einstein Equa- 
tions 

Let us denote the local system of coordinates as u a = (x l , y a ) , where x 1 = u and 
x 2 = A for ellipsoidal coordinates (x 1 = a and x 2 = r for toroidal coordinates) and 
y 3 = v = ip and y 4 = t for the so-called (/^-anisotropic configurations (y 4 = v = t 
and y 5 = ip for the so-called t-anisotropic configurations). Our spacetime is modelled 
as a 4D pseudo-Riemannian space of signature (— , — , — , +) (or (— , — , +, — )), which in 
general may be enabled with an anholonomic frame structure (tetrads, or vierbiend) 
e a = A^ (-u 7 ) d/du 13 subjected to some anholonomy relations 

e a e{3 - e p e a = (u £ ) e 7 , (12.20) 

where W^g (u £ ) are called the coefficients of anholonomy. 

The anholonomically and conformally transformed 4D line element is 

ds 2 = n 2 (x\ v)g a/3 (x\ v) du a du^ (12.21) 

were the coefficients g a p are parametrized by the ansatz 

91 + Ci 2ft -3 + n^h 4 ClC2^3 + n 1 n 2 h 4 Ci^3 n\h 4 



Cl h 3 C2^3 h 3 

n\h 4 TL2h 4 h 4 



(12.22) 



with Qi = gi (x % ) , h a = h ai (x k , v) ,n, L = n, L (x k , v) , Q = Q (x k , v) and Q = Q (x k , v) 
being some functions of necessary smoothly class or even singular in some points and 
finite regions. So, the ^-components of our ansatz depend only on "holonomic" variables 
x 1 and the rest of coefficients may also depend on "anisotropic" (anholonomic) variable 
y 3 = v ; our ansatz does not depend on the second anisotropic variable y A . 
We may diagonalize the line element 

5s 2 = tflg^dx 1 ) 2 + g 2 (dx 2 ) 2 + h 3 (5v) 2 + h 4 (Sy 4 ) 2 ], (12.23) 

with respect to the anholonomic co-frame 
5 a = (dx % , Sv, 5y 4 ) , where 

Sv = dv + (idx 1 and 5y 4 = dy 4 + n^dx 1 , (12.24) 

which is dual to the frame S a = (Si, d^, d§) , where 



Si = di + Qd 3 + nid 4 . 



(12.25) 



426 



CHAPTER 12. 4D ELLIPSOIDAL - TOROIDAL SYSTEMS 



The tetrads 8 a and S a are anholonomic because, in general, they satisfy some non-trivial 
anholonomy relations (|12.2()jl . The anholonomy is induced by the coefficients Q and rii 
which "elongate" partial derivatives and differentials if we are working with respect to 
anholonomic frames. This result in a more sophisticate differential and integral calculus 
(a usual situation in 'tetradic' and 'spinor' gravity), but simplifies substantially tensor 
computations, because we are dealing with diagonalized metrics. 

The vacuum Einstein equations for the flEgZj) (equivalently, for R% = 0, 

computed with respect to anholonomic frames ()12.24j) and ()12.25j) . transforms into a 
system of partial differential equations jH E] : 



R{ — R\ 



Rn — R A 



2/13/2,4 



+9i - 



R 



4; 



9l9l (9') 2 




2#i 25-2 






9x9 2 (g'i) 2 


] = o, 


(12.26) 


2g 2 2 9l 


(lnVl^^l) 


= o, 


(12.27) 


/> 

-2h 3 [n ' 


] = o, 


(12.28) 



where 



7 = 3/i 4 /2/i 4 - h*Jh 



(12.29) 

and the partial derivatives are written in brief like g' = dgi/dx 1 , g[ = dgi/dx 2 and 
/ig = dh^/dv. The coefficients Q are found as to consider non-trivial conformal factors 
Q : we compensate by Q possible conformal deformations of the Ricci tensors, computed 
with respect to anholonomic frames. The conformal invariance of such anholonomic 
transforms holds if 

q<?i/<?2 _ ^ 3 ^ anc [ g 2 are integers), (12.30) 
and there are satisfied the equations 



diVt - QQ* = 0. 



;i2.3i) 



The system of equations ()12.26|) - (jl2.28j) and p2.31|) can be integrated in general form 
jjj. Physical solutions are defined from some additional boundary conditions, imposed 
types of symmetries, nonlinearities and singular behavior and compatibility in locally 
anisotropic limits with some well known exact solutions. 

In this paper we give some examples of ellipsoidal and toroidal solutions and investi- 
gate some classes of metrics for combined ellipsoidal black hole - black tori configurations. 
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12.4 Static Black Hole - Black Torus Metrics 

We analyzed in detail the method of anholonomic frames and constructed 4D and 
5D ellipsoidal black hole and black tori solutions in Refs. |U El- in this Section we 
give same new examples of metrics describing one static 4D black hole or one static 
4D black torus configurations. Then we extend the constructions for metrics describing 
combined variants of black hole - black torus solutions. We shall analyze solutions with 
trivial and non-trivial conformal factors. 

In this section the 4D local coordinates are written as (x l ,x 2 ,y 3 = v = if, y A = t) , 
where we take x % = (u, A) for ellipsoidal configurations and x % = (er, r) for toroidal 
configurations. Here we note that, we can introduce a "general" 2D space ellipsoidal 
coordinate system, u = u(a, r) and A = r, for both ellipsoidal and toroidal configurations 
if, for instance, we identify the ellipsoidal coordinate A with the toroidal r, and relate u 
with a and r as 

sinhw 



cosh t — cos a 



In the vicinity of r = we can approximate cosh r ~ 1 and to write u = u (cr)and A = r. 
For r > 1 we have 

1 ( 1 
sinh u fa — 1 + 



coshr \ cos a 

In general, we consider that the "holonomic" coordinates are some functions x % = 
x % (a, r) = x l (u, A) for which the 2D line element can be written in conformal metric 
form, 

dsf 2] = -/i 2 (x*) (dx 1 ) 2 + (dx 2 ) 2 . 

For simplicity, we consider 4D coordinate parametrizations when the angular coordinate 
if and the time like coordinate t are not affected by any transforms of x-coordinates. 



12.4.1 Static anisotropic black hole/torus solutions 

An example of ellipsoidal black hole configuration 

The simplest way to generate a static but anisotropic ellipsoidal black hole solution 
with an anholonomically diagonalized metric (jl2.2Hj) is to take a metric of type (|12.8|) . 
to "elongate" its differentials, 

dcp — > 5ip = dip + Q (x k , (p) dx\ 
dt — > 5t = dt + rii (x k , ip) dx\ 
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than to multiply on a conformal factor 

n 2 (x k ^)=uj 2 (x k ^) n\ E {x k ), 

the factor uj 2 [x k , <p) is obtained by re-scaling the constant p g from (J12.10|h 

Pa P 9 = " { x ^f) P 9 , (12.32) 

in the simplest case we can consider only "angular" on <p anisotropies. Then we 'renor- 
malize' (by introducing x % coordinates) the #2 and h 3 coefficients, 

9i,2 = -l^-/i 2 (0, ( 12 - 33 ) 
h 3 = h m = a E {u, X)^h 3 = -Q' 2 (x k , <p) , (12.34) 

we fix a relation of type (|12.3Up . and take = h^o] = &e(x*). The anholonomically 
transformed metric is parametrized in the form 

5s 2 = n 2 {~/2 2 [(dx 1 ) 2 + (dx 2 ) 2 ] (12.35) 
-Q- 2 {x k lV ) (<fo) a + M*W) 2 }. 

where /x, Q and n.j are to be defined respectively from the equations (|12.26|) . (|12.31j) and 
()12.28|) . We note that the equation ()12.27|) is already solved because in our case h\ = 0. 

The equation ()12.26|) . with partial derivations on coordinates x % and parametrizations 
(|12.33|) has the general solution 

[i 2 = fif 0] exp [qijx 1 (u, A) + c [2] x 2 (u, A)] , (12.36) 

where /ip], qi] and cp] are some constants which should be defined from boundary condi- 
tions and by fixing a corresponding 2D system of coordinates; we pointed that we may 
redefine the factor (|12.36|) in 'pure' ellipsoidal coordinates (u, A) . 

The general solution of (|12.31|) for renormalization (|12.32|) and parametrization 

dmm is 

(i(x k ,<p) = KT 1 diUJ + $ln|*W (In (12.37) 
= di In (In \u)\)* for uj = uj ((p) . 

For a given h% with h\ = 0, we can compute the coefficient 7 from ()12.29j) . After two 
integrations on tp in ()12.28|) we find 

rii {x k ^) = n i[0] (x k ) + n i{1] (x k ) / uj- 2 d V . (12.38) 
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The set of functions (fT2~5KJ) . (fT2~3?f) and (fT2~3KJ) for any given Q AE (x l ) and uo (x k ,p) 
defines an exact static solution of the vacuum Einstein equations parametrized by an 
off-diagonal metric of type (j!2.35j) . This solution have an ellipsoidal horizon defined by 
the condition of vanishing of the coefficient /i 4 [ ] = b E {x l ), see the coefficients for the 
auxiliary metric ()12.8|) and an anisotropic effective constant ()12.32|) . This is a general 
solution depending on arbitrary functions u (x fc , <p) and n^i] (x fc ) and constants /X[ ], cpj 
and era which have to be stated from some additional physical arguments. 

For instance, if we wont to impose the condition that our solution, far away from the 
ellipsoidal horizon, transform into the Schwarzschild solution with an effective anisotropic 
"mass", or a renormalized gravitational Newton constant, we may put /iro] = 1 and fix 
the af-coordinates and constants cri^i as to obtain the linear interval 

ds%\ = — [du 2 + d\ 2 ] . 

The coefficients n*[o,i] (x k ) and u (x k ,(p) may be taken as at long distances from the 
horizon one holds the limits 7ij[o,i] \ x ) ~^ and Q (x fc , (pj — > for to <p) — > 0. In this 
case, at asymptotic, our solution will transform into a Schwarzschild like solution with 
"renormalized" parameter p g — > const. 

Nevertheless, we consider that it is not obligatory to select only such type of ellipsoidal 
solutions (with imposed asymptotic spherical symmetry) parametrized by metrics of class 
(112. H5j) . The system of vacuum gravitational equations 1)12.26]) — (|12.H1)1 for the ansatz 
(J12.35J) defines a nonlinear static configuration (an alternative vacuum Einstein configu- 
ration with ellipsoidal horizon) which, in general, is not equivalent to the Schwarzschild 
vacuum. This points to some specific properties of the gravitational vacuum which fol- 
low from the nonlinear character of the Einstein equations. In quantum field theory the 
nonlinear effects may result in unitary non-equivalent vacua; in classical gravitational 
theories we could obtain a similar behavior if we are dealing with off-diagonal metrics 
and anholonomic frames. 

The constructed new static vacuum solution ()12.35j) for a 4D ellipsoidal black hole is 
stated by the coefficients 

01,2 = — 1, A* = hPg = U {x k ,V) Pg^ 2 = ^ 2 ^AE> 

h 3 = -IT 2 (x k . <p) , /i 4 = bw( j). ( see (IT2~%1) . (IT2~TU|) ) . 

(i = diU + di\n\Vt AE \/ {\n\u\y , 

rii = n i[0] (x k ) + n i{1] (x k ) uo- 2 d(p. (12.39) 



These data define an ellipsoidal configuration, see Fig. 112.11 
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Figure 12.1: Ellipsoidal Configuration 

Finally, we remark that we have generated a vacuum ellipsoidal gravitational config- 
uration starting from the metric ()12.8|) . i. e. we constructed an ellipsoidal ^-solution 
of Class A (see details on classification in jjj). In a similar manner we can define an- 
holonomic deformations of the metric (|12.11|) and renormalization of conformal factor 
Qbe (u, A) in order to construct an ellipsoidal y?-solution of Class B. We omit such con- 
siderations in this paper but present, in the next subsection, an example of toroidal 
(^-solution of Class B. 

An example of toroidal black hole configuration 

We start with the metric (|12.18jh "elongate" its differentials dtp — > 5ip and dt — > 5t 
and than multiply on a conformal factor 

tt 2 (x k , ip) = w 2 (x k , ip) tt 2 BT (x k )g T (r) , 

see ()12.19j) which is connected with the renormalization of constant pg\ 

pf^pf=w{x\ V )pf. (12.40) 

For toroidal configurations it is naturally to use 2D toroidal holonomic coordinates x % = 
(a,r). 

The anholonomically transformed metric is parametrized in the form 

5s 2 = Q 2 {- [da 2 + dr 2 ] - r] 3 (a, r, tp) g T l (r) 5 V 2 

+fAa,r)g T 1 (r)6t 2 }. (12.41) 
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We state the coefficients 



h 3 = ~V3 0, t, p) g T l (r) and h A = f T (a, r)g T (r) , 



where the polarization 



7] 3 (a, T,(p)=m 2 (a, r, (p) tt B 2 T (a, r) 



is found from the condition 1)12.30)1 as h% = —Q~ 2 . The equation (J12.27)) is solved by 
arbitrary couples h 3 (a,r,p) and h^a, r) when h\ = 0. The procedure of definition of 
Q (a, r, p) and rii (a, r, p>) is similar to that from the previous subsection. We present the 
final results as the data 



for the ansatz (j!2.41|) which defines an exact static solution of the vacuum Einstein equa- 
tions with toroidal symmetry, of Class B, with anisotropic dependence on coordinate tp, 
see the torus configuration from Fig. 112.21 The off-diagonal solution is non-trivial for 
anisotropic linear distributions of mass on the circle contained in the torus ring, or alter- 
natively, if there is a renormalized gravitational constant with anisotropic dependence 
on angle (p. This class of solutions have a toroidal horizon defined by the condition of 
vanishing of the coefficient which holds if /t(c", t) = 0. The functions w (a, r, <p) and 
n i[o,i] (o - ) T ) ma y be stated in a form that at long distance from the toroidal horizon the 
(112. 41j) with data ()12.42|) will have asymptotic like the Schwarzschild metric. We can also 
consider alternative toroidal vacuum configurations. We note that instead of relations 
like h 3 = — fi~ 2 we can use every type h 3 ~ fi P//|? , like is stated by (|12.30p ; it depends on 
what type of nonlinear configuration and asymptotic limits we wont to obtain. 

We remark also that in a similar manner we can generate toroidal configurations of 
Class A, starting from the auxiliary metric (j!2.15j) . In the next subsection we elucidate 
this possibility by interfering it with a Class B ellipsoidal configuration. 

12.4.2 Static Ellipsoidal Black Hole — Black Torus solutions 

There are different possibilities to combine static ellipsoidal black hole and black 
torus solutions as they will give configurations with two horizons. In this subsection 



01,2 = 

h 3 = 

V3 = 



Q = 



-l,p g = w (a, r, <p) p g , Q 2 = w 2 Q 2 BT g T (r) , 
-r/3 (a, r, p) g T x (r) , h 4 = f T (a, r)g T l (r) , 
vo- 2 (a, r, p) n B Ua, r), ( see (THTTSll. ffTTTTlV 
(w*y 1 d i w + <9jln \Q B Ty/gr\/ (In |t^D* , 



(12.42) 
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we analyze two such variants. We consider a 2D system of holonomic coordinates x l , 
which may be used both on the 'ellipsoidal' and 'toroidal' sectors via transforms like 
u = u(x l ), X = t (x l ) and a = a {x % ) . 



Ellipsoidal— torus black configurations of Class BA 

We construct a 4D vacuum metric with posses two type of horizons, ellipsoidal and 
toroidal one, having both type characteristics like a metric of Class B for ellipsoidal 
configurations and a metric of Class A for toroidal configurations (we conventionally call 
this ellipsoidal torus metric to be of Class BA). The ansatz is taken 

5s 2 = tt 2 {-p 2 {x l ) [(dx 1 ) 2 + {dx 2 ) 2 ] (12.43) 

- m (x\v)a T (x*)5^ + hT{xt) jf l) 5t 2 }, 

g E {x l ) 

with 

Q 2 = u 2 (x k , V )w 2 (x k ,^)Q 2 AT (x l )Q 2 BE (x l ) , 
773 = -a T x (x l ) tt~ 2 , h 3 = -r] 3 (x k , if) a T (x l ) , 
h 4 = 6 T (x i )/ i; (x i )/^(x i ), 
/i 2 = n 2 Q] exp [c^x 1 + c [2] x 2 ] . 

So, in general we may having both type of anisotropic renormalizations of constants p g 
and pg as in ()12.32|) and (|12.40jl . The prolongations of differentials S(p and St are defined 
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Figure 12.3: Ellipsoidal-Torus Configuration 

by the coefficients 

rii (x k , ip) = nip] (x h ) + n»[i] (x k ) J u~ 2 zu~ 2 dip. 

The constants /iL, cji^j, functions u; 2 (x fc ,y2) , ?u 2 (x fc ,y9) and nj[o,i] (^ fc ) and relation 
may be selected as to obtain at asymptotic a Schwarzschild like behavior. The 
metric ()12.43|) has two horizons, a toroidal one, defined by the condition 6r(x*) = 0, and 
an ellipsoidal one, defined by the condition = (see respectively these functions 

indrZUD and tuna)). 

The ellipsoidal-torus configuration is illustrated in Fig. 112.31 

We can consider different combinations of ellipsoidal black hole an black torus met- 
rics in order to construct solutions of Class AA, AB and BB (we omit such similar 
constructions) . 

A second example of ellipsoidal black hole — black torus system 

In the simplest case we can construct a solution with an ellipsoidal and toroidal 
horizon which have a trivial conformal factor Q and vanishing coefficients Q = (see 
(112. 31|) ). Establishing a global 3D toroidal space coordinate system, we consider the 
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ansatz 

Ss 2 = {- [da 2 + dr 2 ] - m (a, r, <p) h m (a, r) 5 V 2 (12.44) 
+774 (a, r, ip) h m (cr, t) St 2 }, 

where (in order to construct a Class AA solution) we put 

h>3[o] = a E (a, r) a T (a, r) , h m = b E (a, r) b T (a, r) , 
V4 = uj~ 2 (a } r } ip)w- 2 (a,r,ip) , 

considering anisotropic renormalizations of constants as in ()12.32|) and (jl2.40J) . The 
polarization i] 3 is to be found from the relation 

^3 = hf 0] [(^/m)*] 2 , hf 0] = const, (12.45) 

which defines a solution of equation (|12.27|) for ^ ^ , when h 3 = —r] 3 h 3 ^ and = 
Tjih^io]- Substituting the last values in f)12.45j) we get 

. , 2 b E b T fuj* + tu*\ 2 

\V3\=h [0] . 

1 1 a E a T \ oozu J 

Then, computing the coefficient 7, see (112. 29|) . after two integrations on ip we find 

m (a, r, if) = n m (a, r) + n m (a, r) J [773/ (vW) ) dL P 
= n,j[ ] (a, r) + n,i[i] (a, r) J cow (to* + w*) 2 dip, 

where we re-defined the function inm (a, r) into a new him (a, r) by including all factors 
and constants like h 2 ^, b E , &t, a E and ar- 

The constructed solution ()12.44j) does not has as locally isotropic limit the Schwarzs- 
child metric. It has also a toroidal and ellipsoidal horizons defined by the conditions of 
vanishing of b E and bx, but this solution is different from the metric (|12.43j) : it has a 
trivial conformal factor and vanishing coefficients Q which means that in this case we are 
having a splitting of dynamics into three holonomic and one anholonomic coordinate. 
We can select such functions n^i] (a, r) , uj (a, r, <p) and w (cr, r, <p) , when at asymptotic 
one obtains the Minkowski metric. 
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12.5 Anisotropic Polarizations and Running Const- 
ants 

In this Section we consider non-static vacuum anholonomic ellipsoidal and/or toroidal 
configurations depending explicitly on time variable t and on holonomic coordinates x l , 
but not on angular coordinate p. Such solutions are generated by dynamical anholonomic 
deformations and conformal transforms of the Schwarzschild metric. For simplicity, we 
analyze only Class A and AA solutions. 

The coordinates are parametrized: x % are holonomic ones, in particular, x l = (u, A) , 
for ellipsoidal configurations, and x l = (a, r) , for toroidal configurations; y 3 = v = t and 
y 4 = p. The metric ansatz is stated in the form 

Ss 2 = n 2 (x\t) [-(dx 1 ) 2 - (dx 2 ) 2 

+h 3 (x\t) St 2 + h 4 (x\i) S<p% (12.46) 

where the differentials are elongated 

dp — > 5p = dp + Q (x k , t) dx 1 , 
dt — > St = dt + n, (x k , t) dx\ 

The ansatz 1)12.46)1 is related with some ellipsoidal and/ or toroidal anholonomic defor- 
mations of the Schwarzschild metric (see respectively, 1)12.7)1 . ()12.8j) . p2.11j) and (J12.14)) . 
()12.15p . ()12.18)l ) via time running renormalizations of ellipsoidal and toroidal constants 
(instead of the static ones, (112.32)) and (I12.4()jl ). 

p g ^p g = u(x k ,t)p g , (12.47) 

and 

P f^f^ = vo{x\t)pf. (12.48) 

As particular cases we shall consider trivial values Q 2 = 1. The horizons of such classes 
of solutions are defined by the condition of vanishing of the coefficient h 3 (x l , t) . 

12.5.1 Ellipsoidal/toroidal solutions with running constants 

Trivial conformal factors, f2 2 = 1 

The simplest way to generate a t-depending ellipsoidal (or toroidal) configuration 
is to take the metric ()12.8j) (or (|12.15jl ) and to renormalize the constant as ()12.47)) (or 
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()12.48Jl ). In result we obtain a metric (jl2.46J) with Vt 2 = 1, h 3 = r] 3 (x\t) hs\o] and 
hi = hi[o] (x l ) , where 

r] 3 = u~ 2 (u, A, t) , h 3 [ ] = b E (u, A) , /i 4 [o] = &e (u, A) , 
(jia = zu- 2 (a,T,t),h 3[0] =b T (a,T),h 4[0] =a T (T)). 

The equation p2.27j) is satisfied by these data because h\ = and the condition (jl2.31|) 
holds for Q = 0. The coefficient 7 from (j!2.29)l is defined only by polarization 773, which 
allow us to write the integral of (|12.28|) as 

rii = n m (x l ) + riiji] (x l ) J i] 3 (x\t) dt. 

The corresponding ellipsoidal (or toroidal) configuration may be transformed into asymp- 
totically Minkowschi metric if the functions u~ 2 (u, A, t) (or w~ 2 (a, r, t)) and n^i] (x l ) 
are such way determined by boundary conditions that r/ 3 — > const and rij[o,i] (x l ) — > 0, 
far away from the horizons, which are defined by the conditions &_b (m, A) = (or 
b T («r,r) =0). 

Such vacuum gravitational configurations may be considered as to posses running of 
gravitational constants in a local spacetime region. For instance, in Ref jl] we suggested 
the idea that a vacuum gravitational soliton may renormalize effectively the constants, 
but at asymptotic we have static configurations. 



Non— trivial conformal factors 

The previous configuration can not be related directly with the Schwarzschild metric 
(we used its conformal transforms). A more direct relation is possible if we consider 
non-trivial conformal factors. For ellipsoidal (or toroidal) configurations we renromalize 
(as in (|T2~4TI) . or (JTHHD) the conformal factor (imUD (or (|m7l» ). 

tt 2 {x\t) = uj 2 {x\t)9 2 AE (x k )b- E 1 {x k ), 
(n 2 (x\t) = w 2 {x\t)n 2 AT (x k )b^ l {x k )). 

In order to satisfy the condition f)12.30|) we choose h 3 = Q~ 2 but /i 4 = h^o] as in previous 
subsection: this solves the equation ()12.27|) . The non-trivial values of Q and rii are 
defined from ([TCTD and (gMED , 

Q{x k ,t) = (srr^A 

m (x k ,t) = n m (x k ) + m[i] (x k ) / h 3 (x\t) dt. 
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We note that the conformal factor Q 2 is singular on horizon, which is defined by the 
condition of vanishing of the coefficient h^, i. e. of b E (or br)- By a corresponding 
parametrization of functions to 2 (x k ,t) (or zu 2 (x k ,t)) and n^i] (x k ) we may generate 
asymptotically flat solutions, very similar to the Schwarzschild solution, which have 
anholonomic running constants in a local region of spacetime. 

12.5.2 Black Ellipsoid — Torus Metrics with Running Constants 

Now we consider nonlinear superpositions of the previous metrics as to construct 
solutions with running constants and two horizons (one ellipsoidal and another toroidal). 

Trivial conformal factor, Vt 2 = 1 

The simplest way to generate such metrics with two horizons is to establish, for 
instance, a common toroidal system of coordinate, to take the ellipsoidal and toroidal 
metrics constructed in subsection V.A.I and to multiply correspondingly their coeffi- 
cients. The corresponding data, defining a new solution for the ansazt ([12.460 . are 

9i,2 = -l,p g = co(x k ,t) p g ,p^ ] =w(x k ,t) pW,n = 1, 
h 3 = 773 (x\ t) h m (x { ) , r/3 = uj- 2 (x k , t) w' 2 (x k , t) , 
^3[o] = b E (x k ) b T (x k ) , h 4 = h,4[ ] = a E (x l ) a T (x l ), ( 

= 0, m = n m (x k ) + mil] (x h ) J co- 2 w- 2 dt, (12.49) 

where the functions a_B,ctT and 6e,6t are given by formulas (j!2.9[) and ([12.16(1 . An- 
alyzing the data ([12.49(1 we conclude that we have two horizons, when b E (x k ) = 
and &r {x k ) = 0, parametrized respectively as ellipsoidal and torus hypersurfaces. The 
boundary conditions on running constants and on off-diagonal components of the metric 
may be imposed as the solution would result in an asymptotic flat metric. In a finite 
region of spacetime we may consider various dependencies in time. 

Non— trivial conformal factor 

In a similar manner, we can multiply the conformal factors and coefficients of the 
metrics from subsection V.A.2 in order to generate a solution parametrized by the ([12.46(1 
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with nontrivial conformal factor f2 and non-vanishing coefficients Q. The data are 

9i,2 = -l,p g = u{x k : t)p g:P f=m(x k ,t)pf, (12.50) 

n 2 = lu 2 (x k , t) w 2 (x k , t) n 2 AE (x k ) x 

^aA^e 1 (x k ) br 1 (x k ) , ( see pT ty . lfmEjl ). 

/i 3 = ^ 2 ,/i 3 [o] = b E (x k ) b T (x k ) , 

hi = h m = a E (a?) a r (x*), {x k , t) = {Q*)" 1 d^, 

rii = rii[o] (x k ) + n im (x k ) J u' 2 w~ 2 dt. 

The data ()12.50j) define a new type of solution than that given by (j!2.49j) . It this case 
there is a singular on horizons conformal factor. The behavior nearly horizons is very 
complicated. By corresponding parametrizations of functions u , w (x fc ,t) and 

^i[o,i] { xk ) j which approximate u, w — > const and Q, rii — > we may obtain a stationary 
flat asymptotic. 

Finally, we note that instead of Class AA solutions with anisotropic and running 
constants we may generate solutions with two horizons (ellipsoidal and toroidal) by 
considering nonlinear superpositions, anholonomic deformations, conformal transforms 
and combinations of solutions of Classes A, B. The method of construction is similar to 
that considered in this Section. 



12.6 Conclusions and Discussion 

We constructed new classes of exact solutions of vacuum Einstein equations by con- 
sidering anholonomic deformations and conformal transforms of the Schwarzschild black 
hole metric. The solutions posses ellipsoidal and/ or toroidal horizons and symmetries 
and could be with anisotropic renormalizations and running constants. Some of such 
solutions define static configurations and have Schwarzschild like (in general, multiplied 
to a conformal factor) asymptotically flat limits. The new metrics are parametrized 
by off-diagonal metrics which can be diagonalized with respect to certain anholonomic 
frames. The coefficients of diagonalized metrics are similar to the Schwarzschild metric 
coefficients but describe deformed horizons and contain additional dependencies on one 
'anholonomic' coordinate. 

We consider that such vacuum gravitational configurations with non-trivial topology 
and deformed horizons define a new class of ellipsoidal black hole and black torus objects 
and/or their combinations. 
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Toroidal and ellipsoidal black hole solutions were constructed for different models 
of extra dimension gravity and in the four dimensional (4D) gravity with cosmological 
constant and specific configurations of matter [21 El IE] • There were defined also vacuum 
configurations for such objects [U E] ■ However, we must solve the very important 
problems of physical interpretation of solutions with anholonomy and to state their 
compatibility with the black hole uniqueness theorems [§] and the principle of topological 
censorship (TU1 E] . 

It is well known that the Schwarzschild metric is no longer the unique asymptotically 
flat static solution if the 4D gravity is derived as an effective theory from extra dimension 
like in recent Randall and Sundrum theories (see basic results and references in 
The Newton law may be modified at sub-millimeter scales and there are possible config- 
urations with violation of local Lorentz symmetry jTHj. Guided by modern conjectures 
with extra dimension gravity and string/M-theory, we have to answer the question: it is 
possible to give a physical meaning to the solutions constructed in this paper only from 
a viewpoint of a generalized effective 4D Einstein theory, or they also can be embedded 
into the framework of general relativity theory? 

It should be noted that the Schwarzschild solution was constructed as the unique 
static solution with spherical symmetry which was connected to the Newton spherical 
gravitational potential ~ 1/r and defined as to result in the Minkowski flat spacetime, at 
long distances. This potential describes the static gravitational field of a point particle 
with "isotropic" mass mo- The spherical symmetry is imposed at the very beginning and 
it is not a surprising fact that the spherical topology and spherical symmetry of horizons 
are obtained for well defined states of matter with specific energy conditions and in the 
vacuum limits. Here we note that the spherical coordinates and systems of reference are 
holonomic ones and the considered ansatz for the Schwarzschild metric is diagonal in the 
more "natural" spherical coordinate frame. 

We can approach in a different manner the question of constructing 4D static vacuum 
metrics. We might introduce into consideration off-diagonal ansatz, prescribe instead of 
the spherical symmetry a deformed one (ellipsoidal, toroidal, or their superposition) and 
try to check if a such configurations may be defined by a metric as to satisfy the 4D vac- 
uum Einstein equations. Such metrics were difficult to be found because of cumbersome 
calculus if dealing with off-diagonal ansatz. But the problem was substantially simpli- 
fied by an equivalent transferring of calculations with respect to anholonomic frames 
jH [3 |H] . Alternative exact static solutions, with ellipsoidal and toroidal horizons (with 
possible extensions for nonlinear polarizations and running constants), were constructed 
and related to some anholonomic and conformal transforms of the Schwarzschild metric. 

It is not difficult to suit such solutions with the asymptotic limit to the locally 
isotropic Minkowschi spacetime: "an egg and/or a ring look like spheres far away from 
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their non-trivial horizons" . The unsolved question is that what type of modified New- 
ton potentials should be considered in this they would be compatible with non- 
spherical symmetries of solutions? The answer may be that at short distances the masses 
and constants are renormalized by specific nonlinear vacuum gravitational interactions 
which can induce anisotropic effective masses, ellipsoidal or toroidal polarizations and 
running constants. For instance, the Laplace equation for the Newton potential can be 
solved in ellipsoidal coordinates ^2] : this solution could be a background for construct- 
ing ellipsoidal Schwarzschild like metrics. Such nonlinear effects should be treated, in 
some approaches, as certain quasi-classical approximations for some 4D quantum gravity 
models, or related to another type of theories of extra dimension classical or quantum 
gravity. 

Independently of the type of little, or more, internal structure of black holes with 
non-spherical horizons we search for physical justification, it is a fact that exact vac- 
uum solutions with prescribed non-spherical symmetry of horizons can be constructed 
even in the framework of general relativity theory. Such solutions are parametrized 
by off-diagonal metrics, described equivalently, in a more simplified form, with respect 
to associated anholonomic frames; they define some anholonomic vacuum gravitational 
configurations of corresponding symmetry and topology. Considering certain character- 
istic initial value problems we can select solutions which at asymptotic result in the 
Minkowschi flat spacetime, or into an anti-de Sitter (AdS) spacetime, and have a causal 
behavior of geodesies with the equations solved with respect to anholonomic frames. 

It is known that the topological censorship principle was reconsidered for AdS black 
holes [H]. But such principles and uniqueness black hole theorems have not yet been 
proven for spacetimes defined by generic off-diagonal metrics with prescribed non- 
spherical symmetries and horizons and with associated anholonomic frames with mix- 
tures of holonomic and anholonomic variables. It is clear that we do not violate the 
conditions of such theorems for those solutions which are locally anisotropic and with 
nontrivial topology in a finite region of spacetime and have locally isotropic flat and triv- 
ial topology limits. We can select for physical considerations only the solutions which 
satisfy the conditions of the mentioned restrictive theorems and principles but with re- 
spect to well defined anholonomic frames with holonomic limits. As to more sophisticate 
nonlinear vacuum gravitational configurations with global non-trivial topology we con- 
clude that there are required a more deep analysis and new physical interpretations. 

The off-diagonal metrics and associated anholonomic frames extend the class of vac- 
uum gravitational configurations as to be described by a nonlinear, anholonomic and 
anisotropic dynamics which, in general, may not have any well known locally isotropic 
and holonomic limits. The formulation and proof of some uniqueness theorems and 
principles of topological censorship as well analysis of physical consequences of such an- 
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holonomic vacuum solutions is very difficult. We expect that it is possible to reconsider 
the statements of the Israel-Carter-Robinson and Hawking theorems with respect to 
anholonomic frames and spacetimes with non-spherical topology and anholonomically 
deformed spherical symmetries. These subjects are currently under our investigation. 
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Chapter 13 



Noncommutative Finsler Geometry, 
Gauge Fields and Gravity 

Abstract 1 

The work extends the A. Connes' noncommutative geometry to spaces with generic 
local anisotropy. We apply the E. Cartan's anholonomic frame approach to geometry 
models and physical theories and develop the nonlinear connection formalism for projec- 
tive module spaces. Examples of noncommutative generation of anholonomic Riemann, 
Finsler and Lagrange spaces are analyzed. We also present a research on noncommutative 
Finsler-gauge theories, generalized Finsler gravity and anholonomic (pseudo) Riemann 
geometry which appear naturally if anholonomic frames (vierbeins) are defined in the 
context of string/M-theory and extra dimension Riemann gravity. 



13.1 Introduction 

In the last twenty years, there has been an increasing interest in noncommutative 
and/or quantum geometry with applications both in mathematical and particle physics. 
It is now generally considered that at very high energies, the spacetime can not be de- 
scribed by a usual manifold structure. Because of quantum fluctuations, it is difficult 
to define localized points and the quantum spacetime structure is supposed to posses 
generic noncommutative, nonlocal and locally anisotropic properties. Such ideas origi- 
nate from the suggestion that the spacetime coordinates do not commute at a quantum 
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level ^1], they are present in the modern string theory E?5] and background the 
noncommutative physics and geometry [B] and quantum geometry 

Many approaches can be taken to introducing noncommutative geometry and devel- 
oping noncommutative physical theories (Refs. jHJ HH EDI EH EE ED EH] emphasize 
some basic monographs and reviews). This paper has three aims: First of all we would 
like to give an exposition of some basic facts on anholonomic frames and associated 
nonlinear connection structures both on commutative and noncommutative spaces (re- 
spectively modelled in vector bundles and in projective modules of finite type). Our 
second goal is to state the conditions when different variants of Finsler, Lagrange and 
generalized Lagrange geometries, in commutative and noncommutative forms, can be 
defined by corresponding frame, metric and connection structures. The third aim is to 
construct and analyze properties of gauge and gravitational noncommutative theories 
with generic local anisotropy and to prove that such models can be elaborated in the 
framework of noncommutative approaches to Riemannian gravity theories. 

This paper does not concern the topic of Finsler like commutative and noncommu- 
tative structures in string/M-theories (see the Ref. jSH], which can be considered as a 
string partner of this work). 

We are inspired by the geometrical ideas from a series of monographs and works by 
E. Cartan jB] where a unified moving frame approach to the Riemannian and Finsler 
geometry, Einstein gravity and Pffaf systems, bundle spaces and spinors, as well the pre- 
liminary ideas on nonlinear connections and various generalizations of gravity theories 
were developed. By considering anholonomic frames on (pseudo) Riemannian manifolds 
and in tangent and vector bundles, we can model very sophisticate geometries with local 
anisotropy. We shall apply the concepts and methods developed by the Romanian school 
on Finsler geometry and generalizations [351 EH1 El EI] from which we leaned that the 
Finsler and Cartan like geometries may be modelled on vector (tangent) and covector 
(cotangent) bundles if the constructions are adapted to the corresponding nonlinear con- 
nection structure via anholonomic frames. In this case the geometric "picture" and phys- 
ical models have a number of common points with those from the usual Einstein-Cartan 
theory and/or extra dimension (pseudo) Riemannian geometry. As general references on 
Finsler geometry and applications we cite the monographs |HJ E3 ESI El EH E2|) and 
point the fact that the bulk of works on Finsler geometry and generalizations emphasize 
differences with the usual Riemannian geometry rather than try to approach them from 
a unified viewpoint (as we propose in this paper). 

By applying the formalism of nonlinear connections (in brief, N-connection) and 
adapted anholonomic frames in vector bundles and superbundles we extended the ge- 
ometry of Clifford structures and spinors for generalized Finsler spaces and their higher 
order extensions in vector-covector bundles [HH constructed and analyzed differ- 
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ent models of gauge theories and gauge gravity with generic anisotropy [HI], defined an 
anisotropic stochastic calculus in bundle and superbundle spaces provided with nonlinear 
connection structure [SOI El], with a number of applications in the theory of anisotropic 
kinetic and thermodynamic processes [22], developed supersymmetric theories with lo- 
cal anisotropy [2H EH E2] and proved that Finsler like (super) geometries are contained 
alternatively in modern string theory [1)2*1 El]- One should be emphasized here that 
in our approach we have not proposed any "exotic" locally anisotropic string theories 
modifications but demonstrated that anisotropic structures, Finsler like or another ones, 
may appear alternatively to the Riemannian geometry, or even can be modelled in the 
framework of a such geometry, in the low energy limit of the string theory, because we 
are dealing with frame, vierbein, constructions. 

The most surprising fact was that the Finsler like structures arise in the usual 
(pseudo) Riemannian geometry of lower and higher dimensions and even in the Einstein 
gravity. References [56J contain investigations of a number of exact solutions in modern 
gravity theories (Einstein, Kaluza-Klein and string/brane gravity) which describe locally 
anisotropic wormholes, Taub NUT spaces, black ellipsoid/torus solutions, solitonic and 
another type configurations. It was proposed a new consequent method of constructing 
exact solutions of the Einstein equations for off-diagonal metrics, in spaces of dimen- 
sion d > 2, depending on three and more isotropic and anisotropic variables which are 
effectively diagonalized by anholonomic frame transforms. The vacuum and matter field 
equations are reduced to very simplified systems of partial differential equations which 
can be integrated in general form |57j . 

A subsequent research in Riemann-Finsler and noncommutative geometry and phy- 
sics requires the investigation of the fact if the A. Connes functional analytic approach 
to noncommutative geometry and gravity may be such way generalized as to include 
the Finsler, and of another type anisotropy, spaces. The first attempt was made in 
Refs. [2E] where some models of noncommutative gauge gravity (in the commutative 
limit being equivalent to the Einstein gravity, or to different generalizations to de Sitter, 
affine, or Poincare gauge gravity with, or not, nonlinear realization of the gauge groups) 
were analyzed. Further developments in formulation of noncommutative geometries 
with anholonomic and anisotropic structures and their applications in modern particle 
physics lead to a rigorous study of the geometry of anholonomic noncommutative frames 
with associated N-connection structure, to which are devoted our present researches. 

The paper has the following structure: in section 2 we present the necessary def- 
initions and results on the functional approach to commutative and noncommutative 
geometry. Section 3 is devoted to the geometry of vector bundles and theirs noncommu- 
tative generalizations as finite projective modules. We define the nonlinear connection in 
commutative and noncommutative spaces, introduce locally anisotropic Clifford/spinor 
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structures and consider the gravity and gauge theories from the viewpoint of anholo- 
nomic frames with associated nonlinear connection structures. In section 4 we prove 
that various type of gravity theories with generic anisotropy, constructed on anholo- 
nomic Riemannian spaces and their Kaluza-Klein and Finsler like generalizations can 
be derived from the A. Connes' functional approach to noncommutative geometry by 
applying the canonical triple formalism but extended to vector bundles provided with 
nonlinear connection structure. In section 5, we elaborate and investigate noncommuta- 
tive gauge like gravity models (which in different limits contain the standard Einstein's 
general relativity and various its anisotropic and gauge generalizations). The approach 
holds true also for (pseudo) Riemannian metrics, but is based on noncommutative ex- 
tensions of the frame and connection formalism. This variant is preferred instead of the 
usual metric models which seem to be more difficult to be tackled in the framework of 
noncommutative geometry if we are dealing with pseudo-Euclidean signatures and with 
complex and/or nonsymmetic metrics. Finally, we present a discussion and conclusion 
of the results in section 6. 



13.2 Commutative and Noncommutative Spaces 

The A. Connes' functional analytic approach [8 to the noncommutative topology 
and geometry is based on the theory of noncommutative C*-algebras. Any commutative 
C*-algebra can be realized as the C*-algebra of complex valued functions over locally 
compact Hausdorff space. A noncommutative C*-algebra can be thought of as the 
algebra of continuous functions on some 'noncommutative space' (see details in Refs. 

1131201 EH EH E3D- 

Commutative gauge and gravity theories stem from the notions of connections (linear 
and nonlinear), metrics and frames of references on manifolds and vector bundle spaces. 
The possibility of extending such theories to some noncommutative models is based on 
the Serre-Swan theorem j^B] stating that there is a complete equivalence between the 
category of (smooth) vector bundles over a smooth compact space (with bundle maps) 
and the category of projective modules of finite type over commutative algebras and 
module morphisms. Following that theorem, the space T (E) of smooth sections of a 
vector bundle E over a compact space is a projective module of finite type over the 
algebra C (M) of smooth functions over M and any finite projective C (M)-module can 
be realized as the module of sections of some vector bundle over M. This construction 
may be extended if a noncommutative algebra A is taken as the starting ingredient: the 
noncommutative analogue of vector bundles are projective modules of finite type over A. 
This way one developed a theory of linear connections which culminates in the definition 
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of Yang-Mills type actions or, by some much more general settings, one reproduced 
Lagrangians for the Standard model with its Higgs sector or different type of gravity 
and Kaluza-Klein models (see, for instance, Refs fTf ) I7| U§ \ I3T]). 

This section is devoted to the theory of nonlinear connections in projective modules 
of finite type over a noncommutative algebra A. We shall introduce the basic definitions 
and present the main results connected with anhlolonomic frames and metric structures 
in such noncommutative spaces. 

13.2.1 Algebras of functions and (non) commutative spaces 

The general idea of noncommutative geometry is to shift from spaces to the algebras 
of functions defined on them. In this subsection, we give some general facts about 
algebras of continuous functions on topological spaces, analyze the concept of modules 
as bundles and define the nonlinear connections. We present mainly the objects we shall 
need later on while referring to [HI EH EES EDI E3 EH1 ED ES! for details. 

We start with some necessary definitions on C*-algebras and compact operators 
In this work any algebra A is an algebra over the field of complex numbers IC, i. e. 
A is a vector space over IC when the objects like aa ± j3b, with a, b G A and a,/3 6 E, 
make sense. Also, there is defined (in general) a noncommutative product A xA — > A 
when for every elements (a, b) and a, b, A xA 3 (a,b) — > ab G A the conditions of 
distributivity, 

a(b + c) = ab + ac, (a + b)c = ac + be, 

for any a, b, c G A, in general, ab ^ ba. It is assumed that there is a unity / G A. 

The algebra A is considered to be a so-called " *-algebra" , for which an (antilinear) 
involution * : A — > A is defined by the properties 

a** = a, (ab)* = b*a*, (aa + (3bf = aa* + 

where the bar operation denotes the usual complex conjugation. 

One also considers A to be a normed algebra with a norm 1 1 ■ 1 1 : A — > H, where 1R 
the real number field, satisfying the properties 

||cm|| = |a|||a||; ||a||>0, | \a\ | = a = 0; 

l|a + 6|| < INI + INI; IHI < INI INI- 

This allows to define the 'norm' or 'uniform' topology when an e-neighborhood of any 
a G A is given by 

U (a, e) = {b G A, | \a - b\ \ < e} , s > 0. 
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A Banach algebra is a normed algebra which is complete in the uniform topology and 
a Banach *-algebra is a normed *-algebra which is complete and such that ||a*|| = ||a|| 
for every a £ A We can define now a C*-algebra A as a Banach *-algebra with the 

l l l 2 

norm satisfying the additional identity ||a*a|| = ||a|| for every a E A. 
We shall use different commutative and noncommutative algebras: 
By C(M) one denotes the algebra of continuous functions on a compact Hausdorf 
topological space M, with * treated as the complex conjugation and the norm given by 
the supremum norm, \\f\\oo = sup x6M \f(x)\. If the space M is only locally compact, one 
writes Co(M) for the algebra of continuous functions vanishing at infinity (this algebra 
has no unit). 

The B(H) is used for the noncommutative algebra of bounded operators on an infinite 
dimensional Hilbert space H with the involution * given by the adjoint and the norm 
defined as the operator norm 

|L4||=sup{PC|];Ceft, AeBiU), ||C||<1}. 

One considers the noncommutative algebra M n (IC) of n x n matrices T with complex 
entries, when T* is considered as the Hermitian conjugate of T. We may define a norm 

as 

||T|| = {the positive square root of the largest eigenvalue of T*T} 

or as 

||T||' = suppy, T = {Tij}. 

The last definition does not define a C*-norm, but both norms are equivalent as Banach 
norm because they define the same topology on M n (IC) . 

A left (right) ideal T is a subalgebra A G T if a G A and b e T imply that 
ab E T (ba G T). A two sided ideal is a subalgebra (subspace) which is both a left and 
right ideal. An ideal T is called maximal if there is not other ideal of the same type 
which contain it. For a Banach *-algebra A and two-sided *-ideal T (which is closed 
in the norm topology) we can make A/T a Banach *-algebra. This allows to define 
the quotient A/T to be a C*-algebra if A is a C*-algebra. A C*-algebra is called 
simple if it has no nontrivial two-sided ideals. A two-sided ideal is called essential in a 
C*-algebra if any other non-zero ideal in this algebra has a non-zero intersection with 
it. 

One defines the resolvent set r(a) of an element a G A as a the subset of complex 
numbers given by r(a) = {A G !C|a — XI is invertible}. The resolvent of a at any A G 
r(a) is given by the inverse (a — A/) -1 . The spectrum a (a) of an element a is introduced 
as the complement of r(a) in IC. For C*-algebras the spectrum of any element is 



13.2. COMMUTATIVE AND N ON COMMUTATIVE SPACES 



453 



a nonempty compact subset of IC. The spectral radius p (a) of a G A is denned 
p(a) = sup{|A|, A G r(a)}; for ^4 being a C*-algebra, one obtains p (a) = ||a|| for every 
d£ A This distinguishes the C*-algebras as those for which the norm may be uniquely 
determined by the algebraic structure. One considers self-adjoint elements for which 
a = a*, such elements have real spectra and satisfy the conditions a(a) C [— ||a||, ||a||] 
and cr(a 2 ) C [0|, ||a||] . An element a is positive, i. e. a > 0, if its spectrum belongs to 
the positive half-line. This is possible if and only if a = bb* for some b G A. 

One may consider *-morphisms between two C*-algebras A and B as some IC-linear 
maps Ti : A — > B which are subjected to the additional conditions 

ir(ab) = 7r(a)7r(6), ir(a*) = 7r(a)* 

which imply that tt are positive and continuous and that it (A) is a C*-subalgebra of B 
(see, for instance, [2B])- We note that a *-morphism which is bijective as a map defines 
a ^-isomorphism for which the inverse map tt^ 1 is automatically a *-morphism. 

In order to construct models of noncommutative geometry one uses representations 
of a C*-algebra A as pairs (Ti,, tt) where Ti is a Hilbert space and 7r is a *-morphism 
tt : A — > B (Ti.) with B (H) being the C*-algebra of bounded operators on Ti. There 
are different particular cases of representations: A representation (Ti, tt) is faithful if 
ker7r = {0}, i. e. ti is a ^-isomorphism between A and tt(A) which holds if and only if 
||7r(a)|| = ||a|| for any a G A or 7r(a) > for all a > 0. A representation is irreducible if 
the only closed subspaces of Ti which are invariant under the action of tt(A) are the trivial 
subspaces {0} and Ti. It can be proven that if the set of the elements in B (Ti) commute 
with each element in 7i(A), i. e. the set consists of multiples of the identity operator, the 
representation is irreducible. Here we note that two representations (Tii, ttx) and (TI2, itz) 
are said to be (unitary) equivalent if there exists a unitary operator U : Ti\ — > Tii such 
that TT\(a) = U*7i 2 (a)U for every a G A. 

A subspace (subalgebra) T of the C*-algebra A is a primitive ideal if T = ker tt for 
some irreducible representation (Ti, tt) of A. In this case T is automatically a closed 
two-sided ideal. One say that A is a primitive C*-algebra if A has a faithful irreducible 
representation on some Hilbert space for which the set {0} is a primitive ideal. One 
denotes by Pr imA the set of all primitive ideals of a C*-algebra A. 

Now we recall some basic definitions and properties of compact operators on Hilbert 
spaces |4Ti] : 

Let us first consider the class of operators which may be thought as some infinite 
dimensional matrices acting on an infinite dimensional Hilbert space Ti. More exactly, 
an operator on the Hilbert space Ti is said to be of finite rank if the orthogonal component 
of its null space is finite dimensional. An operator T on Ti which can be approximated in 
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norm by finite rank operators is called compact. It can be characterized by the property 
that for every e > there is a finite dimensional subspace E C Ti : | \T E ± | | < e, where the 
orthogonal subspace E L is of finite codimension in Ti. This way we may define the set 
K(Ti) of all compact operators on the Hilbert spaces which is the largest two-sided ideal 
in the C*-algebra B (Ti) of all bounded operators. This set is also a C*-algebra with 
no unit, since the operator / on an infinite dimensional Hilbert space is not compact, it 
is the only norm closed and two-sided when Ti is separable. We note that the defining 
representation of K,(Ti) by itself is irreducible and it is the only irreducible representation 
up to equivalence. 

For an arbitrary C*-algebra A acting irreducibly on a Hilbert space Ti and having 
non-zero intersection with K,(Ti) one holds K,(Ti) C A. In the particular case of finite 
dimensional Hilbert spaces, for instance, for Ti = IC n , we may write B (!C n ) = /C(lC n ) = 
M n (IC) , which is the algebra of n x n matrices with complex entries. Such algebra has 
only one irreducible representation (the defining one). 

13.2.2 Commutative spaces 

Let us denote by C a fixed commutative C*-algebra with unit and by C the cor- 
responding structure space defined as the space of equivalence classes of irreducible 
representations of C ( C does not contains the trivial representation C — > {0}). One can 
define a non-trivial *-linear multiplicative functional '■ C — > IC with the property that 
(ab) = (a) {b) for any a and b from C and 0(J) = 1 for every <fi £ C. Every such 
multiplicative functional defines a character of C, i. e. C is also the space of all characters 
of C. 

The Gel'fand topologv is the one with point wise convergence on C. A sequence 
{0 ro } roeH of elements of C, where H is any directed set, converges to 0(c) G C if and 
only if for any c G C, the sequence {0 ro (c)} rogS converges to 0(c) in the topology of 
IC. If the algebra C has a unite, C is a compact Hausdorff space (a topological space is 
Hausdorff if for any two points of the space there are two open disjoint neighborhoods 
each containing one of the point, see Ref. [23)- The space C is only compact if C is 
without unit. This way the space C (called the Gel'fand space) is made a topological 
space. We may also consider C as a space of maximal ideals, two sided, of C instead of 
the space of irreducible representations. If there is no unit, the ideals to be considered 
should be regular (modular), see details in Ref. [12]. Considering G IC, we can 
decompose C = Ker (0) © IC, where Ker (0) is an ideal of codimension one and so is 
a maximal ideal of C. Considered in terms of maximal ideals, the space C is given the 
Jacobson topology, equivalently, hull kernel topology (see next subsection for general 
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definitions for both commutative and noncommutative spaces), producing a space which 
is homeomorphic to the one constructed by means of the Gel'fand topology. 

Let us consider an example when the algebra C generated by s commuting self-adjoint 
elements X\, ...x s . The structure space C can be identified with a compact subset of IR S 
by the map 0(c) G C — > [<f)(xi), <fi(x s )] G JR S . This map has a joint spectrum of x±, ...x s 
as the set of all s-tuples of eigenvalues corresponding to common eigenvectors. 

In general, we get an interpretation of elements C as IC-valued continuous functions 
on C. The Gel'fand-Naimark theorem (see, for instance, J3]) states that all continuous 
functions on C are of the form c(0) = (c) , which defines the so-called Gel'fand trans- 
form for every 0(c) G C and the map c : C — > IC being continuous for each c. A transform 
c — > c is isometric for every c G C if ||c||oo = ||c||, with ||...||oo defined at the supremum 
norm on C (^j . 

The Gel'fand transform can be extended for an arbitrary locally compact topological 
space M for which there exists a natural C*-algebra C (M). On can be identified both 
set wise and topologically the Gel'fand space C(M) and the space M itself through the 
evaluation map 

4> x : C(M) - E, Mf) = f(x) 

for each x G M, where <p x G C(M) gives a complex homomorphism. Denoting by 
X x = ker<j) x , which is the maximal ideal of C (M) consisting of all functions vanishing at 
x, one proves that the map (f) x is a homomorphism of M onto C(M), and, equivalently, 
every maximal ideal of C (M) is of the form X x for some x G M. 

We conclude this subsection: There is a one-to-one correspondence between the 
^-isomorphism classes of commutative C*-algebras and the homomorphism classes of 
locally compact Hausdorff spaces (such commutative C*-algebras with unit correspond 
to compact Hausdorff spaces). This correspondence defines a complete duality between 
the category of (locally) compact Hausdorff spaces and (proper, when a map / relating 
two locally compact Hausdorff spaces / : X — >• Y has the property that / _1 (K) is a 
compact subset of X when if is a compact subset of Y, and ) continuous maps and the 
category of commutative (non necessarily) unital C*-algebras and *-homomorphisms. In 
result, any commutative C*-algebra can be realized as the C*-algebra of complex valued 
functions over a (locally) compact Hausdorff space. It should be mentioned that the space 
M is a metrizable topological space, i. e. its topology comes from a metric, if and only 
if the C*-algebra is norm separable (it admits a dense in norm countable subset). This 
space is connected topologically if the corresponding algebra has no projectors which are 
self-adjoint, p* = p and satisfy the idempotentity condition p 2 = p. 

We emphasize that the constructions considered for commutative algebras cannot be 
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directly generalized for noncommutative C*-algebras. 



13.2.3 Noncommutative spaces 



For a given noncommutative C*-algebra, there is more than one candidate for the 
analogue of the topological space M. Following Ref. [28J (see there the proofs of results 
and Appendices), we consider two possibilities: 

• To use the space A , called the structure space of the noncommutative C*- 
algebra A, which is the space of all unitary equivalence classes of irreducible it- 
representations. 

• To use the space Pr imA, called the primitive spectrum of A, which is the space of 
kernels of irreducible ^-representations (any element of Pr imA is automatically a 
two-sided *-ideal of A) ■ 

The spaces A and Pi imA agree for a commutative C*-algebra, for instance, A may 
be very complicate while Pr imA consisting of a single point. 

Let us examine a simple example of generalization to noncommutative C*-algebra 
given by the 2x2 complex matrix algebra 



M 2 (E) = { 



On 0,12 
O21 O22 



ay e IC}. 



Ai i2 G IC} has a 
Ai' 



A 2 



( 


on 


012 


j = on, 4> 2 ^ 


an 


012 




_ a-21 


2 2 _ 




_ 021 


O22 _ 



The commutative subalgebra of diagonal matrices C = {dzag[Ai,A 2 

structure space consisting of two points given by the characters 0i,2( 

These two characters extend as pure states to the full algebra M 2 (IC) by the maps 
01,2 : M 2 (E) -> IC, 



a 22- 



Further details are given in Appendix B to Ref. 

It is possible to define natural topologies on A and Pr imA, for instance, by means of 
a closure operation. For a subset Q C Pr imA, the closure Q is by definition the subset 
of all elements in Primal containing the intersection DQ of the elements of Q, Q = 
{I G Pr imA : C\Q C X} . It is possible to check that such subsets satisfy the Kuratowski 
topology axioms and this way defined topology on Pr imA is called the Jacobson topology 
or hull-kernel topology, for which DQ is the kernel of Q and Q is the hull of DQ (see 
(SHlUn! on the properties of this type topological spaces). 
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13.3 Nonlinear Connections in 
Noncommutative Spaces 

In this subsection we define the nonlinear connections in module spaces, i. e. in non- 
commutative spaces. The concept on nonlinear connection came from Finsler geometry 
(as a set of coefficients it is present in the works of E. Cartan j^], then the concept was 
elaborated in a more explicit fashion by A. Kawaguchi [21] )■ The global formulation in 
commutative spaces is due to W. Barthel and it was developed in details for vector, 
covector and higher order bundles [3B1 ESI E] , spinor bundles jlHl E2j , superspaces and 
superstrings [SH EH E2] and in the theory of exact off-diagonal solutions of the Einstein 
equations jSl)] 1ST] . The concept of nonlinear connection can be extended in a similar 
manner from commutative to noncommutative spaces if a differential calculus is fixed on 
a noncommutative vector (or covector) bundle. 

13.3.1 Modules as bundles 

A vector bundle E —>■ M over a manifold M is completely characterized by the space 
£ = T (E, M) over its smooth sections defined as a (right) module over the algebra of 
C°° (M) of smooth functions over M. It is known the Serre-Swan theorem ^B] which 
states that locally trivial, finite-dimensional complex vector bundles over a compact 
Hausdorff space M correspond canonically to finite projective modules over the algebra 
A = C°° (M) . Inversely, for £ being a finite projective modules over C°° (M) , the fiber 
E m of the associated bundle E over the point x G M is the space E x = £/£X x where 
the ideal is given by 

l x = kertf* : C°° (M) - IC; £ x (x) = f(x)} = {/ G C°° (M) \f(x) = 0} G C (M) . 

If the algebra A is taken to play the role of smooth functions on a noncomutative, 
instead of the commutative algebra smooth functions C°° (M), the analogue of a vector 
bundle is provided by a projective module of finite type (equivalently, finite projective 
module) over A. On considers the proper construction of projective modules of finite 
type generalizing the Hermitian bundles as well the notion of Hilbert module when A is 
a C*-algebra in the Appendix C of Ref . [2H] • 

A vector space £ over the complex number field IC can be defined also as a right 
module of an algebra A over IC which carries a right representation of A, when for 
every map of elements £ xA 3 (77, a) — *■ rja G £ one hold the properties 



X(ab) = (Xa)b, X(a + b) = Xa + Xb, (A + jj)a = Xa + jia 
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fro every A, p G £ and a, b G A. 

Having two ^4-modules £ and J 7 , a morphism of £ into JF is any linear map p : £ 
— > JF which is also ^4-linear, i. e. p(r)a) = p{r))a for every rj £ £ and ae A 

We can define in a similar (dual) manner the left modules and theirs morphisms 
which are distinct from the right ones for noncommutative algebras A. A bimodule over 
an algebra A is a vector space £ which carries both a left and right module structures. We 
may define the opposite algebra A° with elements a° being in bijective correspondence 
with the elements a E A while the multiplication is given by a°b° = (ba)° .A right 
(respectively, left) ^4-module £ is connected to a left (respectively right) -4°-module via 
relations a°i] = 77a (respectively, arj = rja). 

One introduces the enveloping algebra A 6 = A ®jq A°; any ^4-bimodule £ can be 
regarded as a right [left] ^-module by setting 77 (a ® b°) = bqa [(a ®b°)rj = ar/b] . 

For a (for instance, right) module £ , we may introduce a family of elements {et) teT 
parametrized by any (finite or infinite) directed set T for which any element 77 G £ is 
expressed as a combination (in general, in more than one manner) rj = YlteT e * a * with 
a t G A and only a finite number of non vanishing terms in the sum. A family (e t ) teT is 
free if it consists from linearly independent elements and defines a basis if any element 
77 G £ can be written as a unique combination (sum). One says a module to be free if it 
admits a basis. The module £ is said to be of finite type if it is finitely generated, i. e. 
it admits a generating family of finite cardinality. 

Let us consider the module A K = 1C K (§>jq A. The elements of this module can be 
thought as i^-dimensional vectors with entries in A and written uniquely as a linear 
combination 77 = YltLi e t a t were the basis e< identified with the canonical basis of 1C K . 
This is a free and finite type module. In general, we can have bases of different cardinality. 
However, if a module £ is of finite type there is always an integer K and a module 
surjection p : A K — > £ with a base being a image of a free basis, 6j = p(ej);j = 1, 2, K. 

In general, it is not possible to solve the constraints among the basis elements as to 
get a free basis. The simplest example is to take a sphere S 2 and the Lie algebra of 
smooth vector fields on it, Q = G(S 2 ) which is a module of finite type over C°° (S 2 ) , 
with the basis defined by Xi = Y^j k=i £ ijk x kd/dx k ; i, j, k = 1,2,3, and coordinates %i 
such that Y^j=i x j = 1- The introduced basis is not free because Y^j=\ x j^j = 0> there 
are not global vector field on S 2 which could form a basis of Q(S 2 ). This means that the 
tangent bundle TS 2 is not trivial. 

We say that a right ^4-module £ is projective if for every surjective module morphism 
p : M. — > Af splits, i. e. there exists a module morphism s : £ — >• A4 such that pos = ids. 
There are different definitions of porjective modules (see Ref. [2E| on properties of such 
modules). Here we note the property that if a ^.-module £ is projective, there exists a 
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free module T and a module £' (being a priory projective) such that T = £ © £'. 

For the right ^4-module £ being projective and of finite type with surjection p : A — > 
£ and following the projective property we can find a lift A : £ — > A K such that po\ = idg. 
There is a proof of the property that the module £ is projective of finite type over A if and 
only if there exists an idempotent p G Endjs i A K = Mk(A), p 2 = p, the Mk(A) denoting 
the algebra of K x K matrices with entry in A, such that £ = pA K . We may associate the 
elements of £ to fT-dimensional column vectors whose elements are in A, the collection 
of which are invariant under the map p, £ = {£ = (£1, £j G A, pt; = £}. For 
simplicity, we shall use the term finite projective to mean projective of finite type. 

The noncommutative variant of the theory of vector bundles may be constructed 
by using the Serre and Swan theorem |4T^ EH] which states that for a compact finite 
dimensional manifold M, a C 00 (M)-module £ is isomorphic to a module T (E, M) of 
smooth sections of a bundle E — > M, if and only if it is finite projective. If E is 
a complex vector bundle over a compact manifold M of dimension n, there exists a 
finite cover {Ui,i = 1, ...,n} of M such that E\jj. is trivial. Thus, the integer K which 
determines the rank of the free bundle from which to project onto sections of the bundle 
is determined by the equality N = mn where m is the rank of the bundle (i. e. of the 
fiber) and n is the dimension of M. 

13.3.2 The commutative nonlinear connection geometry 

Let us remember the definition and the main results on nonlinear connections in 
commutative vector bundles as in Ref. 

Vector bundles, Riemannian spaces and nonlinear connections 

We consider a vector bundle £ = (E, p, M) whose fibre is !R m and /i T : TE — > TM 
denotes the differential of the map /i : E — » M. The map pF is a fibre-preserving 
morphism of the tangent bundle (TE, te, E) to E and of tangent bundle (TM, r, M) to 
M. The kernel of the morphism /i T is a vector subbundle of the vector bundle (TE, te, E) . 
This kernel is denoted (VE, ry, E) and called the vertical subbundle over E. We denote 
by i : VE — ► TE the inclusion mapping and the local coordinates of a point u G E by 
u a = (x\ y a ) , where indices i,j, k, ... = 1, 2, n and a, b, c, ... = 1, 2, m. 



A vector X u G TE, tangent in the point u G E, is locally represented ( x, y, X, X 



(x i ,y a ,X i ,X a ) , where (X*) GlR™ and (X a ) GlR m are defined by the equality X u = 
X l di + X a d a [d a = (di,d a ) are usual partial derivatives on respective coordinates x l and 

y a \. For instance, p7 ( x, y, X, X ) = (x, X) and the submanifold VE contains elements 
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of type \x, y, 0, Xj and the local fibers of the vertical subbundle are isomorphic to H m . 

Having li t (d a ) = 0, one comes out that d a is a local basis of the vertical distribution 
u — > V U E on E, which is an integrable distribution. 

A nonlinear connection (in brief, N-connection) in the vector bundle £ = (E, li, M) 
is the splitting on the left of the exact sequence 

-> VE -> TE/VE -> 0, 

i. e. a morphism of vector bundles iV : T.E — > VE such that C o i is the identity on VE 1 . 

The kernel of the morphism N is a vector subbundle of (TE, te, E) , it is called 
the horizontal subbundle and denoted by (HE, th, E) . Every vector bundle (TE, te, E) 
provided with a N-connection structure is Whitney sum of the vertical and horizontal 
subbundles, i. e. 

TE = HE © VE. (13.1) 

It is proven that for every vector bundle £ = (E, li, M) over a compact manifold M there 
exists a nonlinear connection 36J. 

Locally a N-connection iV is parametrized by a set of coefficients 
Nf(u a ) = Nf(xi,y b ) which transforms as 

N -;^L = M a 'N a -^-y a 

1 dx i a 1 dx i y 

under coordinate transforms on the vector bundle £ = (E, ii, M) , 

x v = x 1 ' (x l ) and y a ' = M^(x)y a . 

If a N-connection structure is defined on £, the operators of local partial derivatives 
d a — (di,d a ) and differentials d a = du a = (d % = dx l ,d a = dy a ) should be elongated as 
to adapt the local basis (and dual basis) structure to the Whitney decomposition of the 
vector bundle into vertical and horizontal subbundles, (j!3.1|) : 

d a = (d t , d a ) ^6 a = (5 l = di- Ntdb, d a ) , (13.2) 

d a = (d\ d a ) ^5 a = (d l , 5 a = d a + N^d 1 ) . (13.3) 

The transforms can be considered as some particular case of frame (vielbein) transforms 
of type 

d a -> S a = e% and d a -> S a = (e~ l ) a ^ , 

e^(e -1 )^ = 5^, when the "tetradic" coefficients 5% are induced by using the Kronecker 
symbols 8 b a , 5] and A^ 6 . 
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The bases 8 a and S a satisfy in general some anholonomy conditions, for instance, 

SJf, - S p S a = W^S,, (13.4) 

where Wja are called the anholonomy coefficients. 

Tensor fields on a vector bundle £ = (E, /x, M) provided with N-connection structure 
N, we shall write £jv, may be decomposed with in N-adapted form with respect to the 
bases S a and 5 a , and their tensor products. For instance, for a tensor of rang (1,1) 
T = {Tj = (T t \ T i % T b \ T b ) } we have 

T = T/5 a ^S P = T { j d? ® Si + T { a d l ®d a + T h 3 5 b ® 8, + T a b 5 a ® d b . (13.5) 

Every N-connection with coefficients automatically generates a linear connection 
on £ as = {Nfo = dN?(x,y)/dy b } which defines a covariant derivative Da A 13 = 

5 a AP + T^A-r. 

Another important characteristic of a N-connection is its curvature Q = {£1%} with 
the coefficients 

= SjN? - 5iN« = djN? - diN* + N b N^ - N b N^. 

In general, on a vector bundle we consider arbitrary linear connection and, for in- 
stance, metric structure adapted to the N-connection decomposition into vertical and 
horizontal subbundles (one says that such objects are distinguished by the N-connection, 
in brief, d-objects, like the d-tensor (|13.5p . d-connection, d-metric: 

• the coefficients of linear d-connections T = {T^ 7 = {L l - k1 L bk , Cj c , C b c ) } are defined 
for an arbitrary covariant derivative D on £ being adapted to the A^-connection 
structure as D$ a (dp) = TZ a S y with the coefficients being invariant under horizontal 
and vertical decomposition 

Dstfi) = L%5 k , D 5i (d a ) = L b at d b , D dc (5 3 ) = C%5 k , D dc (d a ) = C b c d b - 

• the d-metric structure G = g a p6 a ® b b which has the invariant decomposition as 
9a/3 = (9ij,9ab) following from 

G = 9lj (x, y)cf ® d j + g ab (x, y)5 a ® 5 b . (13.6) 

We may impose the condition that a d-metric and a d-connection are compatible, i. 
e. there are satisfied the conditions 



D 7 g a p = 0. 



(13.7) 
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With respect to the anholonomic frames (|13.2|) and (|13.3jh there is a linear connec- 
tion, called the canonical distinguished linear connection, which is similar to the metric 
connection introduced by the Christoffel symbols in the case of holonomic bases, i. e. 
being constructed only from the metric components and satisfying the metricity condi- 
tions (j!3.7|) . It is parametrized by the coefficients, = [D L a bk ,C i j C ,C a bc J with 
the coefficients 

L l jk = ^g in (S k g nj + 6 j g nk -5 n g jk ), (13.8) 

L\ k = d b N^ + h ac (5 k h bc -h dc d b Nt-h db d c Nt), 

C% = \g ik d c g jk , C\ c = hi ad (d c h db + d b h dc - d d h bc ) . 

We note that on Riemannian spaces the N-connection is an object completely defined by 
anholonomic frames, when the coefficients of frame transforms, (w 7 ) , are parametrized 
explicitly via certain values (N?,5l,8 b ) , where 5j and S b are the Kronecker symbols. 
By straightforward calculations we can compute that the coefficients of the Levi-Civita 
metric connection 

r 5? 7 = 9 V 7 J /3) = 9ar^, 

associated to a covariant derivative operator xj, satisfying the metricity condition 

V 7 fiW3 = for g ap = (g^, h ab ) , 

r a/3 7 = \ \h9<n + 6 l9p« - $*g~fl3 + garWy/3 + 9/3tW^ ~ g^W^] , (13.9) 

are given with respect to the anholonomic basis ()13.3|) by the coefficients 

rj 7 = (^V jk , L a bkl C l jc + -g lk ^ k h ca ,C a b ^j . (13.10) 

A specific property of off-diagonal metrics is that they can define different classes of 
linear connections which satisfy the metricity conditions for a given metric, or inversely, 
there is a certain class of metrics which satisfy the metricity conditions for a given linear 
connection. This result was originally obtained by A. Kawaguchi [21] (Details can be 
found in Ref. [HB] , see Theorems 5.4 and 5.5 in Chapter III, formulated for vector bundles; 
here we note that similar proofs hold also on manifolds enabled with anholonomic frames 
associated to a N-connection structure). 

With respect to anholonomic frames, we can not distinguish the Levi-Civita connec- 
tion as the unique both metric and torsionless one. For instance, both linear connections 
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()13.8|) and (jl3.10j) contain anholonomically induced torsion coefficients, are compatible 
with the same metric and transform into the usual Levi-Civita coefficients for vanishing 
N-connection and "pure" holonomic coordinates. This means that to an off-diagonal 
metric in general relativity one may be associated different covariant differential calculi, 
all being compatible with the same metric structure (like in the non-commutative geom- 
etry, which is not a surprising fact because the anolonomic frames satisfy by definition 
some non-commutative relations (jl3.4)0 . In such cases we have to select a particular 
type of connection following some physical or geometrical arguments, or to impose some 
conditions when there is a single compatible linear connection constructed only from the 
metric and N-coefficients. We note that if VL°j k = the connections ()I3.8|) and (|I3.I0j) 
coincide, i. e. T a = TY a . 



D— torsions and d— curvatures: 

The anholonomic coefficients WTg and N-elongated derivatives give nontrivial coef- 
ficients for the torsion tensor, T(5 7 , <5g) = T a ^b a , where 

7% = r% - r° 7/J + (13.11) 

and for the curvature tensor, R(5 T , 6^)6/3 = R a ^ T 5 a , where 

+r%rv - rvn 7 + rv°V- (13.12) 

We emphasize that the torsion tensor on (pseudo) Riemannian spacetimes is induced by 
anholonomic frames, whereas its components vanish with respect to holonomic frames. 
All tensors are distinguished (d) by the N-connection structure into irreducible (horizont- 
al-vertical) h-v-components, and are called d-tensors. For instance, the torsion, d- 
tensor has the following irreducible, nonvanishing, h-v-components, 
T% = {T% C% S% c , T%, TU where 

rpi ji ji rpi ^li rpi 

jk jk kji -Lja -jai 1 aj JO J 

0' ^.ftc = Sic = ^bc ~ Ccbi (13.13) 

-O", T a bi = d b N? - L a bl} T% = -T% 



)k 



rpi 

-ja 

rpa 



(the d-torsion is computed by substituting the h-v-components of the canonical d- 
connection f)13.8j) and anholonomy coefficients ()13.4j) into the formula for the torsion 
coefficients (113.11)) ). 
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p a 

U 7 T 



The curvature d-tensor has the following irreducible, non-vanishing, h-v-components 

(13.14) 





R'b.jki Pj\ai Pb%ai ^j.bci ^cdli where 






R'h.jk 


= S k L l hj 


c t i , jm ji j m ji 
°j^.hk ~r ^.hj^mk n .hk^mj 


— O a 




pa 


= $kL a bj 


£ j a 1 j c t a re j a 
~ °j- L .bk + ^.bj^.ck ~ ^.bk^.cj 


^.b& sL .jki 




p.i 
± j.ka 


= daUjk 


' C l j b T b ka — (5fcC.j- a + -^ifcC.ja 


^.jk^.la 


L C .akC l jc)i 


p.c 
r b.ka 


— 9 a L c bk 


i /^ic rpd / jr r~ic | j c /~id 
+ U .bd 2 .ka ~ {°k^.ba + ^.dk^.ba 


t d /~ic 
^.bk^.da 


' L d a kC c bd ) 


q.i 

Jj.bc 


= d c C% 


— o b u jc -t- u ^u ^ — u Jc u tt , 






Q.a 


= ddC°bc 


_ °c^.bd + °.&c°.ed — b .M°.ec 







(the d-curvature components are computed in a similar fashion by using the formula for 
curvature coefficients ()13.12j) ). 

Einstein equations in d variables 

In this subsection we write and analyze the Einstein equations on spaces provided 
with anholonomic frame structures and associated N-connections. 
The Ricci tensor = Rp ia has the d-components 

Rij = R'^j k , Ria = — 2 Pia — — -Pi.fca' (13.15) 

p 1 p p. ft p q.c 

-n-ai r ai r a.ibi - ft ab ° a.bc' 

In general, since l P a i 7^ 2 Pi a , the Ricci d-tensor is non-symmetric (this could be with 
respect to anholonomic frames of reference). The scalar curvature of the metric d- 
connection, R = g^R^, is computed 

R = G a ^R aP = R + S, (13.16) 

where R = g ij R {j and S = h ab S ab . 

By substituting ()13.15j) and ()13.16j) into the Einstein equations 

Ra/3 — -QapR = kT q/3 , (13.17) 

where k and T Q/ g are respectively the coupling constant and the energy-momentum 
tensor we obtain the h-v-decomposition by N-connection of the Einstein equations 

Rij-'tR + S^gij = kT -, (13.18) 

S a b — - + S^j h ab = nT ab , 
i p . _ K y . 2 p. K y. 

1 ai ^ aii 1 la ± la • 
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The definition of matter sources with respect to anholonomic frames is considered in 
Refs. HUES EE]- 

The vacuum 5D, locally anisotropic gravitational field equations, in invariant h- v- 
components, are written 



We emphasize that vector bundles and even the (pseudo) Riemannian space-times 
admit non-trivial torsion components, if off-diagonal metrics and anholomomic frames 
are introduced into consideration. This is a "pure" anholonomic frame effect: the tor- 
sion vanishes for the Levi-Civita connection stated with respect to a coordinate frame, 
but even this metric connection contains some torsion coefficients if it is defined with 
respect to anholonomic frames (this follows from the jy-terms in (|3.10|l ). For (pseudo) 
Riemannian spaces we conclude that the Einstein theory transforms into an effective 
Einstein-Cartan theory with anholonomically induced torsion if the general relativity is 
formulated with respect to general frame bases (both holonomic and anholonomic). 

The N-connection geometry can be similarly formulated for a tangent bundle TM 
of a manifold M (which is used in Finsler and Lagrange geometry 36J ) , on cotangent 
bundle T*M and higher order bundles (higher order Lagrange and Hamilton geometry 
[35 J as well in the geometry of locally anisotropic superspaces jHI], superstrings [5^] . 
anisotropic spinor [^H] and gauge [HI] theories or even on (pseudo) Riemannian spaces 
provided with anholonomic frame structures 

13.3.3 Nonlinear connections in projective modules 

The nonlinear connection (N-connection) for noncommutative spaces can be de- 
fined similarly to commutative spaces by considering instead of usual vector bundles 
theirs noncommutative analogs defined as finite projective modules over noncommuta- 
tive algebras. The explicit constructions depend on the type of differential calculus we 
use for definition of tangent structures and theirs maps. 

In general, there can be several differential calculi over a given algebra A (for a 
more detailed discussion within the context of noncommutative geometry see Refs. [HI 
EH US] ; a recent approach is connected with Lie superalgebra structures on the space 
of multiderivations |18j). For simplicity, in this work we fix a differential calculus on 
A, which means that we choose a (graded) algebra Q*(A) = U p Q p (A) which gives a 
differential structure to A. The elements of Q P (A) are called p-forms. There is a linear 
map d which takes p-forms into (p + l)-forms and which satisfies a graded Leibniz rule 
as well the condition d 2 = 0. By definition Q°(A) = A. 




o, s ab = 0, 
0, 2 P ia = o. 



(13.19) 



i 
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The differential df of a real or complex variable on a vector bundle £jv 

df = SJ dx l + d a f 5y a , 
6if = dif - N?d a f , Sy a = dy a + 7V<W 

in the noncommutative case is replaced by a distinguished commutator (d-commutator) 

df=[F,f\=[F^f] + [F^,f] 

where the operator F^ (F^) is acting on the horizontal (vertical) projective submodule 
being defined by some fixed differential calculus Q*(A^) (Q*(A^)) on the so-called 
horizontal (vertical) A^ (A^) algebras. 

Let us consider instead of a vector bundle £ an ^4-module S being projective and 
of finite type. For a fixed differential calculus on £ we define the tangent structures TS 
and TM. A nonlinear connection N in an ^l-module S is defined by an exact sequence 
of finite projective ^4-moduli 

O^VS -> TS/VS -> 0, 

where all subspaces are constructed as in the commutative case with that difference that 
the vector bundle objects are substituted by theirs projective modules equivalents. A 
projective module provided with N-connection structures will be denoted as £n- All 
objects on a Sn have a distinguished invariant character with respect to the horizontal 
and vertical subspaces. 

To understand how the N-connection structure may be taken into account on non- 
commutative spaces we analyze in the next subsection an example. 

13.3.4 Commutative and noncommutative gauge d— fields 

Let us consider a vector bundle £jv and a another vector bundle (3 = (B,ir,£ N ) with 
7r : B — > with a typical k- dimensional vector fiber. In local coordinates a linear 
connection (a gauge field) in j3 is given by a collection of differential operators 

V« = D * + B a (u), 

acting on T£n where 



D a = 5 a ± V a with Di = 6i± r.i and D a = d a ± V a 
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is a d-connection in £ N ( a — 1,2, ...,n + m), with 5 a N-elongated as in ()13.2|) . u = 
(x, y) G and B a are k x fc-matrix valued functions. For every vector field 

X = X a (u)5 a = X'^Si + x a {u)d a G T£ N 

we can consider the operator 

X a {u) V« (/ • s) = / • Vxs + S x f-s (13.20) 

for any section s G B and function / G C°°(1;n), where 

<?x/ = and V/x = / Vx • 

In the simplest definition we assume that there is a Lie algebra QCB that acts on 
associative algebra B by means of infinitesimal automorphisms (derivations). This means 
that we have linear operators Sx '■ B — ► B which linearly depend on X and satisfy 

5 x (a ■ b) = (5 x a) -b + a- (8 x b) 

for any a, b G B. The mapping X — > <5x is a Lie algebra homomorphism, i. e. <J[xyi — 

Now we consider respectively instead of vector bundles £ and /3 the finite projective 
^.-module £n, provided with N-connection structure, and the finite projective £>-module 

A d-connection Vx on £p is by definition a set of linear d-operators, adapted to the 
N-connection structure, depending linearly on X and satisfying the Leibniz rule 

Vx(6-e) =b- Vx ( e )+5 x b-e (13.21) 

for any e G £p and b G £>. The rule ()13.21|) is a noncommutative generalization of ()13.2()|) . 
We emphasize that both operators \/x and 5 X are distinguished by the N-connection 
structure and that the difference of two such linear d-operators, Vx _ \/'x commutes 
with action of B on £p, which is an endomorphism of £@. Hence, if we fix some fiducial 
connection \j' x (for instance, \j' x = Dx) on £p an arbitrary connection has the form 

Vx = D x + B x , 

where B x G EndsSp depend linearly on X. 

The curvature of connection v/x is a two-form Fxy which values linear operator in B 
and measures a deviation of mapping X —* xjx from being a Lie algebra homomorphism, 



Fxy = [Vx, Vr] - V[x,y]- 
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The usual curvature d-tensor is defined as 

Fa/3 = [Va, V/?] - VK9]- 

The simplest connection on a finite projective S-module Ep is to be specified by a 
projector P : B k ®B k when the d-operator #x acts naturally on the free module B k . The 
operator VjP = P ■ 8x ' P is called the Levi-Civita operator and satisfy the condition 
Tr[vjjr • j 0] — f° r an y endomorphism e End^Ep. From this identity, and from the 
fact that any two connections differ by an endomorphism that 

Tr[ V x,0] =0 

for an arbitrary connection Vx and an arbitrary endomorphism 0, that instead of Vx" 
we may consider equivalently the canonical d-connection, constructed only from d-metric 
and N-connection coefficients. 



13.4 Distinguished Spectral Triples 

In this section we develop the basic ingredients introduced by A. Connes [H] to define 
the analogue of differential calculus for noncommutative distinguished algebras. The 
N-connection structures distinguish a commutative or a noncommutative spaces into 
horizontal and vertical subspaces. The geometric objects possess a distinguished invari- 
ant character with respect to a such splitting. The basic idea in definition of spectral 
triples generating locally anisotropic spaces (Rimannian spaces with anholonomic struc- 
ture, or, for more general constructions, Finsler and Lagrange spaces) is to consider 
pairs of noncommutative algebras Aw = (A[u, A[ v ]), given by respective pairs of ele- 
ments a = (a[h],a[ v ]j G A^, called also distinguished algebras (in brief, d-algebras), 
together with d-operators = (D^, Du) on a Hilbert space TC (for simplicity we shall 
consider one Hilbert space, but a more general construction can be provided for Hilbert 
d-spaces, H\q = {K[h],'H[v\) ■ 

The formula of Wodzicki-Adler-Manin-Guillemin residue (see, for instance, [28] ) 
may be written for vector bundles provided with N-connection structure. It is necessary 
to introduce the N-elongated differentials (J1H.2)) in definition of the measure: Let Q be 
a pseudo-differential operator of order —n acting on sections of a complex vector bundle 
E — > M over an n-dimensional compact Riemannian manifold M. The residue ResQ of 
Q is defined by the formula 

ResQ =: j- I tr E <T-n(Q)5fi, 
n (27r) J 

S*M 
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where cr_ n (Q) is the principal symbol (a matrix-valued function on T*M which is ho- 
mogeneous of degree — n in the fiber coordinates), the integral is taken over the unit 
co-sphere S*M = {(x,y) G T*M : \\y\\ — 1} C T*M, the trg is the matrix trace over 
"internal indices" and the measures = dx t 5y a . 

A spectral d-triple \A\d\, Tl, is given by an involutive d-algebra of d-operators 
]j[ d } consisting from pairs of bounded operators D^ and D^ on the Hilbert space 7i, 
together with the self-adjoint operation = D* d ^ for respective h- and f-components 
on 7i being satisfied the properties: 

1. The resolvents (D^j— A^]) -1 and (-D^j— A^) -1 , X[h], A[„] G IR, are compact operators 
on H; 

2. The commutators [D^], a^j] = D[ h] a[ h ] - a^Zfy] G i3(7^) and a^j] = 
D[v\a[ v ] — ct[ v ]D[ v ] G i3(7Y) for any a G ^4^]? where by B(H) we denote the alge- 
bra of bounded operators on 7i. 

The h(v )-component of a d-triple is said to be even if there is a E 2 -grading for 7i, 
i. e. an operator T on 7i such that 

T = T*, T 2 = 1, TD [h{v)] - D [h{v)] T = 0, Ta - aT = 

for every a G -4^]. If such a grading does not exist, the h(v )-component of a d-triple is 
said to be odd. 

13.4.1 Canonical triples over vector bundles 

The basic examples of spectral triples in connections with noncommutative field the- 
ory and geometry models were constructed by means of the Dirac operator on a closed 
rz-dimensional Riemannian spin manifold {M,g) [HIE]- In order to generate by us- 
ing functional methods some anisotropic geometries, it is necessary to generalize the 
approach to vector and covector bundles provided with compatible N-connection, d- 
connection and metric structures. The theory of spinors on locally anisotropic spaces 
was developed in Refs. [1^1113 • This section is devoted to the spectral d-triples defined 
by the Dirac operators on closed regions of (n + m)-dimensional spin-vector manifolds. 
We note that if we deal with off-diagonal metrics and/or anholonomic frames there is an 
infinite number of d-connections which are compatible with d-metric and N-connection 
structures, see discussion and details in Ref . jSH] • For simplicity, we restrict our consid- 
eration only to the Euclidean signature of metrics of type (j!3.6|) (on attempts to define 
triples with Minkowskian signatures see, for instance, Refs. |16j). 
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For a spectral d-triple [A[d\, 1~L, D[A associated to a vector bundle one takes the 
components: 

1. A[d\ = F^n) is the algebra of complex valued functions on £ N . 

2. H = L 2 (£tv, S) is the Hilbert space of square integrable sections of the irreducible 
d-spinor bundle (of rank 2^ n+m ^ 2 over £at (101102] • The scalar product in L 2 (£tv, S) 
is the defined by the measure associated to the d-metric (j!3.6|) . 




8n{g)ip{u)4){u) 



were the bar indicates to the complex conjugation and the scalar product in d- 
spinor space is the natural one in IC 2[n/2] © ]C 2[m/21 . 

3. D is a Dirac d-operator associated to one of the d-metric compatible d-connection, 
for instance, with the Levi-Civita connection, canonical d-connection or another 
one, denoted with a general symbol V = T^Su^. 

We note that the elements of the algebra Ami acts as multiplicative operators on TC, 

(aip)(u) =: f(u)ip(u), 

for every a G A[d\,ip G H. 

Distinguished spinor structures 

Let us analyze the connection between d-spinor structures and spectral d-triples over 
a vector bundle £at. One consider a (n + m)-bein (frame) decomposition of the d-metric 
g a/ 3 (j!3.6p (and its inverse g alS ), 

g^{u) = el{u)e%u)r??-, Va& = e£(«)ef(«)&*, 

r]oj3 it the diagonal Euclidean (n + m)— metric, which is adapted to the N-connection 
structure because the coefficients g a p are defined with respect to the dual N-distinguish- 
ed basis (fTTSJ) . We can define compatible with this decomposition d— connections 
(for instance, the Levi-Civita connection, which with respect to anholonomic frames 
contains torsions components, or the canonical d-connection), defined by 
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as the solution of the equations 

ft p V- ftp— — V— p— V— A 

We define by C (£at) the Clifford bundle over £ N with the fiber at u 6 £jv being 
just the complexified Clifford d-algebra Clif /jq (T*£ N ) , T*£ N being dual to T U £ N , and 
r[CjV; C (6v)] is the module of corresponding sections. By defining the maps 

7 (0 = ( 7 ,7(0) = 7» = 7 X(«) = (7%( W ) )7 %M) , 

extended as an algebra map by A^-linearity, we construct an algebra morphism 

1 :T^ N) C^ N ))^B(H). (13.22) 

The indices of the "curved" 7 a (w) and "flat" 7- gamma matrices can be lowered by using 
respectively the d-metric components g a p (u) and 77^/3, i. e. 7/3 (w) =^ a {u) g a p {u) and 
7^ = 7— 770/3. We take the gamma matrices to be Hermitian and to obey the relations, 

7« 7/3 + 7/?7« = -2# a /3 (7i7j + 7i7i = -2</y, 7a7b + 7fe7a = -2^) , 
7a7,s + 7^7a = -2^. 

Every d-connection can be shifted as a d-covariant operator yjf' = ^vl 5 ') V^j 011 
the bundle of d-spinors, 

vj? = 8> + rjfi = ir^^ 

which defines the Dirac d-operator 

[d] D =: 7 o = 7» (*„ + rj?) = 7 X + if) . (13.23) 

Such formulas were introduced in Refs. for distinguished spinor bundles (of first 
and higher order). In this paper we revise them in connection to spectral d-triples and 
noncommutative geometry. On such spaces one also holds a variant of Lichnerowicz 
formula [3] for the square of the Dirac d-operator 

[ d ]D 2 = V [S] + \R, (13-24) 

where the formulas for the scalar curvature R is given in (J13.16)) and 

V [S] = _ r (v [s] v js] -T^vf) ■ 

In a similar manner as in Ref. [2H] but reconsidering all computations on a vector 
bundle we can prove that for every d-triple [.A^, W, D\d]\ one holds the properties: 



472 



CHAPTER 13. NONCOMMUTATIVE FINSLER GRAVITY 



1. The vector bundle £jv is the structure space of the algebra A\j\ of continuous 
functions on £ N (the bar here points to the norm closure of A[d])- 

2. The geodesic distance p between two points pi,p2 G £jv is defined by using the 
Dirac d-operator, 

p(pi,P2)=sup{|/(p)-/((z)|: \\[D [dl , f]\\ < 1} . 
fe 

3. The Dirac d-operator also defines the Riemannian measure on 

[ f = c(n + m)tr r (f\D [d] r^) 

for every / G A [d] and c(n + m) = 2[™+ m -("+ m )/ 2 - V n+m )/ 2 (n + m)Y (2±^) , T 
being the gamma function. 

The spectral d-triple formalism has the same properties as the usual one with that 
difference that we are working on spaces provided with N-connection structures and the 
bulk of constructions and objects are distinguished by this structure. 

Noncommutative differential forms 

To construct a differential algebra of forms out a spectral d-triple [A[d], Tt, 
one follows universal graded differential d-algebras defined as couples of universal ones, 
respectively associated to the h- and f-components of some splitting to subspaces defined 
by N-connection structures. Let A[d\ be an associative d-algebra (for simplicity, with 
unit) over the field of complex numbers IC. The universal d-algebra of differential forms 
QA[d] = Q) p Q p A[d] is introduced as a graded d-algebra when f2°^4[d] = A\d] and the space 
VL l A[d] of one-forms is generated as a left ^4^-module by symbols of degree 5a, a G 
satisfying the properties 

S(ab) = (Sa)b + a5b and S(aa + (3b) = a(Sa) + (35b 

from which follows 51 = which in turn implies <5IC = 0. These relations state the 
Leibniz rule for the map 

5 ■ A[d\ — > ^ A[d\ 
An element w G fi 1 *^] is expressed as a finite sum of the form 
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for cii, hi G A[d]. The left A -module fi 1 ^.^] can be also endowed with a structure of 
right A [rf] -module if the elements are imposed to satisfy the conditions 

I ^ a i<% ) c =: a i(^h) c = a i S ( b L c ) ~ ^2 a ik$ c - 
\ i / I i i 

Given a spectral d-triple [.A^, 7i, D[d]\ , one constructs and exterior d-algebra of 
forms by means of a suitable representation of the universal algebra QA[d\ in the d- 
algebra of bounded operators on Ti by considering the map 

TT : nA [d] ^B(H), 
tt (cioSai. ..5a p ) = : oq [D, ai] ... [D, a p ] 

which is a homomorphism since both 6 and [D, .] are distinguished derivations on A[d\- 
More than that, since [D, a]* = — [D, a*} , we have tt (vj)* = tt {vj*) for any d-form 
w G QA[d] and tt being a *-homomorphism. 

Let Jo = : ® p Jq be the graded two-sided ideal of flA[d\ given by Jq =: {tt {w) = 0} 
when J = J + 5 Jo is a graded differential two-sided ideal of fL4[<f]. At the next step we 
can define the graded differential algebra of Connes' forms over the d-algebra Ami as 

tt D A [d] =: £lA[d]/J ~ tt (ttA[d]) /tt (5 J ) . 

It is naturally graded by the degrees of fLA\a and J with the space of p-forms being given 
by Q p D A[d] = Q p A[d]/J p . Being J a differential ideal, the exterior differential 5 defines a 
differential on QdA[<i\, 

5 : ft p D A[d] -> fl'^Aid], 5[w] =: [8w\ 

with w G Q p D A[d] and [w] being the corresponding class in Q p D A[d]. 

We conclude that the theory of distinguished d-forms generated by d-algebras, as 
well of the graded differential d-algebra of Connes' forms, is constructed in a usual form 
(see Refs. [E1I2EI) but for two subspaces (the horizontal and vertical ones) defined by a 
N-connection structure. 

The exterior d— algebra 

The differential d-form formalism when applied to the canonical d-triple 
[A[d], TC, D[d]\ over an ordinary vector bundle £jv provided with N-connection structure 
reproduce the usual exterior d-algebra over this vector bundle. Consider our d-triple 
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on a closed (n + m) -dimensional Riemannian spin manifold as described in subsection 
113.4.11 when A[d\ = F^n) is the algebra of smooth complex valued functions on £jy 
and TC = L 2 (£n,S) is the Hilbert space of square integrable sections of the irreducible 
d-spinor bundle (of rank 2^ n+m ^ 2 over We can identify 

vr (6f) =: [ [d] D, f] = 7»tf„/ = 7 (kJ) (13.25) 

for every / G Ami, see the formula for the Dirac d-operator (|13.23|) . where 7 is the 
d-algebra morphism ()13.22|) and 5% N denotes the usual exterior derivative on £ N . In a 
more general case, with G ^4[ d ], [z] = [1], [p], we can write 

7T (/[o]%]-^/[p]) =: f[o][[d]D, / t i]]...[ M D, /[pj] = 7 (/[o]<W[i] • ••• • <W[p]) > (13.26) 

where the d-differentials S^ N f[i] are regarded as sections of the Clifford d-bundle Ci(£n), 
while /[j] can be thought of as sections of Co(£aO and the dot ■ the Clifford product in 
the fibers of C(£ N ) = ® k C k (£ N ), see details in Refs. ft5JIK2|. 

A generic differential 1-form on ^ can be written as f^S^ N f^ with J'q\ 
G ^4[cq. Following the definitions (j!3.25|) and ([13.26)1 . we can identify the distinguished 
Connes' 1-forms Q p D A[d] with the usual distinguished differential 1-forms, i. e. 

%A M ~ A p fa) . 

For each u G <^v, we can introduce a natural filtration for the Clifford d-algebra, 
C«(6v) = UCjf , where is spanned by products of type X[i] ' X[2] ' ••• ' < 
p, e One defines a natural graded d-algebra, 

grC u =: ]T ff r p C u , gr p C u = /C^ l \ (13.27) 
p 

for which the natural projection is called the symbol map, 

a v • - > gf p C u . 

The natural graded d-algebra is canonical isomorphic to the complexified exterior d- 
algebra Ajq (T*£n) > the isomorphism being defined as 

A E ( T u£n) 3 X[i) A X[2] A ... A X[ P ] -> ^ P (X[i] • X[2] • ••• • Xh) e #»>C U . (13.28) 

As a consequence of formulas ()13.27j) and ()13.28|1 . for a canonical d-triple 
[A[d\, Ti, D[d\\ over the vector bundle one follows the property: a pair of operators 
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Qi and Q2 on TC is of the form Qi = 7r(iu) and Q2 = ir(Svu) for some universal form 
zu E Q p A[d\, if and only if there are sections p\ of C^' and p2 of C^ p+1 ^ such that 

Qi = 7 (pi) and Q2 = 7 (P2) 

for which 

^°i»(Pi) = a P+i (P2) • 
The introduced symbol map defines the canonical isomorphism 

a p : n p D A [d] ~ r (Af c T*^) (13.29) 

which commutes with the differential. With this isomorphism the inner product on 
Q p D A[d] (the scalar product of forms) is proportional to the Riemannian inner product of 
distinguished p-forms on £ N , 

2(n+m)/2+l— (n+m)_-(n+m)/2 r 

<zu 1 ,W2> p ={-lf , ± , r „ , Wo , / ^xA*U7 2 (13.30) 

(n + m)T ((n + m)/2) J^ N 



for every c^, w 2 G f^-Aj,*] ^ T ^Aj^T*^ 

The proofs of formulas (|13.29)) and (|13.3(J|) are similar to those given in j2H] for 



i N = M. 



13.4.2 Noncommutative Geometry and Anholonomic Gravity 

We introduce the concepts of generalized Lagrange and Finsler geometry and outline 
the conditions when such structures can be modelled on a Riemannian space by using 
anholnomic frames. 



Anisotropic spacetimes 

Different classes of commutative anisotropic spacetimes are modelled by correspond- 
ing parametriztions of some compatible (or even non-compatible) N-connection, d- 
connection and d-metric structures on (pseudo) Riemannian spaces, tangent (or cotan- 
gent) bundles, vector (or covector) bundles and their higher order generalizations in their 
usual manifold, supersymmetric, spinor, gauge like or another type approaches (see Refs. 
jini E3 EH EH HIS Ell EH E2])- Here we revise the basic definitions and formulas which 
will be used in further noncommutative embedding and generalizations. 
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Anholonomic structures on Riemannian spaces: We can generate an anholo- 
nomic (equivalently, anisotropic) structure on a Rieman space of dimension (n+m) space 
(let us denote this space 

y(n+m) and call 

it as a anholonomic Riemannian space) by 
fixing an anholonomic frame basis and co-basis with associated N-connection N?(x,y), 
respectively, as ()13.2|) and ()13.3|) which splits the local coordinates u a = (x\y a ) into two 
classes: n holonomic coorinates, x l , and m anholonomic coordinates, y a . The d-metric 
(fTTTT^ on V^ n+m \ 

GW = gij (x, y)dx i ® dx j + g ab (x, y)5y a ® Sy b (13.31) 
written with respect to a usual coordinate basis du a = (dx l , dy a ) , 

ds 2 = (x, y) du a dvP 



is a generic off-diagonal Riemannian metric parametrized as 

ja Mb, 

i 



lap 



g tJ +N?N!>g ab h ab N? 



;i3.32) 



Such type of metrics were largely investigated in the Kaluza-Klein gravity 02] , but also 
in the Einstein gravity jSE]. An off-diagonal metric ()13.32|) can be reduced to a block 
(n x n) © (m x m) form (gij,g a b) , and even effectively diagonalized in result of a su- 
perposition of ahnolonomic N-transforms. It can be defined as an exact solution of the 
Einstein equations. With respect to anholonomic frames, in general, the Levi-Civita 
connection obtains a torsion component ()3.10|) . Every class of off-diagonal metrics can 
be anholonomically equivalent to another ones for which it is not possible to a select 
the Levi-Civita metric defied as the unique torsionless and metric compatible linear 
connection. The conclusion is that if anholonomic frames of reference, which authomat- 
ically induce the torsion via anholonomy coefficients, are considered on a Riemannian 
space we have to postulate explicitly what type of linear connection (adapted both to 
the anholonomic frame and metric structure) is chosen in order to construct a Rieman- 
nian geometry and corresponding physical models. For instance, we may postulate the 
connection (jl3.10j) or the d-connection ()13.8|) . Both these connections are metric com- 
patible and transform into the usual Christoffel symbols if the N-connection vanishes, 
i. e. the local frames became holonomic. But, in general, anholonomic frames and 
off-diagonal Riemannian metrics are connected with anisotropic configurations which 
allow, in principle, to model even Finsler like structures in (pseudo) Riemannian spaces 

isgiH)]. 
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Finsler geometry and its almost Kahlerian model: The modern approaches to 
Finsler geometry are outlined in Refs. (HI ESI EEE EH EH E2j- Here we emphasize that 
a Finsler metric can be defined on a tangent bundle TM with local coordinates u a = 
(x l ,y a —>■ y l ) of dimension 2n, with a d-metric ()13.6|) for which the Finsler metric, i. e. 
the quadratic form 

[F] _ 1 <9 2 T 2 

is positive definite, is defined in this way: 1) A Finsler metric on a real manifold 
M is a function F : TM -> K which on TM = TM\{0} is of class and F is 
only continuous on the image of the null cross-sections in the tangent bundle to M. 2) 
F (x, Ay) = XF (x, Xy) for every HI. 3) The restriction of F to TM is a positive function. 



4) rank gffl (x, y) 



ij 



n. 



The Finsler metric F(x,y) and the quadratic form can be used to define the 
Christoffel symbols (not those from the usual Riemannian geometry) 

c jk( x > V) = \a lh {djghk + d k g jh - d h g jk ) 
which allows to define the Cartan nonlinear connection as 

N;(x,y) = ^[c\ k (x,y)y l y k ] (13.33) 

where we may not distinguish the v- and h- indices taking on TM the same values. 

In Finsler geometry there were investigated different classes of remarkable Finsler 
linear connections introduced by Cartan, Berwald, Matsumoto and other ones (see details 
in Refs. jHUHHllS!)- Here we note that we can introduce g\p = g a b and Nj(x, y) in (|13.fij) 
and construct a d-connection via formulas (j!3.8j) . 

A usual Finsler space F n = (M, F (x,y)) is completely defined by its fundamental 
tensor g\*p(x,y) and Cartan nonlinear connection Nj(x } y) and its chosen d-connection 
structure. But the N-connection allows us to define an almost complex structure / on 
TM as follows 

I{5 i ) = -d/dy i &ndl(d/dy i )=8 i 

for which I 2 = —1. 

The pair (G^ F \ J) consisting from a Riemannian metric on TM, 

G [F] = g\f ] (x, y)dx i ® dx j + g\ F] (x, y)5y i ® 5y j (13.34) 
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and the almost complex structure I defines an almost Hermitian structure on TM asso- 
ciated to a 2-form 

6 = g£ ] (x,y)5y i Adx j . 

This model of Finsler geometry is called almost Hermitian and denoted H 2n and it is 
proven [HE] that is almost Kahlerian, i. e. the form 9 is closed. The almost Kahlerian 

space K 2n = (^TM,G^ F \l^j is also called the almost Kahlerian model of the Finsler 

space F n . 

On Finsler (and their almost Kahlerian models) spaces one distinguishes the almost 
Kahler linear connection of Finsler type, on TM with the property that this covariant 
derivation preserves by parallelism the vertical distribution and is compatible with the 
almost Kahler structure (G^ F \ J) , i.e. 

D [ i ] G^ = and D^)l = 

for every d-vector field on TM. This d-connection is defined by the data 

T = {L)k, Ll k = 0, Cj a = 0, Cl c — > Cj k ) 

with U- k and Cj fc computed as in the formulas ()13.8j) by using g\p and iVj from 

We emphasize that a Finsler space F n with a d-metric ()13.34|) and Cartan's N- 
connection structure (jl3.33|) . or the corresponding almost Hermitian (Kahler) model 
H 2n , can be equivalently modelled on a Riemannian space of dimension 2n provided 
with an off-diagonal Riemannian metric 1)13.32)1 . From this viewpoint a Finsler geome- 
try is a corresponding Riemannian geometry with a respective off-diagonal metric (or, 
equivalently, with an anholonomic frame structure with associated N-connection) and 
a corresponding prescription for the type of linear connection chosen to be compatible 
with the metric and N-connection structures. 

Lagrange and generalized Lagrange geometry: The Lagrange spaces were intro- 
duced in order to generalize the fundamental concepts in mechanics |2B] and investigated 
in Refs. |3E| (see [IHl EH EH ESI EH E2j for their spinor, gauge and supersymmetric gen- 
eralizations). 

A Lagrange space L n = (M,L(x,y)) is defined as a pair which consists of a real, 
smooth n-dimensional manifold M and regular Lagrangian L : TM — > 1R. Similarly as 
for Finsler spaces one introduces the symmetric d-tensor field 
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So, the Lagrangian L(x, y) is like the square of the fundamental Finsler metric, F 2 (x, y), 
but not subjected to any homogeneity conditions. 

In the rest me can introduce similar concepts of almost Hermitian (Kahlerian) models 
of Lagrange spaces as for the Finsler spaces, by using the similar definitions and formulas 
as in the previous subsection, but changing g]p — > g\^. 

R. Miron introduced the concept of generalized Lagrange space, GL-space (see de- 
tails in ?36J and a corresponding N-connection geometry on TM when the fundamental 
metric function g>jj = g^- (x, y) is a general one, not obligatory defined as a second deriva- 
tive from a Lagrangian as in (j 13. 35)1 . The corresponding almost Hermitian (Kahlerian) 
models of GL-spaces were investigated and applied in order to elaborate generalizations 
of gravity and gauge theories [23 EH] • 

Finally, a few remarks on definition of gravity models with generic local anisotropy 
on anholonomic Riemannian, Finsler or (generalized) Lagrange spaces and vector bun- 
dles. So, by choosing a d- metric (jl3.6J) (in particular cases fl!3.31|) . or (j!3.34|) with g\J\ 

or g\j) we may compute the coefficients of, for instance, d-connection (jl3.8J) . d-torsion 
(113. 13|) and ()13.14J) and even to write down the explicit form of Einstein equations (jl3.18|) 
which define such geometries. For instance, in a series of works |55} 156} 162] we found 
explicit solutions when Finsler like and another type anisotropic configurations are mod- 
elled in anisotropic kinetic theory and irreversible thermodynamics and even in Einstein 
or low/extra-dimension gravity as exact solutions of the vacuum (113. 18|) and nonvac- 
uum (|13.19J) Einstein equations. From the viewpoint of the geometry of anholonomic 
frames is not much difference between the usual Riemannian geometry and its Finsler 
like generalizations. The explicit form and parametrizations of coefficients of metric, 
linear connections, torsions, curvatures and Einstein equations in all types of mentioned 
geometric models depends on the type of anholomic frame relations and compatibility 
metric conditions between the associated N-connection structure and linear connections 
we fixed. Such structures can be correspondingly picked up from a noncommutative 
functional model, for instance from some almost Hermitian structures over projective 
modules and/or generalized to some noncommutative configurations. 

13.4.3 Noncommutative Finsler like gravity models 

We shall briefly describe two possible approaches to the construction of gravity models 
with generic anisotropy following from noncommutative geometry which while agreeing 
for the canonical d-triples associated with vector bundles provided with N-connection 
structure. Because in the previous section we proved that the Finsler geometry and 
its extensions are effectively modelled by anholonomic structures on Riemannian man- 
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ifolds (bundles) we shall only emphasize the basic ideas how from the beautiful result 
by Connes [HI E] we may select an anisotropic gravity (possible alternative approaches 
to noncommutative gravity are examined in Refs. EU EH EHl dD] ; by introducing an- 
holonomic frames with associated N-connections those models also can be transformed 
into certain anisotropic ones; we omit such considerations in the present work). 

Anisotropic gravity a la Connes— Deximier— Wodzicki 

The first scheme to construct gravity models in noncommutative geometry (see details 
in [SJI2EI) may be extend for vector bundles provided with N-connection structure (i. e. 
to projective finite distinguished moduli) and in fact to reconstruct the full anisotorpic 
(for instance, Finsler) geometry from corresponding distinguishing of the Diximier trace 
and the Wodzicki residue. 

Let us consider a smooth compact vector bundle £jv without boundary and of dimen- 
sion n + m and as a "symbol" for a time being operator and denote A[d\ = C°° . 
For a unitary representation [An, D n ] of the couple (A[d\, D[ t ]) as operators on an Hilbert 
space Tin provided with a real structure operator J n , such that [An, Dn, Ti, J n ] satisfy 
all axioms of a real spectral d-triple. Then, one holds the properties: 

1. There is a unique Riemannian d-metric g n on £jv such the geodesic distance in the 
total space of the vector bundle between every two points U[i\ and it[ 2 ] is given by 




2. The d-metric g n depends only on the unitary equivalence class of the representa- 
tions 7r. The fibers of the map 7r — > form unitary equivalence classes of represen- 
tations to metrics define a finite collection of affine spaces A a parametrized by the 
spin structures a on £ N . These spin structures depends on the type of d-metrics 
we are using in £ N . 

3. The action functional given by the Diximier trace 

G (D [t] ) = tr„ (^ +m " 2 ) 

is a positive quadratic d-form with a unique minimum for each A a . At the 
minimum, the values of G (D[t\) coincides with the Wodzicki residue of jj™+ m - 2 
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and is proportional to the Hilbert-Einstein action for a fixed d-connection, 

G (D a ) = Res w (D n a + m - 2 ) = : 1 / tr [<r_ (n+m) («, «') 

(n + m) (z7r) y 



(n + m) (2vr) r 



R5u, 



in 



where 



n + m - 2 2K n+m )/ 2 l 

12 (4vr) (n+m)/2 r(^ + l) 



&-(n+m) i u i u ') 18 the part of order —(n + m) of the total symbol of D™ +m 2 , R is 
the scalar curvature ()13.16j) on £jv and tr is a normalized Clifford trace. 

4. It is defined a representation of (*4[rf], for every minimum Tc a on the Hilbert 
space of square integrable d-spinors 7i = L 2 (£n, S a ) where A\d] acts by multiplica- 
tive operators and D a is the Dirac operator of chosen d-connection. If there is no 
real structure J, one has to replace spin by spin (for d-spinors investigated in 
Refs. |4*m E2])- I n this case there is not a uniqueness and the minimum of 
the functional G (D) is reached on a linear subspace of A a with a a fixed spin c 
structure. This subspace is parametrized by the U (1) gauge potentials entering in 
the spin c Dirac operator (the rest properties hold). 

The properties 1-4 are proved in a similar form as in [2H1 EE I2E] 5 but all computations 
are distinguished by the N-connection structure and a fixed type of d-connection (we 
omit such details). We can generate an anholonomic Riemannian, Finsler or Lagrange 
gravity depending on the class of d-metrics f (J13.31|) . ()13.34|) . (j!3.35|) . or a general one 
for vector bundles (jl3.6|0 we choose. 

Spectral anisotropic Gravity 

Consider a canonical d-triple [A[d\ = C°° (£jv) ,H = L 2 (£jv) ,[d\ D\ defined in subsec- 
tion HS3H] for a vector bundle £tv, where [^D is the Dirac d-operator f)13.23|) defined for 
a d-connection on £ N . We are going to compute the action 



S G ( [d] D,A) =tr n 



X 



[d] 



d' 2 



A 2 



;i3.36) 



depending on the spectrum of [d\D, were tr^ is the usual trace in the Hilbert space, A is 
the cutoff parameter and x wm be closed as a suitable cutoff function which cut off all 



482 



CHAPTER 13. NONCOMMUTATIVE FINSLER GRAVITY 



eigenvalues of [d]D 2 larger than A 2 . By using the Lichnerowicz formula, in our case with 
operators for a vector bundle, and the heat kernel expansion (similarly as for the proof 
summarized in Ref. [28] ) 

S G ( [d] D,A)=J2fka k (m^M 2 ), 

fc>0 

were the coefficients f k are computed 

oo oo 

fo= fx (z) zdz, f 2 = fx (*) dz, f 2(k/+2) = (-if x {k ' ] (0) , k' > 0, 



■yA k ') denotes the fc'th derivative on its argument, the so-called non- vanishing Seeley-de 
Witt coefficients a k ([ d ]D 2 /A 2 ^ are defined for even values of k as integrals 

a k ( [d] D 2 /A 2 ) = J a k (u; [d] D 2 /A 2 ) ^5u 
with the first three subintegral functions given by 



a (u; [d] D 2 /A 2 ) = A 4 (47r)~ (n+m)/2 trl 2 \( n 



2 [(n+m)/2], 

m)/2], 



a 2 (u; [d] D 2 /A 2 ) = A 2 ( 4 7r)- ( " +m)/2 (-R/Q + e) frI aK . 
a,(u; [d] D 2 /A 2 ) = {A^ n+m)/2 ±-{-\2D»D»*R + 5R 2 - IR^BT 

— R ltttaP W u,ttP - 60RE + 180E 2 + mD^D" E)trl 2 [(n+m)/2] , 

and E ='-\ d ] D 2 — = R/4, see ([13.24)1 . We can use for the function x the charac- 
teristic value of the interval [0, 1], namely x ( z ) = 1 f° r z < 1 an d x{ z ) = for z > 1, 
possibly 'smoothed out' at z — 1, we get 

f = l/2J 2 = lJ 2(k , +2) = 0,k'>0. 

We compute (a similar calculus is given in [28] : we only distinguish the curvature 
scalar, the Ricci and curvature d-tensor) the action (jl3.36[) . 

2(n+m)/2-l r ^2 2(n+m)/2-l r < 

S G { [d] D, A) = A 4 (4?r)(n+m)/2 J VgSu + Y (47r)(n+m)/2 J V~9R5u. 
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This action is dominated by the first term with a huge cosmo logical constant. But this 
constant can be eliminated [SHJ if the function x ( z ) is replaced by x( z ) — X ( z ) ~ a X (P z ) 
with any two numbers a and /3 such that a = f3 2 and /3 > 0, (3 ^ 1. The final form of 
the action becomes 

S o ( M A A) = [l- j2 ) /2-6- (47r)(w+m)/2 j V^Rtu + O ((A 2 ) ) . (13.37) 

From the action (J13.37)) we can generate different models of anholonomic Riemannian, 
Finsler or Lagrange gravity depending on the class of d-metrics ( fll3.31j) . ()13.34}) . (jl3.35|) . 
or a general one for vector bundles ()13.6[) ) we parametrize for computations. But this 
construction has a problem connected with "spectral invariance versus diffeomorphysm 
invariance on manifolds or vector bundles. Let us denote by spec kjvjM D) the spec- 
trum of the Dirac d-operator with each eigenvalue repeated according to its multiplicity. 
Two vector bundles £jv and £' N are called isospectral if spec (£,N,{d\ D) = spec KAr,[<i] D) > 
which defines an invariant transform of the action (|13.36|) . There are manifolds (and in 
consequence vector bundles) which are isospectral without being isometric (the converse 
is obviously true). This is known as a fact that one cannot 'hear the shape of a drum 
[TH] because the spectral invariance is stronger that usual diffeomorphysm invariance. 

In spirit of spectral gravity, the eigenvalues of the Dirac operator are diffeomorphic 
invariant functions of the geometry and therefore true observable in general relativity. 
As we have shown in this section they can be taken as a set of variables for invariant 
descriptions to the anholonomic dynamics of the gravitational field with (or not) local 
anisotropy in different approaches of anholonomic Riemannian gravity and Finsler like 
generalizations. But in another turn there exist isospectral vector bundles which fail to 
be isometric. Thus, the eigenvalues of the Dirac operator cannot be used to distinguish 
among such vector bundles (or manifolds). A rigorous analysis is also connected with 
the type of d-metric and d-connection structures we prescribe for our geometric and 
physical models. 

Finally, we remark that there are different models of gravity with noncommutative 
setting (see, for instance, Refs. [3 EH EH EH1 dUl UH ESj)- By introducing nonlinear 
connections in a respective commutative or noncommutative variant we can transform 
such theories to be anholonomic, i. e. locally anisotropic, in different approaches with 
(pseudo) Riemannian geometry and Finsler /Lagrange or Hamilton extensions. 
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13.5 Noncommutative Finsler— Gauge Theories 

The bulk of noncommutative models extending both locally isotropic and anisotropic 
gravity theories are confrunted with the problem of definition of noncommutative vari- 
ants of pseudo-Eucliedean and pseudo-Riemannian metrics. The problem is connected 
with the fact of generation of noncommutative metric structures via the Moyal results in 
complex and noncommutative metrics. In order to avoid this difficulty we elaborated a 
model of noncommutative gauge gravity (containing as particular case the Einstein gen- 
eral relativity theory) starting from a variant of gauge gravity being equivalent to the 
Einstein gravity and emphasizing in a such approach the tetradic (frame) and connection 
structures, but not the metric configuration (see Refs. |SH1)- The metric for such theories 
is induced from the frame structure which can be holonomic or anholonomic. The aim 
of this section is to generalize our results on noncommutative gauge gravity as to in- 
clude also possible anisotropies in different variants of gauge realization of anholonomic 
Einstein and Finsler like generalizations formally developed in Refs. lol^ 152] . 

A still presented drawback of noncommutative geometry and physics is that there is 
not yet formulated a generally accepted approach to interactions of elementary particles 
coupled to gravity. There are improved Connes-Lott and Chamsedine-Connes models 
of nocommutative geometry (HI E] which yielded action functionals typing together the 
gravitational and Yang-Mills interactions and gauge bosons the Higgs sector (see also 
the approaches [THj and, for an outline of recent results, [33]). 

In the last years much work has been made in noncommutative extensions of physical 
theories (see reviews and original results in Refs. I45j). It was not possible to 
formulate gauge theories on noncommutative spaces [JUl ESI Ell E2] with Lie algebra 
valued infinitesimal transformations and with Lie algebra valued gauge fields. In order 
to avoid the problem it was suggested to use enveloping algebras of the Lie algebras 
for setting this type of gauge theories and showed that in spite of the fact that such 
enveloping algebras are infinite-dimensional one can restrict them in a way that it would 
be a dependence on the Lie algebra valued parameters, the Lie algebra valued gauge fields 
and their spacetime derivatives only. 

We follow the method of restricted enveloping algebras [2T] and construct gauge gra- 
vitational theories by stating corresponding structures with semisimple or nonsemisimple 
Lie algebras and their extensions. We consider power series of generators for the affine 
and non linear realized de Sitter gauge groups and compute the coefficient functions 
of all the higher powers of the generators of the gauge group which are functions of 
the coefficients of the first power. Such constructions are based on the Seiberg-Witten 
map [IS] and on the formalism of ^-product formulation of the algebra [HS] when for 
functional objects, being functions of commuting variables, there are associated some 
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algebraic noncommutative properties encoded in the * -product. 

The concept of gauge theory on noncommutative spaces was introduced in a geometric 
manner [32J by defining the covariant coordinates without speaking about derivatives 
and this formalism was developed for quantum planes [Bl|. In this section we shall 
prove the existence for noncommutative spaces of gauge models of gravity which agrees 
with usual gauge gravity theories being equivalent, or extending, the general relativity 
theory (see works jHHl HZj for locally isotropic and anisotropic spaces and corresponding 
reformulations and generalizations respectively for anholonomic frames [60] and locally 
anisotropic (super) spaces [HH IHU E21 IMj) in the limit of commuting spaces. 



13.5.1 Star— products and enveloping algebras in noncommuta- 
tive spaces 

For a noncommutative space the coordinates u 1 , (i = 1, ...,N) satisfy some noncom- 
mutative relations 

%Q % \ y G IC, canonical structure; 
[u\u j ]={ if k j u k , f k j G IC, Lie structure; (13.38) 



iCurU k u l , Cut G IC, quantum plane 



where IC denotes the complex number field. 

The noncommutative space is modelled as the associative algebra of IC; this algebra 
is freely generated by the coordinates modulo ideal 1Z generated by the relations (one 
accepts formal power series) A u = ICffw 1 , u N ]]/TZ. One restricts attention [22] to 
algebras having the (so-called, Poincare-Birkhoff-Witt) property that any element of 
A u is defined by its coefficient function and vice versa, 

oo 

/ = Yl fiu-fiL -u h ... u iL : when / ~ , 

L=Q 

where : u n . . . u lL : denotes that the basis elements satisfy some prescribed order (for in- 
stance, the normal order %\ < 12 < . . . < il, or, another example, are totally symmetric). 
The algebraic properties are all encoded in the so-called diamond (o) product which is 
defined by 

Jg = h ~ {fr} o {gi} = {h} . 

In the mentioned approach to every function f{u) = /(it 1 , . . . , u N ) of commuting 
variables u 1 , ... , u N one associates an element of algebra / when the commuting variables 
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CO 



are substituted by anticommuting ones 

f{u) = Y,h...^---u N ^j=Y,h 

L=0 

when the o-product leads to a bilinear ^-product of functions (see details in 

o M = {hi} ~{f*g) (u) = h(u). 

The *-product is defined respectively for the cases ()13.38j) 

( exp[ i£e^^j]f(u)g(u')\ u ^ u , 
f*g={ ^n k g h {i^iin)]f{v;)g{u'%rj u 



v )g(u', vx'c:-. 

where there are considered values of type 

e ik„u n gip„iS" _ e i{k n +p n + \g n {k,p)}u n , /-j^g gg^ 

3„ (A;, p) = -kipjfi + -Ayjj (p fc - k k ) fU m n 
e A e B = e A+B+ ^ A ' B]+ ^ {[A ' [A ' B]]+[B ' [B ' A]]) + ... 

and for the coordinates on quantum (Manin) planes one holds the relation uv = qvu. 

A non-abelian gauge theory on a noncommutative space is given by two algebraic 
structures, the algebra A u and a non-abelian Lie algebra Ai of the gauge group with 
generators I 1 , ...,1 s and the relations 

[J* jq=i/?J* (13.40) 

In this case both algebras are treated on the same footing and one denotes the generating 
elements of the big algebra by v?, 

ftN rl T S\ A _mU~l ZTN+S 



z- 



{u\...,u N j\...J s },A z =10[[u\...,u N+s })/n 



and the *-product formalism is to be applied for the whole algebra A z when there are 
considered functions of the commuting variables u l k, ... = 1, N) and I- (s,p, ... = 
1,...,S). 

For instance, in the case of a canonical structure for the space variables u % we have 
( F *G)(u) = e^ 3 ^^ +tag ^' l ^)> F{u '*' )G ^ (13.41) 



This formalism was developed in [22] for general Lie algebras. In this section we consider 
those cases when in the commuting limit one obtains the gauge gravity and general 
relativity theories or some theirs anisotropic generalizations.. 
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13.5.2 Enveloping algebras for gauge gravity connections 

In order to construct gauge gravity theories on noncommutative space we define the 
gauge fields as elements the algebra A u that form representation of the generator I— 
algebra for the de Sitter gauge group. For commutative spaces it is known [SHI HH EQ 
that an equivalent re-expression of the Einstein theory as a gauge like theory implies, 
for both locally isotropic and anisotropic spacetimes, the nonsemisimplicity of the gauge 
group, which leads to a nonvariational theory in the total space of the bundle of locally 
adapted affine frames (to this class one belong the gauge Poincare theories; on metric- 
affine and gauge gravity models see original results and reviews in |48j). By using 
auxiliary biliniear forms, instead of degenerated Killing form for the affine structural 
group, on fiber spaces, the gauge models of gravity can be formulated to be variational. 
After projection on the base spacetime, for the so-called Cartan connection form, the 
Yang-Mills equations transforms equivalently into the Einstein equations for general 
relativity j3H]. A variational gauge gravitational theory can be also formulated by using 
a minimal extension of the affine structural group Af 3+1 (M) to the de Sitter gauge 
group S w = SO (4+1) acting on 1R 4+1 space. 

Nonlinear gauge theories of de Sitter group in commutative spaces 

Let us consider the de Sitter space E 4 as a hypersurface given by the equations 
rj AB u A u B = —I 2 in the four dimensional flat space enabled with diagonal metric r) AB , 
t]aa — ±1 (i n this section A,B,C,... = 1,2, ...,5), where {u A } are global Cartesian 
coordinates in 1R 5 ; I > is the curvature of de Sitter space. The de Sitter group S^ = 
SO^ (5) is defined as the isometry group of S 5 -space with 6 generators of Lie algebra 
sof v ) (5) satisfying the commutation relations 

[M AB ,M CD } = VAcM BD -r)BcM AD -r) AD M BC + r) BD M A c. (13.42) 



Decomposing indices A, B, ... as A = (a, 5) , B — 5) , the metric r] AB as r] AB = 
(vafiiVss) 5 an d operators M AB as M^p = J~ap an d Pa = l~ 1 M 5 a, we can write (j!H.42j) 



•Ft x/3 1 F yg 

Pa, P/3 



VajFpS — VfijFaS + VpsFaj ~ VasFpj, 
I FaJ3, P&i F g^y TjupP'y ^lar/Ppi 



;i3.43) 
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where we decompose the Lie algebra so^ (5) into a direct sum, so^ (5) = so^(4) © V4, 
where V4 is the vector space stretched on vectors Pg_- We remark that S 4 = S^/L^, 
where = SO^ (4) . For t\ab = diag (1, — 1, — 1, — 1) and Si = ^(^(l^),^ = 
5*0 (1, 3) is the group of Lorentz rotations. 

In this paper the generators I- and structure constants f \ from (jl3.40j) are parametr- 
ized just to obtain de Sitter generators and commutations (|13.43|) . 

The action of the group S( v ) can be realized by using 4 x 4 matrices with a parametriza- 
tion distinguishing the subgroup : 

B = bB L , (13.44) 

where 



Br 



L 
1 



L G Luj\ is the de Sitter bust matrix transforming the vector (0,0, ...,p) G 1R into the 
arbitrary point (V 1 , V 2 , V 5 ) G C TZ 5 with curvature p, (V A V A = -p 2 , V A = t A p). 
Matrix b can be expressed as 



P ^ (T+F) 
tp 

The de Sitter gauge field is associated with a som (5)-valued connection 1-form 

tt = \ ~ £ , 13.45 

1 9p 1 

where uj— p G so(4) w , ^ G ft 4 , 0£ G 73^^. 

Because S 1 ^) -transforms mix the components of the matrix uj— a and 9— fields in 
()13.45|) (the introduced parametrization is invariant on action on SOt n \ (4) group we 
cannot identify uj— a and 9— , respectively, with the connection T a p and the fundamental 
form x a i n a metric-affine spacetime) . To avoid this difficulty we consider jUj a nonlinear 
gauge realization of the de Sitter group St v \, namely, we introduce into consideration the 
nonlinear gauge field 



r = b- 1 Qb + b- 1 db= J- , (13.46) 
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where 

r% = u 3 - p- (t*Dtp-tpDt^/(l+t 5 ), 

QOL = t 5(fa + Dt a_ t a ^ + 9^ /(l + t 5 ) , 

Dt* = + u- p i&. 
The action of the group S (if) is nonlinear, yielding transforms 

r = l'y (L'y 1 + L'd (L'y 1 , & = lb, 

where the nonlinear matrix-valued function 

L' = 11 (t a , b, Br) 

is defined from Bf, = b 'By (see the parametrization ([13.44)) ) . The de Sitter algebra with 
generators ()13.43|) and nonlinear gauge transforms of type ()13.46|) is denoted Wf S \ 

De Sitter nonlinear gauge gravity and Einstein and Finsler like gravity 

Let us consider the de Sitter nonlinear gauge gravitational connection (J13.46)) rewrit- 
ten in the form 

p« j-1 c 

lo'xp 



;i3.47) 



where 



and 



pa _ pa r a 

1 p — 1 Pn 0a i 

r— — v- v- r Q _i_ v2 x v a v « — v « x„m 

1 ~~ A aA /3 L /3 7 + A a°MA /3> A ~~ A /x ^ j 



— X~ aX^ 



Vap — (1, — 1, — 1) and l is a dimensional constant. As T a p we take the Christoffel 
symbols for the Einstein theory, or every type of d-connection ()13.8|) for an anisotropic 
spacetime. Correspondingly, G a p can be the pseudo-Rieamannian metric in general rel- 
ativity or any d-metric ()13.6|) . which can be particularized for the anholonomic Einstein 
gravity (|13.31|) or for a Finsler type gravity (|13.34j) . 
The curvature of (|13.47|h 

n {r) = dT + r /\ r, 
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can be written 

n <v) = ( n - t + l f*l tfT* \ ( } 

V Iq x t^ o J ' v ' 

where 



and 



K p^u ~ Xj3 Xa 



with the R a » being the metric-afnne (for Einstein-Cartan-Weyl spaces), or the (pseu- 
do) Riemannian curvature, or for anisotropic spaces the d-curvature (|13.14|) . The de 
Sitter gauge group is semisimple and we are able to construct a variational gauge gravi- 
tational theory with the Lagrangian 

L = L(G) + £( m ) 

where the gauge gravitational Lagrangian is defined 

l {g) = ^Tr (n^/\* G n^) = c (G) \G\^S" 

with 



+m u, 



Ag) = ^ M X + ±.H* ^ r - ± (r) - 2A, 

S A u being the volume element, T— ^ = x~ a T a M „ (the gravitational constant I 2 satisfies 
the relations I 2 = 2ZqA, Ai = — 3//o), Tr denotes the trace on a, (3 indices, and the 
matter field Lagrangian is defined 



L {m) = -l\Tr (r A*gX) = £ M \G\ 1/2 5 n " 



where 

M m ) ~ 2 if 1 a — f 1 ' 

The matter field source J is obtained as a variational derivation of C( m ) on Y and is 
parametrized as 

S~ p —lot— 
-l Q t~ 



J 



with t— = t- ^Su* 1 and S~ * = S~ p^u^ being respectively the canonical tensors of 
energy-momentum and spin density. 



23.5. NONCOMMUTATIVE FINSLER-GAUGE THEORIES 



491 



Varying the action 

S = J 5 4 u (£ (G ) + £ (m) ) 

on the T-variables (la), we obtain the gauge-gravitational field equations, in general, 
with local anisotropy, 

d (*n {r) ) +rf\ (*n (r) ) - (*n {r) ) f\r = -\ , (13.49) 

were the Hodge operator * is used. 

Specifying the variations on T— ~ and x— variables, we rewrite ()13.49j) 

V (*7^) +^(V («r) + X A (*^ T ) " (*T) A X T ) = -A , 
- 2A Z 2 / 1 \ 

p(*t) - (*n^)/\ x - 1¥ (*7i)/\x = -i*t + j*Tj, 



where 



X 1 = {Xa = Va i X S -, X^ = r V = d + T, 

(r acts as T- a on indices 7, 5, ... and as T a ^ on indices 7, 5, ...). The value r defines 
the energy-momentum tensor of the gauge gravitational field F : 

v (f ) = l -Tr [n^n a u - ^JiapK^G^j . 

Equations ()13.49|) make up the complete system of variational field equations for 
nonlinear de Sitter gauge anisotropic gravity. 

We note that we can obtain a nonvariational Poincare gauge gravitational theory if 
we consider the contraction of the gauge potential (|13.47|) to a potential with values in 
the Poincare Lie algebra 

'• f ].rJ li * (13.50) 

A similar gauge potential was considered in the formalism of linear and affine frame 
bundles on curved spacetimes by Popov and Daikhin (HHl- They treated ()13.50|) as the 
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Cartan connection form for affine gauge like gravity and by using 'pure' geometric meth- 
ods proved that the Yang-Mills equations of their theory are equivalent, after projection 
on the base, to the Einstein equations. The main conclusion for a such approach to 
Einstein gravity is that this theory admits an equivalent formulation as a gauge model 
but with a nonsemisimple structural gauge group. In order to have a variational the- 
ory on the total bundle space it is necessary to introduce an auxiliary bilinear form on 
the typical fiber, instead of degenerated Killing form; the coefficients of auxiliary form 
disappear after projection on the base. An alternative variant is to consider a gauge 
gravitational theory when the gauge group was minimally extended to the de Sitter one 
with nondegenerated Killing form. The nonlinear realizations have to be introduced if 
we consider in a common fashion both the frame (tetradic) and connection components 
included as the coefficients of the potential (jl3.47|) . Finally, we note that the models 
of de Sitter gauge gravity were generalized for Finsler and Lagrange theories in Refs. 

[HUE!!. 

Enveloping nonlinear de Sitter algebra valued connection 

Let now us consider a noncommutative space. In this case the gauge fields are 
elements of the algebra ip G A^f^ that form the nonlinear representation of the de Sitter 
algebra so^) (5) when the whole algebra is denoted A^ S \ Under a nonlinear de Sitter 
transformation the elements transform as follows 

So, the action of the generators (jlH.4Hj) on ip is defined as this element is supposed to 
form a nonlinear representation of A^f^ and, in consequence, Sip G A u despite 7 G A^ S \ 
It should be emphasized that independent of a representation the object 7 takes values in 
enveloping de Sitter algebra and not in a Lie algebra as would be for commuting spaces. 
The same holds for the connections that we introduce jH2j> m order to define covariant 
coordinates, 

U v = u v + f u J u G A{ dS) . 
The values U^ip transform covariantly, 

if and only if the connection T u satisfies the transformation law of the enveloping non- 
linear realized de Sitter algebra, 

8r^ = -i[u v ,Zf] + itf,n, 
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where 5T U e A ( k iS ' 1 . The enveloping algebra- valued connection has infinitely many compo- 
nent fields. Nevertheless, it was shown that all the component fields can be induced from 
a Lie algebra-valued connection by a Seiberg-Witten map (|HI1I2I] and [3] for SO(n) 
and Sp(n)). In this subsection we show that similar constructions could be proposed for 
nonlinear realizations of de Sitter algebra when the transformation of the connection is 
considered 

af" = -i[uY 7] + *[7/ H 

For simplicity, we treat in more detail the canonical case with the star product (jl3.41|) . 
The first term in the variation 5T U gives 

-i[«V 7] = ^7- 
Assuming that the variation of = 9 u ^Qn starts with a linear term in 6, we have 



5?" = 6^5Q„ 5Q„ = ^7 + i[V Q 



We follow the method of calculation from the papers [32j|22] and expand the star product 
(|13.41j) in 9 but not in g a and find to first order in 9, 

7 = TiJ* + 7^/- + Q, = t&J* + ql^I- + - (13.51) 

where 7^ and q^ a are of order zero in 9 and 7^ and q 2 b are of second order in 9. 
The expansion in /- leads to an expansion in g a of the ^-product because the higher 
order /^-derivatives vanish. For de Sitter case as /- we take the generators (j!3.43j) . see 
commutators (jl3.40j) . with the corresponding de Sitter structure constants ~ f a f (in 
our further identifications with spacetime objects like frames and connections we shall 
use Greek indices). 

The result of calculation of variations of ()13.51|) . by using g a to the order given in 

dinssD, is 



di 1 

r 1 _ la „bc 1 1 

K,^ = ^7i-^ T ^7l5 T g^-2^Kg^ + 7 ^J. 



Next, we introduce the objects e, taking the values in de Sitter Lie algebra and W^, 
being enveloping de Sitter algebra valued, 

e = 7^ and W, = ql ab I^ b - 
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with the variation SW^ satisfying the equation [321 1221 

SW, = dpi-fePP) - V A Re, d x q,} + i[e, W»] + i[(j 2 ^I b -), ft,]. 
This equation has the solution (found in [32} |4H]) 

where 

could be identified with the coefficients TZ~ ^ of de Sitter nonlinear gauge gravity 
curvature (see formula (j!3.48p ) if in the commutative limit q 1 h ~ I x - ] 
(see CE323). 

The below presented procedure can be generalized to all the higher powers of 9. 



13.5.3 Noncommutative Gravity Covariant Gauge Dynamics 

First order corrections to gravitational curvature 

The constructions from the previous section are summarized by the conclusion that 
the de Sitter algebra valued object e = 7* (u) I- determines all the terms in the enveloping 
algebra 

7 = iir- + V^i <k ( J ^ J - + J - J ^) + - 

and the gauge transformations are defined by 7* (w) and q^ b (u), when 

S 7 tip = £7 (t\?J) 

For de Sitter enveloping algebras one holds the general formula for compositions of two 
transformations 

which is also true for the restricted transformations defined by 7 1 , 

d 7 io ? i — 5 ? i5 7 i = 5j( f i* 7 i_ 7 i* ? i). 
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Applying the formula ()13.41|) we calculate 

+ (jid v ci - £d vl t) q ^_n + 2d vl id^i_}i d -i c -- 

Such commutators could be used for definition of tensors [H2j 

= [U**, U v \ - (13.52) 

where 6^ u is respectively stated for the canonical, Lie and quantum plane structures. 
Under the general enveloping algebra one holds the transform 

5S^ = ift,S^]. 

For instance, the canonical case is characterized by 

S i* = ie^d T T v - iO UT d T v» + r M * v v - r u * r M 

= 6^ T 9 uX {d T Qx — d\Q T + Q T * Q\ — Q\ * Q T }- 

By introducing the gravitational gauge strength (curvature) 

R rX = d T Q x - d x Qr + Qt*Q\-Qx* Q t , (13.53) 

which could be treated as a noncommutative extension of de Sitter nonlinear gauge 
gravitational curvature (2a), we calculate 

Rr\,a = R\x,a + ^ '{^r/i.a^A^b _ Tj^'S [( D uRlx,b) + 9 v R l\,b\ K~> 

where the gauge gravitation covariant derivative is introduced, 
Following the gauge transformation laws for 7 and q 1 we find 

5 Y R i T x = tb;R 1 rx] 

with the restricted form of 7. 

Such formulas were proved in references [13] for usual gauge (nongravitational) fields. 
Here we reconsidered them for gravitational gauge fields. 
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Gauge covariant gravitational dynamics 

Following the nonlinear realization of de Sitter algebra and the ^-formalism we can 
formulate a dynamics of noncommutative spaces. Derivatives can be introduced in such 
a way that one does not obtain new relations for the coordinates. In this case a Leibniz 
rule can be defined that 

d,sr = 5; + d% e d T 

where the coefficients d v J a = 5^5^ are chosen to have not new relations when acts 
again to the right hand side. In consequence one holds the ^-derivative formulas 

dr*f = ^f + f*d T , [d h *(f * g)} = {[d h 7]) *g + f*([di, *g}) 
and the Stokes theorem 

[di, f\ = J d N u[d h * f]= J d N u^jf = 0, 
where, for the canonical structure, the integral is defined, 

'/= / d N uf(u\...,u N ). 



An action can be introduced by using such integrals. For instance, for a tensor of 
type ()13.52|) . when 

5L = i 7, L , 
we can define a gauge invariant action 

W = [ d N u TrL, SW = 0, 



were the trace has to be taken for the group generators. 

For the nonlinear de Sitter gauge gravity a proper action is 

L = -R t \R tX , 

where R T \ is defined by (|13.53|) (in the commutative limit we shall obtain the connection 
(|13.47)0 . In this case the dynamic of noncommutative space is entirely formulated in 
the framework of quantum field theory of gauge fields. In general, we are dealing with 
anisotropic gauge gravitational interactions. The method works for matter fields as well 
to restrictions to the general relativity theory. 
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13.6 Outlook and Conclusions 

In this work we have extended the A. Connes' approach to noncommutative geometry 
by introducing into consideration anholonomic frames and locally anisotropic structures. 
We defined nonlinear connections for finite projective module spaces (noncommutative 
generalization of vector bundles) and related this geometry with the E. Cartan's moving 
frame method. 

We have explicitly shown that the functional analytic approach and noncommutative 
C*-algebras may be transformed into arena of modelling geometries and physical theories 
with generic local anisotropy, for instance, the anholonomic Riemannian gravity and 
generalized Finsler like geometries. The formalism of spectral triples elaborated for 
vector bundles provided with nonlinear connection structure allows a functional and 
algebraic generation of new types of anholonomic/ anisotropic interactions. 

A novel future in our work is that by applying anholonomic transforms associated 
to some nonlinear connections we may generate various type of spinor, gauge and grav- 
ity models, subjected to some anholonomic constraints and/or with generic anisotropic 
interactions, which can be included in noncommutative field theory. 

We can address a number of questions which were put or solved partially in this 
paper and may have further generalizations: 

One of the question is how to combine the noncommutative geometry contained in 
string theory with locally anisotropic configurations arising in the low energy limits. 
It is known that the nonsymmetric background field results in effective noncommuta- 
tive coordinates. In other turn, a (super) frame set consisting from mixed subsets of 
holonomic and anholonomic vectors may result in an anholonomic geometry with asso- 
ciated nonlinear connection structure. A further work is to investigate the conditions 
when from a string theory one appears explicit variants of commutative-anisotropic, 
commutative-isotropic, noncommutative-isotropic and, finally, nocommutative-aniso- 
tropic geometries. 

A second question is connected with the problem of definition of noncommutative 
(pseudo) Riemannian metric structures which is connected with nonsymmetric and/or 
complex metrics. We have elaborated variants of noncommutative gauge gravity with 
noncommutative representations of the affine and de Sitter algebras which contains in 
the commutative limit an Yang-Mills theory (with nonsemisimple structure group) being 
equivalent to the Einstein theory. The gauge connection in such theories is constructed 
from the frame and linear connection coefficients. Metrics, in this case, arise as some 
effective configurations which avoid problems with their noncommutative definition. The 
approach can be generated as to include anholonomic frames and, in consequence, to 
define anisotropic variants of commutative and noncommutative gauge gravity with the 
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Einstein type or Finsler generalizations. 

Another interesting open question is to establish a relation between quantum groups 
and geometries with anisotropic models of gravity and field theories. Different variants 
of quantum generalizations for anholonomic frames with associated nonlinear connection 
structures are possible. 

Finally, we give some historical remarks. An approach to Finsler and spinor like 
spaces of infinite dimensions (in Banach and/or Hilbert spaces) and to nonsymmetric 
locally anisotropic metrics was proposed by some authors belonging to the Romanian 
school on Finsler geometry and generalizations (see, Refs. UH HI Ell ) ■ ^ could not 
be finalized before elaboration of the A. Connes' models of noncommutative geometry 
and gravity and before definition of Clifford and spinor distinguished structures jl^l E2] , 
formulation of supersymmetric variants of Finsler spaces j^I] and establishing theirs 
relation to string theory [E2 | l5H | IE3j. This paper concludes a noncommutative interference 
and a development of the mentioned results. 
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Chapter 14 



(Non) Commutative Finsler 
Geometry from String/ M— Theory 

Abstract 1 

We synthesize and extend the previous ideas about appearance of both noncommuta- 
tive and Finsler geometry in string theory with nonvanishing B-field and/or anholonomic 
(super) frame structures [121 HH1 EE EH • There are investigated the limits to the Einstein 
gravity and string generalizations containing locally anisotropic structures modelled by 
moving frames. The relation of anholonomic frames and nonlinear connection geometry 
to M-theory and possible noncommutative versions of locally anisotropic supergrav- 
ity and D-brane physics is discussed. We construct and analyze new classes of exact 
solutions with noncommutative local anisotropy describing anholonomically deformed 
black holes (black ellipsoids) in string gravity, embedded Finsler-string two dimensional 
structures, solitonically moving black holes in extra dimensions and wormholes with 
noncommutativity and anisotropy induced from string theory. 



14.1 Introduction 

The idea that string/M-theory results in a noncommutative limit of field theory and 
spacetime geometry is widely investigated by many authors both from mathematical 
and physical perspectives |37l EE1 E] (see, for instance, the reviews [H]). It is now 
generally accepted that noncommutative geometry and quantum groups [HI EH HH] play 
a fundamental role in further developments of high energy particle physics and gravity 
theory. 



1 © S. Vacaru, (Non) Commutative Finsler Geometry from String/M- Theory, hep-th/0211068 
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First of all we would like to give an exposition of some basic facts about the geometry 
of anholonomic frames (vielbeins) and associated nonlinear connection (N-connection) 
structures which emphasize surprisingly some new results: We will consider N-connecti- 
ons in commutative geometry and we will show that locally anisotropic spacetimes (an- 
holonomic Riemannian, Finsler like and their generalizations) can be obtained from the 
string/M-theory. We shall discuss the related low energy limits to Einstein and gauge 
gravity. Our second goal is to extend A. Connes' differential noncommutative geome- 
try as to include geometries with anholonomic frames and N-connections and to prove 
that such 'noncommutative anisotropics' also arise very naturally in the framework of 
strings and extra dimension gravity. We will show that the anholonomic frame method 
is very useful in investigating of new symmetries and nonperturbative states and for 
constructing new exact solutions in string gravity with anholonomic and/or noncom- 
mutative variables. We remember here that some variables are considered anholonomic 
(equivalently, nonholonomic) if they are subjected to some constraints (equivalently, 
anholonomy conditions). 

Almost all of the physics paper dealing with the notion of (super) frame in string 
theory do not use the well developed apparatus of E. Cartan's 'moving frame' method 
which gave an unified approach to the Riemannian and Finsler geometry, to bundle spaces 
and spinors, to the geometric theory of systems of partial equations and to Einstein (and 
the so-called Einstein-Cartan-Weyl) gravity. It is considered that very "sophisticate" 
geometries like the Finsler and Cartan ones, and theirs generalizations, are less related to 
real physical theories. In particular, the bulk of frame constructions in string and gravity 
theories are given by coefficients defined with respect to coordinate frames or in abstract 
form with respect to some general vielbein bases. It is completely disregarded the fact 
that via anholonomic frames on (pseudo) Riemannian manifolds and on (co) tangent 
and (co) vector bundles we can model different geometries and interactions with local 
anisotropy even in the framework of generally accepted classical and quantum theories. 
For instance, there were constructed a number of exact solutions in general relativity and 
its lower/higher dimension extensions with generic local anisotropy, which under certain 
conditions define Finsler like geometries |1SJ E3 EH1 E3J E21- It was demonstrated 
that anholonomic geometric constructions are inevitable in the theory of anisotropic 
stochastic, kinetic and thermodynamic processes in curved spacetimes {TTJ and proved 
that Finsler like (super) geometries are contained alternatively in modern string theory 

[321 EM- 

We emphasize that we have not proposed any "exotic" locally anisotropic modifi- 
cations of string theory and general relativity but demonstrated that such anisotropic 
structures, Finsler like or another type ones, may appear alternatively to the Rieman- 
nian geometry, or even can be modelled in the framework of a such geometry, in the low 
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energy limit of the string theory, if we are dealing with frame (vielbein) constructions. 
One of our main goals is to give an accessible exposition of some important notions and 
results of N-connection geometry and to show how they can be applied to concrete prob- 
lems in string theory, noncommutative geometry and gravity. We hope to convince a 
reader-physicist, who knows that 'the B-field' in string theory may result in noncommu- 
tative geometry, that the anholonomic (super) frames could define nonlinear connections 
and Finsler like commutative and/ or noncommutative geometries in string theory and 
(super) gravity and this holds true in certain limits to general relativity. 

We address the present work to physicists who would like to learn about some new 
geometrical methods and to apply them to mathematical problems arising at the forefront 
of modern theoretical physics. We do not assume that such readers have very deep 
knowledge in differential geometry and nonlinear connection formalism (for convenience, 
we give an Appendix outlining the basic results on the geometry of commutative spaces 
provided with N-connection structures [213 113 EE!) but consider that they are familiar 
with some more geometric approaches to gravity ED] and string theories . 

Finally, we note that the first attempts to relate Riemann-Finsler spaces (and spaces 
with anisotropy of another type) to noncommutative geometry and physics were made 
in Refs. |1H] where some models of noncommutative gauge gravity (in the commuta- 
tive limit being equivalent to the Einstein gravity, or to different generalizations to de 
Sitter, affme, or Poincare gauge gravity with, or not, nonlinear realization of the gauge 
groups) were analyzed. Further developments of noncommutative geometries with an- 
holonomic/ anisotropic structures and their applications in modern particle physics lead 
to a rigorous study of the geometry of noncommutative anholonomic frames with as- 
sociated N-connection structure [EH] (that work should be considered as the non-string 
partner of the present paper). 

The paper has the following structure: 

In Section 2 we consider stings in general manifolds and bundles provided with an- 
holonomic frames and associated nonlinear connection structures and analyze the low 
energy string anholonomic field equations. The conditions when anholonomic Einstein 
or Finsler like gravity models can be derived from string theory are stated. 

Section 3 outlines the geometry of locally anisotropic supergravity models contained 
in superstring theory. Superstring effective actions and anisotropic toroidal compactifi- 
cations are analyzed. The corresponding anholonomic field equations with distinguishing 
of anholonomic Riemannian-Finesler (super) gravities are derived. 

In Section 4 we formulate the theory of noncommutative anisotropic scalar and gauge 
fields interactions and examine their anholonomic symmetries. 

In Section 5 we emphasize how noncommutative anisotropic structures are embedded 
in string/M-theory and discuss their connection to anholonomic geometry. 
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Section 6 is devoted to locally anisotropic gravity models generated on noncommu- 
tative D-branes. 

In Section 7 we construct four classes of exact solutions with noncommutative and 
locally anisotropic structures. We analyze solutions describing locally anisotropic black 
holes in string theory, define a class of Finsler-string structures containing two dimen- 
sional Finsler metrics, consider moving solitonic string-black hole configurations and give 
an examples of anholonomic noncommutative wormhole solution induced from string 
theory. 

Finally, in Section 8, some additional comments and questions for further develop- 
ments are presented. The Appendix outlines the necessary results from the geometry of 
nonlinear connections and generalized Finsler-Riemannian spaces. 

14.2 String Theory and Commutative 
Riemann— Finsler Gravity 

The string gravitational effects are computed from corresponding low-energy effec- 
tive actions and moving equations of stings in curved spacetimes (on string theory, see 
monographs J3|). The basic idea is to consider propagation of a string not only of a flat 
26-dimensional space with Minkowski metric rj^v but also its propagation in a background 
more general manifold with metric tensor g^ v from where one derived string-theoretic 
corrections to general relativity when the vacuum Einstein equations R^ = correspond 
to vanishing of the one-loop beta function in corresponding sigma model. More rigor- 
ous theories were formulated by adding an antisymmetric tensor field B^ u , the dilaton 
field $ and possible other background fields, by introducing supersymmetry, higher loop 
corrections and another generalizations. It should be noted here that propagation of 
(super) strings may be considered on arbitrary (super) manifolds. For instance, in Refs. 
(121 Ell HZ|, the corresponding background (super) spaces were treated as (super) bundles 
provided with nonlinear connection (N-connection) structure and, in result, there were 
constructed some types of generalized (super) Finsler corrections to the usual Einstein 
and to locally anisotropic (Finsler type, or theirs generalizations) gravity theories. 

The aim of this section is to demonstrate that anisotropic corrections and extensions 
may be computed both in Einstein and string gravity [derived for string propagation in 
usual (pseudo) Riemannian backgrounds] if the approach is developed following a more 
rigorous geometrical formalism with off-diagonal metrics and anholonomic frames. We 
note that (super) frames [vielbeins] were used in general form, for example, in order to 
introduce spinors and supersymmetry in sting theory but the anholonomic transforms 
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with mixed holonomic-anholonomic variables, resulting in diagonalization of off-diagonal 
(super) metrics and effective anisotropic structures, were not investigated in the previous 
literature on string/M-theory. 



14.2.1 Strings in general manifolds and bundles 

Generalized nonlinear sigma models (some basics) 

The first quantized string theory was constructed in flat Minkowski spacetime of 
dimension k > 4. Then the analysis was extended to more general manifolds with 
(pseudo) Riemannian metric g ^, antisymmetric B^ u and dilaton field $ and possible 
other background fields, including tachyonic matter associated to a field U in a tachyon 
state. The starting point in investigating the string dynamics in the background of these 
fields is the generalized nonlinear sigma model action for the maps u : E — > M from a 
two dimensional surface E to a spacetime manifold M of dimension k, 



S = S g , B + S^ + Su, (14.1) 



with 



SgA^Q] = j 'dpL g d A u»d B u»[g A fg^(u)+e AB B^ 

E 

S*[u,g] = J dfi g R g $(u), Su[u,g] = ^- J dfx g U(u), 

E E 

where B^ v is the pullback of a two-form B = B^du^ A du v under the map u, written out 
in local coordinates <?[2]ab is the metric on the two dimensional surface £ (indices 
A, B = 0,1); e AB = e AB / yj det | gAB | , £ 01 = — £ 10 = 1; the integration measure d[x g 
is defined by the coefficients of the metric gAB-, Rg is the Gauss curvature of S. The 
constants in the action are related as 

k - 1 - 1 J - 2f 2 

where a 1 is the Regge slope parameter a 1 and i ~ lCT 33 cm is the Planck length scale. 
The metric coefficients g Jyu) are defined by the quadratic metric element given with 
respect to the coordinate co-basis d^ = du^ (being dual to the local coordinate basis 

ds 2 = g^iu)duW. (14.2) 
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The parameter £ is a very small length-scale, compared to experimental scales L exp ~ 
1CT 17 accessible at present. This defines the so-called low energy, or a'-expansion. A 
perturbation theory may be carried out as usual by letting u = uq + iu^ for some refer- 
ence configuration u and considering expansions of the fields g, B and $, for instance, 



This reveals that the quantum field theory defined by the action 1)14.1)1 is with an infinite 
number of couplings; the independent couplings of this theory correspond to the succes- 
sive derivatives of the fields g, B and $ at the expansion point uq. Following an analysis 
of the general structure of the Weyl dependence of Green functions in the quantum field 
theory, standard regularizations schemes (see, for instance, Refs. [Tj)|) and conditions 
of vanishing of Weyl anomalies, computing the /3-functions, one derive the low energy 
string effective actions and field equations. 

Anholonomic frame transforms of background metrics 

Extending the general relativity principle to the string theory, we should consider 
that the string dynamics in the background of fields g, B and $ and possible another 
ones, defined in the low energy limit by certain effective actions and moving equations, 
does not depend on changing of systems of coordinates, u a — > u a (u a ) , for a fixed 
local basis (equivalently, system, frame, or vielbein) of reference, e a (u) , on spacetime 
M (for which, locally, u = u a e a = u a e a >, e a > = du a /du a e a , usually one considers 
local coordinate bases when e a = d/du a ) as well the string dynamics should not depend 
on changing of frames like — ► e a a (u) e a , parametrized by non-degenerated matrices 



Let us remember some details connected with the geometry of moving frames in 
(pseudo) Riemannian spaces jH] and discuss its applications in string theory, where the 
orthonormal frames were introduced with the aim to eliminate non-trivial dependencies 
on the metric g ^ and on the background field Uq which appears in elaboration of the 
covariant background expansion method for the nonlinear sigma models [Tol 121) . Such 
orthonormal frames, in the framework of a SO (1, k — 1) like gauge theory are stated by 
the conditions 



l^( u ) = g^iuo) + £9 a p^(«o)«p[] + 2^d«d/9£^K)ufi]«fi] + ••■ ( 14 - 3 ) 







5: 



•v 



where T]^ = diag (—1, +1, +1) is the flat Minkowski metric and 8" Sir are Kronecker's 
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delta symbols. One considers the covariant derivative D p with respect to an affine con- 
nection T and a corresponding spin connection uj^p for which the frame e M ~ is covariantly 
constant, 

Dp* = d»e? - T%e* + cjfeel = 0. 
One also uses the covariant derivative 

2V« = Dp* + Ih^ "e a (14.5) 

including the torsion tensor H pup which is the field strength of the field B up , given by 
H = dB, or, in component notation, 

H^p = d p B vp + d v B m + d v B m . (14.6) 

All tensors may be written with respect to an orthonormal frame basis, for instance, 



and 



H — p -p -p -H 

±J -pVp C /Lt °P ±J -pUp 



V — p -p -p -p -R 



where the curvature 1Z pu pu of the connection V p , defined as 

(v p v u - v u v p )e = [v p v u )e = H^ u v a e + n^c, 

can be expressed in terms of the Riemannian tensor Rn Upa and the torsion tensor H a 



\_. ., 1 1 ., „ 1 

2 



T^fiupa Rpupa ~\~ r) D p H apu D a H ppu -\- H ppa H a . u H apa Hp V 



Let us consider a generic off-diagonal metric, a non-degenerated matrix of dimension 
kx k with the coefficients 9^ u ( u ) defined with respect to a local coordinate frame like in 
()14.2J) . This metric can transformed into a block (n x n) © (m x m) form, for k = n + m, 

~* i9ij(u),h ab («)} 

if we perform a frame map with the vielbeins 

" {) ~ V e a ^,y a ) J 



e?Ju) 



e\(xi,y a ) -N%(xi,y a )e k l (xi,y a ) 
e a a (x^y a ) 
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which conventionally splits the spacetime into two subspaces: the first subspace is 
parametrized by coordinates x % provided with indices of type k, ... running values 
from 1 to n and the second subspace is parametrized by coordinates y a provided with 
indices of type a,b,c, ... running values from 1 to m. This splitting is induced by the co- 
efficients N" 1 ^ , y a ). For simplicity, we shall write the local coordinates as u a = (x l , y a ) , 
or u = (x, y) . 

The coordinate bases d a = (<9;, d a ) and theirs duals d a = du a = (cf = dx\ d a = dy a ) 
are transformed under maps (|14.7|) as 

d a - ea = e a a (u)d a , d a ^e^ = e^(u)d a , 

or, in 'N-distinguished' form, 

ei = e l A-NZe\d aj ea = e\d a , (14.8) 
= e/tf , = Nfe^d 1 + e^d a . (14.9) 

The quadratic line element ()14.2|) may be written equivalently in the form 

ds 2 = g^jx, y)e i ei + h^(x, y)eM (14.10) 
with the metric g (u) parametrized in the form 



— hi/ 



lap 



gij + NfNjhcb h ab N° 

h ab N!; h ab 



(14.11) 



If we choose ef{x^y a ) = 5f and e a -(x^,y a ) = 5 a -, we may not distinguish the 
'underlined' and 'non-underlined' indices. The operators ([14.8(1 and ([14.9(1 transform 
respectively into the operators of 'N-elongated' partial derivatives and differentials 

e t = 8i = di-N?d a ,e a = d a , (14.12) 
e * = d\ e a = 5 a = d a + N^d i 

(which means that the anholonomic frames ([14.8(1 and ([14.9(1 generated by vielbein trans- 
forms ()14.7|) are, in general, anholonomic; see the respective formulas ([13.20 . ([13.3(1 and 
([13.4(1 in the Appendix) and the quadratic line element ([14.10(1 trasforms in a d-metric 
element (see ([13.60 in the Appendix). 

The physical treatment of the vielbein transforms ([14.7(1 and associated iV-coefficients 
depends on the types of constraints (equivalently, anholonomies) we impose on the string 
dynamics and/or on the considered curved background. There were considered different 
possibilities: 
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• Ansatz of type (|14.11|) were used in Kaluza-Klein gravity [33], as well in order 
to describe toroidal Kaluza-Klein reductions in string theory (see, for instance, 
[2*H])). The coefficients iVf, usually written as Af, are considered as the potentials 
of some, in general, non-Abelian gauge fields, which in such theories are generated 
by a corresponding compactification. In this case, the coordinates x l can be used 
for the four dimensional spacetime and the coordinates y a are for extra dimensions. 

• Parametrizations of type ()14.11j) were considered in order to elaborate an unified 
approach on vector/tangent bundles to Finsler geometry and its generalizations 
j23EEmiIilimimil2lin!. The coefficients N? were supposed to define a nonlinear 
connection (N-connection) structure in corresponding (super) bundles and the 
metric coefficients gij(u) and g a b {u) were taken for a corresponding Finsler metric, 
or its generalizations (see formulas ()14.127|) . ()13.33J) . ()13.34|) . ()13.35|) and related 
discussions in Appendix). The coordinates x l were defined on base manifolds and 
the coordinates y a were used for fibers of bundles. 

• In a series of papers [UJ EH H§1 EHl EH EH E2] the concept of N-connection was 
introduced for (pseudo) Riemannian spaces provided with off-diagonal metrics 
and/or anholonomic frames. In a such approach the coefficients Nf are associated 
to an anholonomic frame structure describing a gravitational and matter fields dy- 
namics with mixed holonomic and anholonomic variables. The coordinates x l are 
defined with respect to the subset of holonomic frame vectors, but y a are given 
with respect to the subset of anholonomic, N-ellongated, frame vectors. It was 
proven that by using vielbein transforms of type ()14.7|) the off-diagonal metrics 
could be diagonalized and, for a very large class of ansatz of type ()14.11|) . with 
the coefficients depending on 2,3 or 4 coordinate variables, it was shown that the 
corresponding vacuum and non-vacuum Einstein equations may be integrated in 
general form. This allowed an explicit construction of new classes of exact solu- 
tions parametrized by off-diagonal metrics with some anholonomically deformed 
symmetries. Two new and very surprising conclusions were those that the Finsler 
like (and another type) anisotropies may be modelled even in the framework of the 
general relativity theory and its higher/lower dimension modifications, as some 
exact solutions of the Einstein equations, and that the anholonomic frame method 
is very efficient for constructing such solutions. 

There is an important property of the off-diagonal metrics g (jl4.11j) which does 
not depend on the type of space (a pseudo-Riemannian manifold, or a vector/tangent 
bundle) this metric is given. With respect to the coordinate frames it is defined a unique 
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torsionless and metric compatible linear connection derived as the usual Christoffel sym- 
bols (or the Levi Civita connection). If anholonomic frames are introduced into con- 
sideration, we can define an infinite number of metric connections constructed from the 
coefficients of off-diagonal metrics and induced by the anholonomy coefficients (see for- 
mulas ()3.1(Jj) and (|13.10|) and the related discussion from Appendix); this property is 
also mentioned in the monograph [3U| (P a S es 216, 223, 261) for anholonomic frames but 
without any particularities related to associated N-connection structures. In this case 
there is an infinite number of metric compatible linear connections, constructed from 
metric and vielbein coefficients, all of them having non-trivial torsions and transforming 
into the usual Christoffel symbols for iVf — > and m — > 0. For off-diagonal metrics 
considered, and even diagonalized, with respect to anholonomic frames and associated 
N-connections, we can not select a linear connection being both torsionless and met- 
ric. The problem of establishing of a physical linear connection structure constructed 
from metric/frame coefficients is to be solved together with that of fixing of a system 
of reference on a curved spacetime which is not a pure dynamical task but depends on 
the type of prescribed constraints, symmetries and boundary conditions are imposed on 
interacting fields and/or string dynamics. 

In our further consideration we shall suppose that both a metric g (equivalently, 
a set {gij, g a b, iVf}) and metric linear connection T a a , i.e. satisfying the conditions 
D a g a /3 = 0, exist in the background spacetime. Such spaces will be called locally 
anisotropic (equivalently, anolonomic) because the anholonomic frames structure im- 
poses locally a kind of anisotropy with respective constraints on string and effective 
string dynamics. For such configurations the torsion, induced as an anholonomic frame 
effect, vanishes only with respect coordinate frames. Here we note that in the string the- 
ory there are also another type of torsion contributions to linear connections like H' 7 , 
see formula (|14.5j) . 

Anholonomic background field quantization method 

We revise the perturbation theory around general field configurations for background 
spaces provided with anholonomic frame structures ()14.8j) and (|14.9|) . 5 a = (5i = 
di — N?d a ,d a ) and 5 a = (d\5 a = d a + iVfcf), with associated N-connections, N%, and 
{gij, h ab } ()14.10|) adapted to such structures (distinguished metrics, or d-metrics, see for- 
mula (jl3.6|) V The linear connection in such locally anisotropic backgrounds is considered 
to be compatible both to the metric and N-connection structure (for simplicity, being 
a d-connection or an anholonomic variant of Levi Civita connection, both with nonvan- 
ishing torsion, see formulas ()13.8J) . (|3.10j) . ()13.1U|) . and ([13.13)1 . and related discussions 
in the Appendix). The general rule for the tensorial calculus on a space provided with 
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N-connection structure is to split indices a,f3 } ... into "horozontal", and "verti- 

cal", a,b, subsets and to apply for every type of indices the corresponding operators 
of N-adapted partial and covariant derivations. 

The anisotropic sigma model is to be formulated by anholonomic transforms of the 
metric, g t — > {gij,h a b}, partial derivatives and differentials, d a — ► 5 a and d a — > 5 a , 



—/IV 



volume elements, dfi g — > 5// s in the action (|14.1|) 

S = S gN ,B + S* + Su, (14.13) 



with 



SW^Kfl 1 ] = J 5fi g {g AB [d A x l d B x 3 g i: j{x,y) + d A x a d B x b h ab (x,y)] 



s 

+£^^«W J B At! >)}, 



S*[u,0] = 7^ J Sfi g Rg^(u), Su[u,g] = ^- J 5fi g U(u) 



where the coefficients -B^j, are computed for a two-form I? = B^du^ 1 A <5ii y . 

The perturbation theory has to be developed by changing the usual partial derivatives 
into N-elongated ones, for instance, the decomposition ()14.3j) is to be written 

l^( u ) = 9^(u ) + ^ a 5^(« )«fi] + ^ 2 ^a%^(wo)«fi]wfi] + ^ 2 ^5 a ^(wo)wfi]«fi] + 

where we should take into account the fact that the operators 5 a do not commute but 
satisfy certain anholonomy relations (see ()13.4j) in Appendix). 

The action ()14.13j) is invariant under the group of diffeomorphisms on £ and M 
(on spacetimes provided with N-connections the diffeomorphisms may be adapted to 
such structures) and posses a U(1)b gauge invariance, acting by B —> B + £7 for some 
7 G OS 1 ' (M) , where OS 1 "* denotes the space of 1 -forms on M. Wayl's conformal trans- 
formations of E leave S gNt s invariant but result in anomalies under quantization. S$ 
and Sjj fail to be conformal invariant even classically. We discuss the renormalization of 
quantum filed theory defined by the action (|14.13|) for general fields gij, h a b, iV" B^ u and 
$. We shall not discus in this work the effects of the tachyon field. 

The string corrections to gravity (in both locally isotropic and locally anisotropic 
cases) may be computed following some regularizatons schemes preserving the classical 
symmetries and determining the general structure of the Weyl dependence of Green func- 
tions specified by the action ()14.13|) in terms of fixed background fields g^, h a b, iV®, B^ 
and $. One can consider un-normalized correlation functions of operators (pi, ...,<fr p , in- 
stead of points £1, G £ |T5] . 
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By definition of the stress tensor Tab, under conformal transforms on the two dimen- 
sional hypersurface, gp] — > exp[25a]g[2] with support away from £ 1; we have 



A CT < <f>i...(/)p > g , 2] = 77- / 5/igAa < T A A (f) 1 ...(j) p > 



1 

9[2]— ^ J "^9^" ^ " A YL '" YP 

when assuming throughout that correlation functions are covariant under the diffeo- 
morphisms on S, \J T AB — 0. The value T A A receives contributions from the explicit 
conformal non-invariance of S$, from conformal (Weyl) anomalies which are local func- 
tions of u, i.e. dependent on u and on finite order derivatives on u, and polynomial in the 
derivatives of u. For spaces provided with N-connection structures we should consider 
N-elongated partial derivatives, choose a N-adapted linear connection structure with 
some coefficients r°L, (for instance the Levi Civita connection (|3.10p . or d-connection 
()13.8|l ). The basic properties of T A A are the same as for trivial values of iVf [TS], which 
allows us to write directly that 

T A = g AB [d A x l d B x^ 9 f(x, y) + d A x l d B y b fff {x, y) + d A y*d B x?flf(x, y) 

^91 



+d A y a d B y b (3 9 f(x 1 y) + e AB d A u a d B u^^(x, y) + y)R g 



where the functions (5 9 ^ = {(3 9 - N , Pa b N }, P B /3 an d P^( x iV) are called beta functions. On 
general grounds, the expansions of /3-functions are of type 

00 

(3(x,y) = J2^P [2r] (^y)- 

r=0 

One considers expanding up to and including terms with two derivatives on the fields 
including expansions up to order r = of (3 9 a p and (3 B p and orders s = 0, 2 for In 
this approximation, after cumbersome but simple calculations (similar to those given in 
|15j . in our case on locally anisotropic backgrounds) 



Pff = a m R l3 + a m9ij + a m9lJ R + a^H^Hf lfXT + a m9l] H p N J T H^ 
+a m DiD^ + a 7[1]gij D 2 <S> + a 8[1] g i:j D p $D p $, 



flf = a 1[2] R lb + a m H\^Hl N]pa + a m D t D b ^, (14.14) 
(3 9 f = a l[3] R aj + a m H^H^ + a m D a D^, 

= a m S ab + a m h ah + a m h ab S + a^H^H^ + a 5[4] h ab H^ T H^ T 
+a m D a D b $ + a 7[4] h ab D 2 <5> + a m h ab D p $D p $, 



Pab 
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= c + i 2 \c m R + c m S + c 2 DH + c 3 (D A $) D x § + c^if^ 

where R a p = {Rij, Rib, R a j, S a b} and R = {R, S} are given respectively by the formulas 
()13.15|) and f)13. 16f) and the _B-strength H^} v is computed not by using partial derivatives, 
like in ()14.fij) . but with N-adapted partial derivatives, 

HW = 5„B vp + b v B m + b v B m . (14.15) 

The formulas for /3-functions ()14.14j) are adapted to the N-connection structure being 
expressed via invariant decompositions for the Ricci d-tensor and curvature scalar; every 
such invariant object was provided with proper constants. In order to have physical 
compatibility with the case N — > we should take 

a z [i] = a z [2] = Uz[S\ = a«[4] — a z, z= 1, 2, 8; 

c l[l] — c l[2] = Cl, 

where a z and C\ are the same as in the usual string theory, computed from the 1- and 
2-loop ^-dependence of graphs (a 2 = 0, a 6 = 1, a 7 = a 8 = and 6 2 = 1/2, c 3 = 2) and 
by using the background field method (in order to define the values a±, a 3 , a 4 , a 5 , bi and 

Ci,C 2 ,C 4 ). 



14.2.2 Low energy string anholonomic field equations 

The effective action, as the generating functional for 1-particle irreducible Feynman 
diagrams in terms of a functional integral, can be obtained following the background 
quantization method adapted, in our constructions, to sigma models on spacetimes with 
N-connection structure. On such spaces, we can also make use of the Riemannian 
coordinate expansion, but taking into account that the coordinates are defined with 
respect to N-adapted bases and that the covariant derivative D is of type f)13.8j) . (|3.10j) 
or ()13.10|) . i. e. is d-covariant, defined by a d-connection. 

For two infinitesimally closed points Uq = u m (to) and m m (t), with r being a parameter 
on a curve connected the points, we denote ( a = du a /dr\ and write = e^u^. We 
can consider diffeomorphism invariant d-covariant expansions of d-tensors in powers of 
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£, for instance, 

= ^ Uo ) + £D a Mu)C]\u=u + jD a D^u)C(%=u + o(£ 3 ), 
A a(3 (u) = A af3 (u ) + £D a [A af3 (u)( a ] lu=U0 + ^{DaDpiA^u)^ 
-\r [N J^u)A pu {u) - \R [ %{u)A p ,{u)\}\u=u + o {f) , 

where the Riemannian curvature d-tensor R [N J^ = { Rj jk R^ jk , Pf ka , P b c ka , Sf bc , S b a cd } 
has the invariant components given by the formulas (|13.14j) from Appendix. Putting 
such expansions in the action for the nonlinear sigma model (jl4.13J) . we obtain the 
decomposition 

S gN,B[ u '9] = Sg NtB [u ,g) +£ J 5/jL g ( p Sp[u ,g] + S[u,(,g], 

s 

where Sp is given by the variation 

Sp[u , g\ = (det \g\) 1 — - Q | x=0 

and the last term S is an expansion on £, 

S=S [0] +£S {l] +£ 2 S [2] +o(£ 3 ), 



with 



3[o) = ^ / 5ti g {g AB [ gij (uo)V* A CV* B (i + h ab {u Q )V* A CD%C h ] (14.16) 

+^U u o)[9 AB - e AB ]d A uZd B uZCC}, 

S m = ^ / 5 N HP p e AB CV A CV B C p , 
s 

— i r o AB 

s M = ^ J ^ 9 {—R [ »u\X u t p v A Cv B c 

> 

-K [ Xt V C p V* A eV* B C + 2D a D^(u )C(PR g }. 



.AB 



e 

2 fivpa -• 
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The operator T>* A C, V from ()14.16|) is defined according the rule 



V* A C = D* A C + l -H^ p g AB e BC d c u^ p , 



with D* A being the covariant derivative on T*E ® TM pulled back to S by the map u' 
and acting as 



with a h- and v-invariant decomposition PV = {L l j k , L a bk ,C l j C ,C a bc }, see (I13.8j) from 
Appendix, and the operator TZ\^} pa is computed as 



A comparative analysis of the expansion ()14.16j) with a similar one for N = from 
the usual nonlinear sigma model (see, for instance, define the 'geometric d-covariant 
rule': we may apply the same formulas as in the usual covariant expansions but with that 
difference that 1) the usual spacetime partial derivatives and differentials are substituted 
by N-elongated ones; 2) the Christoffell symbols of connection are changed into certain 
d-connection ones, of type ()13.8|) . ()3.10|) or ()13.10|) ; 3) the torsion H^j} v is computed 
via N-elongated partial derivatives as in f)14.15|) and 4) the curvature R^D p(T is split 
into horizontal- vertical, in brief, h- v-invariant, components according the the formulas 
()13.14|) . The geometric d-covariant rule allows us to transform directly the formulas 
for spacetime backgrounds with metrics written with respect to coordinate frames into 
the respective formulas with N-elongated terms and splitting of indices into h- and v- 
subsets. 

Low energy string anisotropic field equations and effective action 

Following the geometric d-covariant rule we may apply the results of the holonomic 
sigma models in order to define the coefficients ai, a^, a^, b\ and ci,C2,C4 of beta 
functions ()14.14|) and to obtain the following equations of (in our case, anholonomic) 
string dynamics, 



D* A d B u" = y A d B u v + T a B B u v d A u 



V 



V [N] R [N] , 1 D tt[N] _ 1 

'^-flUpa ±L fjLVp<J ~ 2 P cf^v 2 



n uW + I nim rr[N]a _ 1 H [N] tt[n] 

ly <J L1 pp,v ' ppa 1A au / ^ 11 apa 11 pi/ 
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R, 



2A 



■9,N 
ab 



S ab - \HWHl^ + 2D a D b <$> = 0, 



2/% 



--D X H[ N] „ + (D^)H [N] 



\\iv 



14.17) 



20* = n + m ~ 2 \f 



—H [ " ] H [N]paT -R-S- 4L> 2 $ + 4 (£> A $) D A $ 
12 J 



0. 



where n + m denotes the total dimension of a spacetime with n holonomic and m an- 
holonomic variables. It should be noted that (3 9 ' N = [3 B = imply the condition that 
/?* = const, which is similar to the holonomic strings. The only way to satisfy /3* = 
with integers n and m is to take n + m = 26. 

The equations ()14.17j) are similar to the Einstein equations for the locally anisotropic 
gravity (see ()13.18j) in Appendix) with the matter energy-momentum d-tensor defined 
from the string theory. From this viewpoint the fields B a @ and $ can be viewed as 
certain matter fields and the effective field equations (|14.17|) can be derived from action 



S( 9ij ,h ab ,N^B 



$) = / S 2b u\/\detg a p\e 



-2$ 



R + S + 4(D<S>) 2 - — H 2 



4.18) 



H^H^ and the critical 



where k is a constant and, for instance, = D a &, H 2 
dimension n + m = 26 is taken. For iV — > and m — > the metric # aj g is called the 
string metric. We shall call g a p the string d-metric for nontrivial values of N. 

Instead of action ()14.18|) . a more standard action, for arbitrary dimensions, can be 
obtained via a conformal transform of d-metrics of type (|13.6p . 



9af3 — > 9al3 



-4*/(n+m-2) 



The action in d-metric g a p (by analogy with the locally isotropic backgrounds we call it 
the Einstein d-metric) is written 



1 

2k 2 



5 26 u 
4 



det g Q p\[R + S 



{D<f>Y 



J_ -8*/(n+m-2) rr2l 

12 J ' 



n + m — 2 

0, is known in supergravity theory clS cl part of 
Chapline-Manton action, see Ref. and for the so-called locally anisotropic super- 
gravity, jlHlllZ|. When we deal with superstirngs, the susperstring calculations to the 



This action, for iV — > and m 
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mentioned orders give the same results as the bosonic string except the dimension. For 
anholonomic backrounds we have to take into account the nontrivial contributions of N° 
and splitting into h- and v-parts. 

Ahnolonomic Einstein and Finsler gravity from string theory 

It is already known that the -B-field can be used for generation of different types 
of noncommutative geometries from string theories (see original results and reviews in 
Refs. jSHIISliniEHllBOj). Under certain conditions such .B-field configurations may result 
in different variants of geometries with local anistropy like anholonomic Riemannian 
geometry, Finsler like spaces and their generalizations. There is also an alternative 
possibility when locally anisotropic interactions are modelled by anholonomic frame fields 
with arbitrary 5-field contributions. In this subsection, we investigate both type of 
anisotropic models contained certain low energy limits of string theory. 

B— fields and anholonomic Einstein— Finsler structures 

The simplest way to generate an anholonomic structure in a low energy limit of string 
theory is to consider a background metric g pv = ( ^ ^ ^ with symmetric Christoffel 

symbols {^ 7 } and such B^, with corresponding H^} p from ()14.15|) . as there are the 

nonvanishing values H™' = {H^ ]a ,H [ h f a = -H^ ]a }. The next step is to consider a 

covariant operator V p = d}} + \h)^) p (jl4.5J) . where ^H^ p is identified with the torsion 

(113. lljl . This way the torsion is associated to an aholonomic frame structure 

with non-trivial = 8^ - 5jNf, W h ai = -W h ia = -d a N? (Il4.1()8j) . when B^ is 
parametrized in the form B^ v = {B^ = —B^ B b j = —Bj b } by identifying 

g^vW^p = Sf.Bj/3, 

i. .e. 

h m W% = d c B l3 and h m W% = d c B bj . (14.19) 

Introducing the formulas for the anholonomy coefficients ()14.108j) into t)14.19jl . we find 
some formulas relating partial derivatives d a Nj and the coefficients Nj with partial 
derivatives of {Bij,B b j}, 

h ca {piNj — N^d b Nj — djN? + N b -d b N°"^ = d c B %v 

-h ca d b N* = d c B bj . (14.20) 
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So, given any data (h ca , N" 1 ) we can define from the system of first order partial derivative 
equations (jl4.2()j) the coefficients B^ and B b j, or, inversely, from the data (h ca , Bij, B b j) 
we may construct some non-trivial values Nj. We note that the metric coefficients gij and 
the -B-field components B ab = —B ba could be arbitrary ones, in the simplest approach 
we may put B ab = 0. 

The formulas ()14.20}) define the conditions when a -B-field may be transformed into 
a N-connection structure, or inversely, a N-connection can be associated to a .B-field 
for a prescribed d-metric structure h ca , (|13.6|) . 

The next step is to decide what type of d-connection we consider on our background 
spacetime. If the values {g^, h ca } and Wfy (defined by Nf as in (|14.1U8|) . but also induced 
from {Bij,B b j} following (jl4.2(J|0 are introduced in formulas ()3.10j) we construct a Levi 
Civita d-connection X> M with nontrivial torsion induced by anholonomic frames with 
associated nonlinear connection structure. This spacetime is provided with a d-metric 
()13.6|) . g a p = {gij,h ca }, which is compatible with V^, i. e. V^ga/3 = 0. The coefficients 
of Vfj, with respect to anholonomic frames ()13.2|) and ()13.3j) . Tj^, can be computed in 
explicit form by using formulas IjH.lOjl . It is proven in the Appendix that on spacetimes 
provided with anholonomic structures the Levi Civita connection is not a priority one 
being both metric and torsion vanishing. We can construct an infinite number of metric 
connections, for instance, the canonical d-connection with the coefficients (113. 8j) . or, 
equivalently, following formulas (|13.1U|) . to substitute from the coefficients (|3.1U|) the 
values ^g zk flj k h ca , where the coefficients of N-connection curvature are defined by Nf 
as in ()5.7|) . In general, all such type of linear connections are with nontrivial torsion 
because of anholonomy coefficients. 

We may generate by .B-fields an anholonomic (pseudo) Riemannian geometry if (for 
given values of g a p = {g^, h ca } and iVf , satisfying the conditions (jl4.2()j) ) the metric is 
considered in the form (|13.32|) with respect to coordinate frames, or, equivalently, in 
the form (|13.6j) with respected to N-adapted frame (|13.3|) . The metric has to satisfy the 
gravitational field equations f)13.18j) for the Einstein gravity of arbitrary dimensions with 
holonomic-anholonomic variables, or the equations ()14.17|) if the gravity with anholo- 
nomic constraints is induced in a low energy string dynamics. We emphasize that the 
Ricci d-tensor coefficients from /5-functions 1)14.17)1 should be computed by using the 
formulas (J13.15)) . derived from those for d-curvatures (J13.14)) and for d-torsions ()13.13j) 
for a chosen variant of d-connection coefficients, for instance, ()13.8|) or ()3.10|) . 
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We note here that a number of particular ansatz of form ()13.32|) were considered in 
Kaluza-Klein gravity |3Sj for different type of compactifications. In Refs. |H3 ESI E31 EH 
152] there were constructed and investigated a number exact solutions with off-diagonal 
metrics and anholonomic frames with associated N-connection structures in the Einstein 
gravity of different dimensions (see also the Section l2~5lh 

Now, we discuss the possibility to generate a Finsler geometry from string theory. 
We note that the standard definition of Finsler quadratic form 



is considered to be positively definite (see (|14.127|) in Appendix). There are different pos- 
sibilities to include Finsler like structures in string theories. For instance, we can consider 
quadratic forms with non-constant signatures and to generate (pseudo) Finsler geome- 
tries [similarly to (pseudo) Eucliedean/Riemannian metrics], or, as a second approach, 
to consider some embedding of Finsler d-metrics (j!3.34|) of signature (+ + ...+) into a 26 
dimensional pseudo-Riemannian anholonomic background with signature ( — h +...+) . 
In the last case, a particular class of Finsler background d-metrics may be chosen in the 
form 



G [F] = -dx° ® dx° + dx 1 ® dx l + g$,(x, y)dx i ' ® dx j ' + g$(x, y)5y i ' ® by 3 ' (14.21) 



where i',f, ...run values 1,2, ..,n' < 12 for bosonic strings. The coefficients g V y are of 
type ()14.127j) or may take the value +5i>j> for some values of i ^ i',j ^ f. We may 
consider some static Finsler backgrounds if g\fj, do not depend on coordinates (a; ,^ 1 ) , 
but, in general, we are not imposed to restrict ourselves only to such constructions. 



to generate in the low energy string limit a Finsler structure with Cartan nonlinear 
connection (there are possible different variants of nonlinear and distinguished nonlinear 
connections, see details in Refs. [HHI2H1I1! an d Appendix). 

Let us consider in details how a Finsler metric can be included in a low energy string 
dynamics. We take a Finsler metric F which generate the metric coefficients g\,-\ and 

the N-connection coefficients A^jf* , respectively, via formulas ()14.127j) and ()13.33|) . The 

Cartan's N-connection structure iVjf^ may be induced by a 5-field if there are some 

nontrivial values, let us denote them {B\j,B^}, which satisfy the conditions (|14.2(J|) . 
This way the S-field is expressed via a Finsler metric F (x, y) and induces a d-metric 
(|14.2ip . This Finsler structure follows from a low energy string dynamics if the Ricci 
d-tensor R a p = {Rij, Ri a , R a i, Rab} (|13.15j) and the torsion 



g\f ] = (l/2)d 2 F/dy l dyi 




'[N]p _ r Tr[N]a n [N]a 
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related with ivjf^ as in 1)14.19)1 . all computed for d-metric 1)14.21)) are solutions of the 
motion equations (j!4.17j) for any value of the dilaton field $. In the Section 12 .51 we shall 
consider an explicit example of a string-Finsler metric. 

Here it should be noted that instead of a Finsler structure, in a similar manner, we 
may select from a string locally anisotropic dynamics a Lagrange structure if the metric 
coefficients g^ji are generated by a Lagrange function L(x, y) (j!3.35j) . The N-connection 
may be an arbitrary one, or of a similar Cartan form. We omit such constructions in 
this paper. 

Anholonomic Einstein— Finsler structures for arbitrary B— fields 

Locally anisotropic metrics may be generated by anholonomic frames with associated 
N-connections which are not induced by some S-field configurations. 

For an anholonomic (pseudo) Riemannian background we consider an ansatz of form 
([13.32)1 which by anholonomic transform can be written as an equivalent d-metric ([13.6)1 . 
The coefficients Nf and B^ u are related only via the string motion equations ([14.17)) 
which must be satisfied by the Ricci d-tensor (J13.15)) computed, for instance, for the 
canonical d-connection (j!3.8j) . 

A Finsler like structure, not induced directly by -B-fields, may be emphasized if the 
d-metric is taken in the form ()14.21)) . but the values 6y l = dy % +N % -,dx % being elongated 
by some N 1 -, are not obligatory constrained by the conditions ()14.20)) . Of course, the 
Finsler metric F and are not completely independent; these fields must be chosen 
as to generate a solution of string-Finsler equations ()14.17|) . 

In a similar manner we can model as some alternative low energy limits of the string 
theory, with corresponding nonlinear sigma models, different variants of spacetime ge- 
ometries with anholonomic and N-connection structures, derived on manifold or vector 
bundles when the metric, linear and N-connection structures are proper for a Lagrange, 
generalized Lagrange or anholonomic Riemannian geometry j2U EU IH |^ EE EH1 HH EU 

EH- 

14.3 Superstrings and Anisotropic Supergravity 

The bosonic string theory, from which in the low energy limits we may generate 
different models of anholonomic Riemannian-Finsler gravity, suffers from at least four 
major problems: 1) there are tachyonic states which violates the physical causality and 
divergence of transitions amplitudes; 2) there are not included any fermionic states 
transforming under a spinor representation of the spacetime Lorentz group; 3) it is 
not clear why Yang-Mills gauge particles arise in both type of closed and open string 
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theories and to what type of strings should be given priority; 4) experimentally there 
are 4 dimensions and not 26 as in the bosonic string theory: it must be understood why 
the remaining dimensions are almost invisible. 

The first three problems may be resolved by introducing certain additional dynamical 
degrees of freedom on the string worldsheet which results in fermionic string states in 
the physical Hibert space and modifies the critical dimension of spacetime. One tries 
to solve the forth problem by developing different models of compactification. 

There are distinguished five, consistent, tachyon free, spacetime supersymmetric 
string theories in flat Minkowski spacetime (see, for instance, jT5] l2*5] for basic results and 
references on types I, IIA, IIB, Heterotic Spin(32) / Z 2 and Heterotic E 8 x E 8 string theo- 
ries). The (super) string and (super) gravity theories in geralized Finsler like, in general, 
supersymmetric backgrounds provided with N-connection structure, and corresponding 
anisotropic superstring perturbation theories, were investigated in Refs. |HJ E3J ETT] . 
The goal of this Section is to illustrate how anholonomic type structures arise in the low 
energy limits of the mentioned string theories if the backgrounds are considered with 
certain anholonomic frame and off-diagonal metric structures. We shall consider the 
conditions when generalized Finsler like geometries arise in (super) string theories. 

We would like to start with the example of the two-dimensional M = 1 supergravity 
coupled to the dimension 1 superfields, containing a bosonic coordinate X 11 and two 
fermionic coordinates, one left-moving ip^ 1 and one right moving if) 1 * (we use the symbol 
M for the supersimmetric dimension which must be not confused with the symbol N 
for a N-connection structure). We note that the two dimensional Af = 1 supergravity 
multiplet contains the metric and a gravitino XA-In order to develop models in back- 
grounds distinguished by a N-connection structure, we have to consider splitting into 
h- and v-components, i. e. to write X^ = (X l ,X a ) and if)* 1 = (ip l ,ip a ) , i^ = ^0*, . 

The spinor differential geometry on anisotropic spacetimes provided with N-connections 
(in brief, d-spinor geometry) was developed in Refs. [JU1I25]. Here we shall present only 
the basic formulas, emphasizing the fact that the coefficients of d-spinors have the usual 
spinor properties on separated h- (v-) subspaces. 

The simplest distinguished superstring model can be developed from an analog of the 
bosonic Polyakov action, 
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s P = J Sfi 9 { g AB [d A x l d B x^ giJ + d A x a d B x b h ab ] (14.22) 

s 

+^v<^ fc + ri A d A r\ + \ {xai b i a ^) (d B x k - - A x B ^ 
+1 {xAi B i A r) (d B x a - *- XB r)} 

being invariant under transforms (i. e. being M = 1 left-moving (1, 0) supersymmetric) 

&9ab = ie (iaXb + IbXa) , A xa = 2 Va e, 
AX* = ie^\ A^^T^^'-^je, Af = 0, 

AX a = ieij a , Af = 7 A (d A X a - ^Xa^ e, A t/T = 0, 

where the gamma matrices 7,4 and the covariant differential operator Va are defined on 
the two dimensional surface, e is a left-moving Major ana- Weyl spinor. There is also 
a similar right-moving (0, 1) supersymmetry involving a right moving Majorana-Weyl 
spinor e and the fermions ^ which means that the model has a (1,1) supersymmetry. 
The superconformal gauge for the action ()14.22j) is defined as 

g A B = e®5 AB , Xa = JaC, 

for a constant Majorana spinor (. This action has also certain matter like supercurents 
ty*dX» and i^dX". 

We remark that the so-called distinguished gamma matrices (d-matrices), 7" = 
(7*, 7°) and related spinor calculus are derived from 7-decompositions of the h- and v- 
components of d-metrics g a/3 = {g 1 -* , h ab } ()13.6j) 

7 y 4. 7 iy = _2g iS , 7V + 7V = -2h a \ 

see details in Refs. [4TH 153]. 

In the next subsections we shall distinguish more realistic superstring actions than 
()14.22|) following the geometric d-covariant rule introduced in subsection I14.2.2[ when 
the curved spacetime geometric objects like metrics, connections, tensors, spinors, ... as 
well the partial and covariant derivatives and differentials are decomposed in invariant 
h- and v-components, adapted to the N-connection structure. This will allow us to 
extend directly the results for superstring low energy isotropic actions to backgrounds 
with local anisotropy. 
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14.3.1 Locally anisotropic supergravity theories 

We indicate that many papers on supergravity theories in various dimensions are 
reprinted in a set of two volumes [36J. The bulk of supergravity models contain locally 
anisotropic configurations which can be emphasized by some vielbein transforms (j!4.7j) 
and metric anzatz (|14.11|) with associated N-connection. For corresponding parametriza- 
tions of the d-metric coefficients, g a p{u) = {gij,h a b}, N-connection, iV 4 a (x,?/), and d- 
connection, = {U „- fc , L a bk , C" JC , C a bc ) , with possible superspace generalizations, we 
can generate (pseudo) Riemannian off-diagonal metrics, Finsler or Lagrange (super) ge- 
ometries. In this subsection, we analyze the anholonomic frame transforms of some 
supergravity actions which can be coupled to superstring theory 

We note that the field components will be organized according to multiplets of 
Spin (1, 10) . We shall use 10 dimensional spacetime indices a, (3... = 0,1, 2,..., 9 or 11 
dimensional ones 11,(3... = 0, 1,2, ...,9, 10. The coordinate w 10 could be considered as a 
compactified one, or distinguished in a non-compactified manner, by the N-connection 
structure. There is a general argument jST] is that 11 is the largest possible dimension 
in which supersymmetric multiplets can exist with spin less, or equal to 2, with a single 
local supersymmetry. We write this as n + m — 11, which points to possible splittings 
of indices like a = (i, a) where i and a run respectively n and m values. A consistent 
superstring theory holds if n + m = 10. In this case, indices are to be decomposed as 
a = (i, a) . For simplicity, we shall consider that a metric tensor in n+m = 11 dimensions 
decomposes as (m m ,m 10 ) — > g--z (m m ) and that in low energy approximation the fields 
are locally anisotropically interacting and independent on w 10 . The antisymmetric rank 
3 tensor is taken to decompose as A-^ (u^ 1 , u 10 ) — > A-^i^u*- 1 ). A fitting with superstring 

theory is to be obtained if ^j^ 7 , — > A-^ and consider for spinors "dilatino" fields 

(x/) V) "~ * Xrr "5 see 5 f° r instance, Refs. [TH] for details on couplings of supergravity and 
low energy superstrings. 



H — 1, n + m — 11 anisotropic supergravity 

The field content of Af = 1 and 11 dimensional supergravity is given by g^s (graviton), 
A-^ (U(l) gauge fields) and Xjl (gravitino). The dimensional reduction is stated by 

#010 — gioa = A^a and g 10 10 = e~ 2 *, where the coefficients are given with respect to an 
N-elongated basis. We suppose that an effective action 



S(g ij7 h ab ,N?,B 



jiVI 



d>) 



1 

2^2 



$V>[g,h] e 



-2$ 



-R - S + 4(£>$) 2 - -^H 2 
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is to be obtained if the values Aa\ A^i , xj, -V vanish. For N — » 0, m — > this action 
results from the so-called NS sector of the superstring theory, being related to the sigma 
model action ()14.18|) . A full M = 1 and 11 dimensional locally anisotropic supergravity 
can be constructed similarly to the locally isotropic case [TT] but considering that if ^ = 
5B and E^ = SA are computed as differential forms with respect to N-elongated 
differentials ()13.3j) . 

S (g ij: h ab , N?, A a , x ) = ~ J Sfi [g>h] [R + S-^F 2 + ^T^D^j (14.23) 

+^ (x»r w ^~ x xj+ 12I*"V) (f + E 



Vj)(JT 



s/2k 



81 x 56 



A A F A E, 



where T^ upaTX = r^T"...!^ is the standard notation for gamma matrices for 11 dimen- 
sional spacetimes, the field F = F + %-terms and D v is the covariant derivative with 
respect to \{uj + to) where 

with (o—jj being the spin connection determined by its equation of motion. We put 
the same coefficients in the action 1)14.23)1 as in the locally isotropic case as to have 
compatibility for such limits. Every object (tensors, connections, connections) has a N- 
distinguished invariant character with indices split into h- and v-subsets. For simplicity 
we omit here further decompositions of fields with splitting of indices. 



Type IIA anisotropic supergravity 

The action for a such model can be deduced from ()14.23j) if A a ^ = k^^A^I and 
A a /3io = ^~ 1 B a/ 3 with further h- and v- decompositions of indices. The bosonic part of 
the type IIA locally anisotropic supergravity is described by 

S{g lJ} h ab} N^^A^,A^) = -^- 2 j5^ [9M {e-^[R + S-A(D^ + ^H 2 ] 

+V^G [A] + -j-^-E 2 -—JbaFAF}, (14.24) 

with G[A] = SA^\ H = 5B and E = 6 A®. This action may be written directly from the 
locally isotropic analogous following the d-covariant geometric rule. 
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Type IIB, n+m=10, TV = 2 anisotropic supergravity 

In a similar manner, geometrically, for d-objects, we may compute possible anhol- 
nomic effects from an action describing a model of locally anisotropic supergravity with 
a super Yang-Mills action (the bosonic part) 

Sub = ~^J ^W 2 "[R + S + 4p$) 2 - ±H 2 - \f%F s ^\, (14.25) 
when the super- Yang-Mills multiplet is stated by the action 
S YM = lj 5^ [gM e-^[-\Fl v F^ - 

In these actions 

A = AjfSu 1 * 

is the gauge d-field of E s x E 8 or Spin (32) /Z 2 group (with generators t a labelled by the 
index a) , having the strength 

F = 5 A + g F A A A = ^F^tW A Su", 

gF being the coupling constant, and if) is the gaugino of Es x Es or Spin (32) /Z 2 group 
(details on constructions of locally anisotropic gauge and spinor theories can be found 

in Refs. I5HE2I1E2E3E9E3)- The action with 5 - field strength in (gQSD is defined 
as follows 

H = SB-^=co CS (A), 

for 

uj cs [A) = tr ^A A 6A + ^9fA A A A A^ . 

Such constructions conclude in a theory with Sub + Sym+ fermionic terms with an- 
holonomies and M = 1 supersymmetry. 

Finally, we emphasize that the actions for supersymmetric anholonomic models can 
considered in the framework of (super) geometric formulation of supergravities in n+m = 
10 and 11 dimensions on superbundles provided with N-connection structure |4* H l4*3 | l4"Y| . 
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14.3.2 Superstring effective actions and anisotropic toroidal co- 
mpact ificat ions 

The supergravity actions presented in the previous subsection can be included in 
different supersymmetric string theories which emphasize anisotropic effects if spacetimes 
provided with N-connection structure are considered. In this subsection we analyze a 
model with toroidal compactification when the background is locally anisotropic. In 
order to obtain four-dimensional (4D) theories, the simplest way is to make use of the 
Kaluza-Klein idea: to propose a model when some of the dimensions are curled-up into 
a compact manifold, the rest of dimensions living only for non-compact manifold. Our 
aim is to show that in result of toroidal compactifications the resulting 4D theory could 
be locally anisotropic. 

The action (j!4.25|) can be obtained also as a 10 dimensional heterotic string effective 
action (in the locally isotropic variant see, for instance, Ref. [2*3] ) 

(a') 8 Sio-n'-m' = / (Puy^e-^R+S+p^ 2 -^^^ (14.26) 

where we redefined 2$ — > use the string constant a' and consider the (n',m') as the 
(holonomic, anholonomic) dimensions of the compactified spacetime (as a particular case 
we can consider n' + m! = 4, or n' + m! < 10 for any brane configurations. Let us use 
parametrizations of indices and of vierbeinds: Greek indices a,/3, ...fi... run values for a 

10 dimensional spacetime and split as a = (a', a) ,(3 = (^(3' ,f3^ , ... when primed indices 

a' , j3' , ...fi' ... run values for compactified spacetime and split into h- and v-components 
like a' = (i', a') , (3' = (f, b') , the frame coefficients are split as 

e s V) ) 

where e^r{vP'\ in their turn, are taken in the form (|14.7|) . 

ejV') 

For the metric we have the recurrent ansatz 

9M*P) + iV Q s ,K)iv|K)^(^') h^')N«{uP') 




e i r{x j \y a ') N$'(x j ', y a ')ejr(x j ' , y a ' 
ejW) 



14.27) 
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where 

9a'/3' z 

The part of action (j!4.26|) containing the gravity and dilaton terms becomes 



g Vj ,{v?) + N$\v?)N? t (uP)h a , v (v?) h a , v {v?W{vP) 
hMu p, )Nf(uP') h a , v (v?) 



14.28) 



(a') n ' +m ' S^T° = S n ' +m 'u^/\g^\e^[R' + S' + (S^)(S ,x 'cf>) (14.29) 



where = | log ^det l/ig^N and = 5^ A*, —S v rA^, and the h- and v-components 

of the induced scalar curvature, respectively, i?' and 5" (see formula (jTSUSj) in Appendix) 
are primed in order to point that these values are for the lower dimensional space. The 
antisymmetric tensor part may be decomposed in the form 

J ^u^\g~^\e-"'H^H, vp = ~ J 5 n ' +m ' u^\g~^\e^ x (14.30) 



where, for instance, 



n //a/3 ~ V V AtS/3 



and we have considered = 0. In a similar manner we can decompose the action for 
gauge fields A 1 with index I = 1, 32, 



16 „ 16 



J i=i J i=i 

(14.31) 

with 

V 1 - A 1 A 1 - A 1 —V I A° l 

where the scalars Y~ coming from the ten-dimensional vectors should be associated to 
a normal Higgs phenomenon generating a mass matrix for the gauge fields. Thy are 
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related to the fact that a non-Abelian gauge field strength contains nonlinear terms not 
being certain derivatives of potentials. 

After a straightforward calculus of the actions' components f|14.29jl . (jl4.3()|) and 
(jl4.31|) (for locally isotropic gauge theories and strings, see a similar calculus, for in- 
stance, in Refs. putting everything together, we can write the n! + m' dimensional 
action including anholonomic interactions in the form 

S^ Uc = j5 n ' +m 'u^\gZ^\e-*iR' + S'+^ 

— (M^tjF^F 1 ^' + l -Tr (VM^'M- 1 )], (14.32) 

where R =R' + S' is the d-scalar curvature of type ()13.16j) induced after toroidal com- 
pactification, the (2p + 16) x (2p + 16) dimensional symmetric matrix M has the struc- 
ture 

/ i 1 i l C g l Y l \ 

M= CV 1 g + C'g^C + Y l Y C'^Y 1 + Y l 

\ Yg- 1 Yg-^C + Y I 16 + Yg^Y* J 

with the block sub-matrices 

l = (ij) , c = (c# = % - iyiyi) , y = (y£) , 

for which Ii$ is the 16 dimensional unit matrix; for instance, Y t denotes the transposition 
of the matrix Y. The dimension p satisfies the condition n' + m! — p = 16 relevant to 
the heterotic string describing p left-moving bosons and n' + m' right-moving ones with 
m' constrained degrees of freedom. To have good modular properties p — n' — m' should 
be a multiple of eight. The indices /, J run values 1, 2, ... (2p + 16) . The action ()14.32j) 
describes a heterotic string effective action with local anisotropies (contained in the 
values R', S' and 8^) induced by the fact that the dynamics of the right-moving bosons 
are subjected to certain constraints. The induced metric g a ip> is of type ()13.6|) given with 
respect to an N-elongated basis (|13.3|) (in this case, primed), 8^ = d^+N^. For N£ — > 
and m', i. e. for a subclass of effective backgrounds with block n' x n' © ml x ml metrics 
go,/ pi, the action (|14.32|) transforms in the well known isotropic form (see, for instance, 
formula (C22), from the Appendix C in Ref. from which following the 'geometric 
d-covariant rule' we could write down directly ()14.32j) ; this is a more formal approach 
which hides the physical meaning and anholonomic character of the components ()14.29j) . 

(ironi) and paiji ). 
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14.3.3 4D NS— NS anholonomic field equations 

As a matter of principle, compactifications of all type in (super) string theory can 
be performed in such ways as to include anholonomic frame effects as in the previous 
subsection. The simplest way to define anisotropic generalizations or such models is to 
apply the 'geometric d-covariant rule' when the tensors, spinors and connections are 
changed into theirs corresponding N-distinguished analogous. As an example, we write 
down here the anholonomic variant of the toroidally compactified (from ten to four 
dimensions) NS-NS action (we write in brief NS instead of Neveu-Schwarz) [3*7] . 



S 



^^^e-n^ + S' + (V0)(^>)-^(V/5)(^)-^ 2 nV^)(^^)]> (14.33) 

for a d-metric parametrized as 

5s 2 = -eb(x ') 2 + g^5u^5u^+e 0/VE 5^6u a sJ, 

where, for instance, u 01 ' = (x°\ u—),c/_ = 1, 2, 3 and a, f3, ... = 4, 5, ...9 are indices of extra 
dimension coordinates, e = ±1 depending on signature (in usual string theory one takes 
x° = t and e = —1), the modulus field (3 is normalized in such a way that it becomes 
minimally coupled to gravity in the Einstein d-frame, o is a pseudo-scalar axion d-field, 
related with the anti-symmetric strength, 

H a '^'{u a ') = e a '^ 1 ' T 'e^ ua ' ) D Tl a{u a '), 

g.a'Pj'T bging completely antisymmetric and (p(u a ') = $'(u a ') — \f2>f3(u a '), with $'(u a ') 
taken as in (jl4.26|) . 

We can derive certain locally anisotropic field equations from the action (j!4.33|) by 
varying with respect to N-adapted frames for massless excitations of g a ip ,B a ip ,[3 and 
ip, which are given by 



^H^H^' -H 2 g„ v ,+ (14.34) 



2 R^u 1 — - {it! + S' j gy, 

Ly {ft-VH^*} = 0, 
D^^D^'^j = 0, 



2£> M /D"V = —R' -S' + (Dip) 2 + \(D(3) 2 + \-E 2 



2 y ' ' 12 
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where H 2 = H^\/ T /H M ' A ' T ' and, for instance, (Dtp) 2 = D^ipD^' ' ip. We may select a 
consistent solution of these field equations when the internal space is static with D^//3 = 
0. 

The equations ()14.34|) can be decomposed in invariant h- and v-components like 
the Einstein d-equations (jl3.18|) (we omit a such trivial calculus). We recall [H^ that 
the NS-NS sector is common to both the heterotic and type II string theories and is 
comprised of the dilaton, graviton and antisymmetric two-form potential. The obtained 
equations (J14.34)) define respective anisotropic string corrections to the anholonomic 
Einstein gravity. 

14.3.4 Distinguishing anholonomic Riemannian— Finsler 
(super) gravities 

There are two classes of general anisotropies contained in supergravity and super- 
string effective actions: 

• Generic local anisotropies contained in the higher dimension (11, for supergravity 
models, or 10, for superstring models) which can be also induced in lower dimension 
after compactification (like it was considered for actions (j!4.23J) . ()14.24|) . (jl4.25|) 
and (H2D). 

• Local anisotropies which are in induced on the lower dimensional spacetime (for 
instance, actions ()14.32|) and (jl4.33|) and respective field equations). 

All types of general supergravity/superstring anisotropies may be in their turn to be 
distinguished to be of "pure" 5-field origin, of "pure" anholonomic frame origin with 
arbitrary I?-field, or of a mixed type when local anisotropies are both induced in a 
nonlinear form by both anholonomic (super) vielbeins and 5-field (like we considered 
in subsection 114.2.21 for bosonic strings). In explicit form, a model of locally anisotropic 
superstring corrected gravity is to be constructed following the type of parametrizations 
we establish for the N-coefficients, d-metrics and d-connections. 

For instance, if we choose the frame ansatz (|14.27|) and corresponding metric ansatz 
()14.28|) with general coefficients gvyix^ ,y c ), h a iy{x^ , y a ) and Nf, (x- 7 , y a ) satisfying the 
effective field equations ()14.34|) (containing also the fields H^x' T ',f and (3) we define 
an anholonomic gravity model corrected by toroidally compactified (from ten to four 
dimensions) NS-NS superstring model. In four and five dimensional Einstein/ Kaluza- 
Klein gravities, there were constructed a number of anisotropic black hole, wormhole, 
solitonic, spinor waive and Taub/NUT metrics [JHl HH HH E3 E2] ; in section l2~5l we shall 
consider some generalizations to string gravity. 
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Another possibility is to impose the condition that gvy^haiy and Nf, are of Finsler 
type, g W = hfl, = d 2 F 2 /2dy l dyi (114.1^71) and Nf ] \x,y) = d[& lk (x,y)y l y k ] I W 
f!13.33|) . with an effective d-metric (j!3.34|) . If a such set of metric/N-connection coef- 
ficients can found as a solution of some string gravity equations, we may construct a 
lower dimensional Finsler gravity model induced from string theory (it depends of what 
kind of effective action, (j!4.32j) or ()14.33|) . we consider). Instead of a Finsler gravity we 
may search for a Lagrange model of string gravity if the d-metric coefficients are taken 
in the form (jl3.35|) . 

We conclude this section by a remark that we may construct various type of anho- 
lonomic Riemannian and generalized Finsler /Lagrange string gravity models, with aniso- 
tropics in higher and/or lower dimensions by prescribing corresponding parametriza- 
tions for gij,h ab and Nf (for 'higher' anisotropies) and gi>j>,h a / b > and iV" (for 'lower' 
anisotropies). The anholonomic structures may be of mixed type, for instance, in some 
dimensions being of Finsler configuration, in another ones being with anholonomic Rie- 
mannian metric, in another one of Lagrange type and different combinations and gener- 
alizations, see explicit examples in Section 1231 

14.4 Noncommutative Anisotropic Field Interacti- 
ons 

We define the noncommutative field theory in a new form when spacetimes and config- 
uration spaces are provided with some anholonomic frame and associated N-connection 
structures. The equations of motions are derived from functional integrals in a usual 
manner but considering N-elongated partial derivatives and differentials. 

14.4.1 Basic definitions and conventions 

The basic concepts on noncommutative geometry are outlined here in a somewhat 
pedestrian way by emphasizing anholonomic structures. More rigorous approaches on 
mathematical aspects of noncommutative geometry may be found in Refs. jSJEHllIIIllIE], 
physical versions are given in Refs. [121 E7J El EH] (the review jHOl is a synthesis of results 
on noncommutative geometry, N-connections and Finsler geometry, Clifford structures 
and anholonomic gauge gravity based on monographs fHl El EH1 [29J ) . 

As a fundamental ingredient we use an associative, in general, noncommutative alge- 
bra A with a product of some elements a, b G A denoted ab = a ■ b, or in the conotation 
to noncommutative spaces, written as a " star" product ab = a-kb. Every element a £ A 
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corresponds to a configuration of a classical complex scalar field on a " space" M, a topo- 
logical manifold, which (in our approach) can be enabled with a N-connection structure. 
This associated noncommutative algebra generalize the algebra of complex valued func- 
tions C(M) on a manifold M (for different theories we may consider instead M a tangent 
bundle TM, or a vector bundle E (M)). We consider that all functions referring to the 
algebra A, denoted as A (M) , arising in physical considerations are of necessary smooth 
class (continuous, smooth, subjected to certain bounded conditions etc.). 

Matrix algebras and noncommutativity 

As the most elementary examples of noncommutative algebras, which are largely 
applied in quantum field theory and noncommutative geometry, one considers the algebra 
Mat k (lC) of complex k x k matrices and the algebra Mat k (C(M)) oikxk matrices whose 
matrix elements are elements of C(M). The last algebra may be also defined as a tensor 
product, 

Mat k (C(M)) = Mat fe (E) <g> C(M). 

The last construction is easy to be generalized for arbitrary noncommutative algebra A 

as 

Mat k (A) = Mat k (lC) <g> A, 

which is just the algebra of k x k matrices with elements in A. The algebra Mat k (A) 
admits an authomorphism group GL(k,U) with the action defined as a — > ^ _1 a^, for 
a e A, <; G GL(k, IC). One considers the subgroup U (k) C GL(k, IC) which is preserved 
by hermitian conjugations, a —> a + , and reality conditions, a = a + . To define the 
hermitian conjugation, for which the hermitian matrices a = a + have real eigenvalues, 
it is considered that (a + ) + = a and (ca) + = c*a + , for c G IC and c* being the complex 
conjugated element of c, i. e. it defined an antiholomorphic involution. 

Noncommutative Euclidean space JRg 

Another simple example of a noncommutative space is the 'noncommutative Eu- 
clidean space' IRg defined by all complex linear combinations of products of variables 
x = satisfying 

[x j , x l ] = x j x l - x l x j = i6 jl , (14.35) 

where i is the complex 'imaginary' unity and are real constants treated as some 
noncommutative parameters or a "Poison tensor" by analogy to the Poison bracket in 
quantum mechanics where the commutator [...] of hermitian operators is antihermitian. 
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A set of partial derivatives dj = d/dx % on JRg can be defined by postulating the relations 

d jX n = 5], 

[dj,d n ] = -iE jn (14.36) 

where H jn may be zero, but in general is non-trivial if we wont to incorporate some addi- 
tional magnetic fields or anholonomic relations. A simplified noncommutative differential 



calculus can be constructed if S jn = - 

The metric structure on IRg is stated by a constant symmetric tensor rj n j for which 
djVnj = 0. 

Infinitesimal translations — > x J + a? on JRg are defined as actions on functions ip 
of type Aip = a^djip. Because the coordinates are non-commuting there are formally 
defined inner derivations as 

dj<P= [-H^-n^] ( 14 - 37 ) 

which result in exponential global tanslations 

<p ( x j + e j ) = e - i9l ^ xi "<p (x j ) e i9 » elxj . 

In order to understand the symmetries of the space IRg it is better to write the metric 
and Poisson tensor in the forms 

r 

ds 2 = ^dz A dz A + ^2dy 2 B , (14.38) 

A=l B 

= dq\ + dp 2 A + dy%; 
9 = ^J2°Ad ZA Ad, A , 9 A >0, 

Z A=l 

where z A = q A + ip A and z A = q A — ip A are some convenient complex coordinates for 
which there are satisfied the commutation rules 

[VAiVb] = [VbiQA = [Vb,Pa] = 0, 
[qaiPb] = iOa^ab- 

Now, it is obvious that for fixed types of metric and Poisson structures ()14.38|) there are 
two symmetry groups on IR^, the group of rotations, denoted O (k) , and the group of 
invariance of the form 8, denoted Sp (2r) . 
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The noncommutative derivative and integral 

In order to elaborate noncommutative field theories in terms of an associative non- 
commutative algebra A, additionally to the derivatives dj we need an integral j Tr which 
following the examples of noncommutative matrix spaces must contain also the "trace" 
operator. In this case we can not separate the notations of trace and integral. 

It should be noted here that the role of derivative dj can be played by any sets of 
elements dj G A which some formal derivatives as djA = [dj, A] , for A G A; derivations 
written in this form are called as inner derivations while those which can not written in 
this form are referred to as outer derivations. 

The general derivation and integration operations are defined as some general dual 
linear operators satisfying certain formal properties: 1) the Leibnitz rule of the derivative, 
dj(AB) = dj(A)B + A(djB); 2) the integral of the trace of a total derivative is zero, 
J TrdjA = 0; 3) the integral of the trace of a commutator is zero, J Tr[A,B] = 0, for 
any A,B G A. For some particular classes of functions in some noncommutative models 
the condition 2) and/or 3) may be violated, see details and discussion in Ref. [T3]. 

Given a noncommutative space induced by some relations ()14.35|) . the algebra of 
functions on IR fc is deformed on IRj; such that 



i_ a j 

f(x)*<p(x) = e 2 ^e< fe /(x + g)(p(x + C) 



k a 



ie=?=o 



= fcp+'-e^djfdkcp + oie 2 ), (14.39) 

which define the Moyal bracket (product), or star product (^-product), of functions 
which is associative compatible with integration in the sense that for matrix valued 
functions / and <p that vanish rapidly enough at infinity we can integrate by parts in the 
integrals 

Tr f *ip= j Tr ip* f. 



In a more rigorous operator form the star multiplication is defined by considering a 
space Me, locally covered by coordinate carts with noncommutative coordinates ()14.35j) . 
and choosing a linear map S from Me to C(M), called the "symbol" of the operator, 

when f —> S f . This way, the original operator multiplication is expressed in terms of 

the star product of symbols as 



/^ = s- 1 S f 



*s\ 



It should be noted that there could be many valid definitions of S, corresponding to 
different choices of operator ordering prescription for S" 1 . One writes, for simplicity, 
f Tr f * <p = J Tr ftp in some special cases. 
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14.4.2 Anholonomic frames and noncommutative spacetimes 

One may consider that noncommutative relations for coordinates and partial deriva- 
tives ()14.35|) and ()14.36|) are introduced by specific form of anholonomic relations ()13.4|) 
for some formal anholonomic frames of type ()13.2j) and/or ()13.3j) (see Appendix) when an- 
holonomy coefficients are complex and depend nonlinearly on frame coefficients. We shall 
not consider in this work the method of complex nonlinear operator anholonomic frames 
with associated nonlinear connection structure, containing as particular cases various 
type of Finsler/Cartan and Lagrange/Hamilton geometries in complexified form, which 
could consist in a general complex geometric formalism for noncommutative theories but 
we shall restrict our analysis to noncommutative spaces for which the coordinates and 
partial derivatives are distinguished by a N-connection structure into certain holonomic 
and anholonomic subsets which generalize the N-elongated commutative differential 
calculus (considered in the previous Sections) to a variant of both N- and ^-deformed 
one. 

In order to emphasize the N-connection structure on respective spaces we shall write 
Mg , TMq : Ef (Me) , C(M N ),A N and A(M N ) . For a space M N provided with re- 
connect ion structure, the matrix algebras considered in the previous subsection may be 
denoted Mat k (C(M N )) and Mat k (A N ) . 

Noncommutative anholonomic derivatives 

We introduce splitting of indices, a = (i,a) , (3 = (j,b) , and coordinates, u a = 
(x l ,y a ) , into 'horizontal' and 'vertical' components for a space M$ (being in general 
a manifold, tangeng/vector bundle, or their duals, or higher order models [2EJ EE EHJ 
El ESI- The derivatives di satisfying the conditions ()14.36|) must be changed into some 
N-elongated ones if both anholnomy and noncommutative structures are introduced into 
consideration. 

In explicit form, the anholonomic analogous of ()14.35|) is stated by a set of coordinates 
u a = (x\y a ) satisfying the relations 

[u a , vP) = iB af3 , (14.40) 

with O a/3 = (0* J , Q ab ) parametrized as to have a noncommutative structure locally 
adapted to the N-connection, and the analogouses of (|14.36j) redefined for operators 
(|T3^ as 



b a u p = Si, for S a = (Si = di- N?d a , d b ) , 



(14.41) 
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where E a/ 3 = — { < d~ 1 ) a/3 for a simplified N-elongated noncommutative differential cal- 
culus. We emphasize that if the vielbein transforms of type ()14.7j) and frames of type 
()14.8|) and ()14.9j) are considered, the values 6 a/3 and E a/ 3 could be some complex func- 
tions depending on variables u 13 including also the anholonomy contributions of iVf . In 
particular cases, they my constructed by some anholonomic frame transforms from some 
constant real tensors. 

An anholonomic noncommutative Euclidean space IR^ + e m is defined as a usual one of 
dimension k = n + m for which a N-connection structure is prescribed by coefficients 
iV" (x, y) which states an N-elongated differential calculus. The d-metric r\ a p = (r/ij, r] ab ) 
and Poisson d-tensor Q a/3 = (B*- 7 , B ab ) are introduced via vielbein transforms (jl4.7|) 
depending on N-coefficients of the corresponding constant values contained in ()14.35J) 
and ()14.38j) . As a matter of principle such noncommutative spaces are already curved. 

The interior derivative ()14.37j) is to be extended on H^r + e m as 

<W= -i ap u p 

In a similar form, by introducing operators 5 a instead of d a , we can generalize the Moyal 
product ()14.39|) for anisotropic spaces: 

f{x)*<p{x) = e^^^/ix + ^^ + O^o 
= f v+ l -Q^5 a f5^ + o(6 2 ). 



For elaborating of perturbation and scattering theory, the more useful basis is the 
plane wave basis, which for anholonomic noncommutative Euclidean spaces, consists of 
eigenfunctions of the derivatives 

5 a e ipu = ip a e ipu ,pu = p a u a . 

In this basis, the integral can be defined as 

N J Tr e vpu = 5 P>0 

where the symbol J Tr is enabled with the left upper index iV in order to emphasize 
that integration is to be performed on a N-deformed space (we shall briefly call this 
as "N-integration") and the delta function may be interpreted as usually (its value 
at zero represents the volume of physical space, in our case, N-deformed). There is a 
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specific multiplication low with respect to the plane wave basis: for instance, by operator 
reordering, 

e ipu _ e ip'u _ e -5© a/3 p a pjj e i(p+p')u 

when O a Pp a p'g may be written as p x p' = Q al3 p a p' /3 = p x @ p'. There is another example 
of multiplication, when the N-elongated partial derivative is involved, 

e ipu ■ f{u)- e~ ipu = e - eaPpa5 ?f (u) = f (u p - 9 Q V) , 

which shows that multiplication by a plane wave in anholonomic noncommutative Eu- 
clidean space translates and N-deform a general function by — > u 13 — Q a ^p a . This 
exhibits both the nonlocality and anholonomy of the theory and preserves the principles 
that large momenta lead to large nonlocality which can be also locally anisotropic. 

Noncommutative anholonomic torus 

Let us define the concept of noncommutative anholonomic torus, T^ + m , i. e. the 
algebra of functions on a noncommutative torus with some splitting of coordinates into 
holonomic and anholonomic ones. We note that a function / on a anholonomic torus 
T^ +m with N-decomposition is a function on IR^ +m which satisfies a periodicity con- 
dition, / (u a ) = f (u a + 2irz a ) for d-vectors z a with integer coordinates. Then the 
noncommutative extension is to define T^ + e m as the algebra of all sums of products 
of arbitrary integer powers of the set of distinguished n + m variables U a = (Ui,Uj) 
satisfying 

U a Uf3 = e- i@a "UpU a . (14.42) 

The variables U a are taken instead of e m ° for plane waves and the derivation of a Weyl 
algebra from (jl4.4()j) is possible if we take 

[6 a Up] = iSapUp, 
N / TV TT Zl TT Zn+m 

i ±r u 1 ...u n+m — o^ . 

In addition to the usual topological aspects for nontrivial values of iV-connection there 
is much more to say in dependence of the fact what type of topology is induced by the 
^-connection curvature. We omit such consideration in this paper. The introduced in 
this subsection formulas and definitions transform into usual ones from noncommutative 
geometry if N, m — * 0. 
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14.4.3 Anisotropic field theories and anholonomic symmetries 

In a formal sense, every field theory, commutative or noncommutative, can be an- 
holonomically transformed by changing partial derivatives into N-elongated ones and 
redefining the integrating measure in corresponding Lagrangians. We shall apply this 
rule to noncommutative scalar, gauge and Dirac fields and make them to be locally 
anisotropic and to investigate their anholonomic symmetries. 



Locally anisotropic matrix scalar field theory 

A generic matrix locally anisotropic matrix scalar field theory with a hermitian matrix 
valued field <ft {u) = <f) + (u) and anholonomically N-deformed Euclidean action 



S= N / S n+m uJ\g a/3 



l -g a ?Tr S a <f>S p <f> + V{<l>) 



where V (0) is polynomial in variable 0, g a p is a d-metric of type (jl3.6|) and 5 a are N- 
elongated partial derivatives (j!3.2j) . It is easy to check that if we replace the matrix 
algebra by a general associative noncommutative algebra A, the standard procedure 
of derivation of motion equations, classical symmetries from Noether's theorem and 
related physical considerations go through but with N-elongated partial derivatives and 
N-integration: The field equations are 



and the conservation laws 



5 n J a = 



for the current J a is associated to a symmetry A0 (e, <fi) determined by the N-adapted 
variational procedure, AS = N J Tr J a 5 a e. We emphasize that these equations are ob- 
tained according the prescription that we at the first stage perform a usual variational 
calculus then we change the usual derivatives and differentials into N-elongated ones. If 
we treat the N-connection as an object which generates and associated linear connec- 
tion with corresponding curvature we have to introduce into the motion equations and 
conservation laws necessary d-covariant objects curvature/torsion terms. 
We may define the momentum operator 
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which follows from the anholonomic transform of the restricted stress-energy tensor' 
constructed from the Noether procedure with symmetries A</> = e] resulting in 

T a = ig a ^^\. 

We chosen the simplest possibility to define for noncommutative scalar fields certain 
energy-momentum values and their anholonomic deformations. In general, in noncom- 
mutatie field theory one introduced more conventional stress-energy tensors pQ. 



Locally anisotropic noncommutative gauge fields 

Some models of locally anisotropic Yang-Mills and gauge gravity noncommutative 
theories are analyzed in Refs. jlHl ED]- Here we say only the basic facts about such 
theories with possible supersymmetry but not concerning points of gauge gravity. 



Anholonomic Yang— Mills actions and MSYM model 

A gauge field is introduced as a one form A a having each component taking values 
in A and satisfying A a = A+ and curvature (equivalently, field strength) 

F afi = 5 a Ap - 5pA a + % [A a Ap] 

with gauge locally anisotropic transformation laws, 

AF a/3 = i [F aP , e] for A A a = 6 a e + i [A a , e] . (14.43) 

Now we can introduce the noncommutative locally anisotropic Yang-Mills action 

i N r 

S = — / Tr F 2 

^9ym J 

which describes the N-anholonomic dynamics of the gauge field A a . Coupling to matter 
field can be introduced in a standard way by using N-elongated partial derivatives 8 a , 



Here we note that by using Matz {A) we can construct both noncommutative and 
anisotropic analog of U (Z) gauge theory, or, by introducing supervariables adapted to 
N-connections [Hi] and locally anisotropic spinors jHH IB3] , we can generate supersym- 
metric Yang-Mills theories. For instance, the maximally supersymmetric Yang-Mills 
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(MSYM) Lagrangian in ten dimensions with M = 4 can be deduced in anisotropic form, 
by corresponding dimensional reductions and anholonomic constraints, as 

S= N J 5 w uTr (F^p + ixVx) 

where x is a 16 component adjoint Majorana-Weyl fermion and the spinor d-covariant 
derivative operator y is written by using N-anholonomic frames. 

The emergence of locally anisotropic spacetime 

It is well known that spacetime translations may arise from a gauge group transforms 
in noncommutative gauge theory (see, for instance, Refs. [in])- If the same procedure 
is reconsidered for N-elongated partial derivatives and distinguished noncommutative 
parameters, we can write 

5A a = v /3 5 f3 A a 

as a gauge transform (J14.43)) when the parameter e is expressed as 
which generates 

AA a = v%A a + vP (O- 1 )^. 

This way the spacetime anholonomy is induced by a noncommutative gauge anisotropy. 
For another type of functions e(u), we may generate another spacetime locally anisotrop- 
ic transforms. For instance, we can generate a Poisson bracket {if, e} with N-elongated 
derivatives, 

= i [ip, e] = 6^<WV + o (S 2 a ipS 2 e) - {<p, e} 

which proves that at leading order the locally anisotropic gauge transforms preserve the 
locally anisotropic noncommutative structure of parameter G a/? . 

Now, we demonstrate that the Yang-Mills action may be rewritten as a "matrix 
model" action even the spacetime background is N-deformed. This is another side of 
unification of noncommutative spacetime and gauge field with anholonomically deformed 
symmetries. We can absorb a inner derivation into a vector potential by associating the 
covariant operator y a = S a + iA a to connection operators in IR^™, 

for 

C a = (-z6- 1 ) u p + iA a . (14.44) 
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As in usual noncommutative gauge theory we introduce the "covariant coordinates" but 
distinguished by the N-connection, 

Y a = u a + Q af3 A/3 (u) . 

For invertible 0°^, one considers another notation, Y a = iQ a ^Cp. Such transforms allow 
to express F afi = i [y«, VaI as 

F aP = i[c a ,c fi ]-(e- 1 ) aP 

for which the Yang-Mills action transform into a matrix relation, 

S = "Tr'E^CatCA-ie- 1 )^) 2 (14.45) 

= N Tr{ [i [c k , c,} - (e- 1 ) J [i [c\ c*\ - (e- 1 ) 
+ [i[c a ,c b ] - (q-^J \i [c a ,c b ] - (e- 1 )" 6 ]} 



where we emphasize the N-distinguished components. 



The noncommutative Dirac d— operator 

If we consider multiplications a ■ ip with a G A on a Dirac spinor ip, we can have 
two different physics depending on the orders of such multiplications we consider, aip or 
ipa. In order to avoid infinite spectral densities, in the locally isotropic noncommutative 
gauge theory, one writes the Dirac operator as 

= f (viV> - = o. 

In the locally anisotropic case we have to introduce N-elongated partial derivatives, 

= 7° ( Va^ - #a) 

and use a d-covariant spinor calculus jlOl • 
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The N— adapted stress— energy tensor 

The action ()14.45|) produces a stress-energy d-tensor 

T aP (p) = £ £ ds N Jtt e^ YT [C a , C7 7 ] e* 1 '^ [ Cp , C 7 ] 

as a Noether current derived by the variation C a — > C a + a a (p) e tsPrYT . This d-tensor 
has a property of conservation, 

p T Q rX T xp (p) = 

for the solutions of field equations and seem to be a more natural object in string theory, 
which admits an anholonomic generalizations by "distinguishing of indices". 



The anholonomic Seiberg— Witten map 

There are two different types of gauge theories: commutative and noncommutative 
ones. They my be related by the so-called Seiberg-Witten map [SB] which explicitly 
transforms a noncommutative vector potential to a conventional Yang-Mills vector po- 
tential. This map can be generalized in gauge gravity and for locally anisotropic gravity 
|4"H1 loTJ] . Here we define the Seiberg-Witten map for locally anisotropic gauge fields with 
N-elongated partial derivatives. 

The idea is that if there exists a standard, but locally anisotropic, Yang-Mills poten- 
tial A a with gauge transformation laws parametrized by the parameter e like in (J14.43)) . a 
noncommutative gauge potential A a (A a ) with gauge transformation parameter e" (A, e) , 
when 

A~A a = 5a€ + i (^A a — € -k Aa^j , 

should satisfy the equation 

A (A) + A~A (A) = A(A + A t A) , (14.46) 

where, for simplicity, the indices were omitted. This is the Seiberg-Witten equation 
which, in our case, contains N-adapted operators S a (|13.2|) and d-vector gauge potentials, 

respectively, A a = and A a = {A h A a ) . To first order in 6 a/3 = A6 a/3 , the 

equation (jl4.4ti|) can be solved in a usual way, by related respectively the potentials and 
transformation parameters, 

A a (A a ) A a = ~AQP x iAp(5 x A a + F Xa ) + (5 x A a + F Xa )Ap]+o(AQ 2 ), 

e{A,e)-e = j A Q /3X (8pe A x + A x 5fst) + o(A6 2 ), 
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from which we can also find a first order relation for the field strength, 

F\ a — F\ a — 2 ^ (F\pF aT + F aT F\p) 

-A p (\/ T F Xa + 5 T F\ a ) - (X7 T F XQ + 5 T F Xa ) A p + o(A0 2 ). 

By a recurrent procedure the solution of (jl4.46j) can be constructed in all orders of AQ al3 
as in the locally isotropic case (see details on recent supersymmetric generalizations in 
Refs. |2Z] which can be transformed at least in a formal form into certain anisotropic 
analogs following the d-covariant geometric rule. 

14.5 Anholonomy and Noncommutativity: 
Relations to String/ M— Theory 

The aim of this Section is to discuss how both noncommutative and locally anisotropic 
field theories arise from string theory and M-theory. The first use of noncommutative 
geometry in string theory was suggested by E. Witten (see Refs. |SZl EH] for details 
and developments). Noncommutativity is natural in open string theory: interactions of 
open strings with two ends contains formal similarities to matrix multiplication which 
explicitly results in noncommutative structures. In other turn, matrix noncommuta- 
tivity is contained in off-diagonal metrics and anholonomic vielbeins with associated 
N-connection and anholonomic relations (see (|13.4|) and related details in Appendix) 
which are used in order to develop locally anisotropic geometries and field theories. 
We emphasize that the constructed exact solutions with off-diagonal metrics in general 
relativity and extra dimension gravity together with the existence of a string field frame- 
work strongly suggest that noncommutative locally anisotropic structures have a deep 
underlying significance in such theories jlSJ EHl ESI EH EE1 EDI El US] • 

14.5.1 Noncommutativity and anholonomy in string theory 

In this subsection, we will analyze strings in curved spacetimes with constant coef- 
ficients {gij,h a b} of d-metric (|13.6|) (the coefficients N" (x k ,y a ) are not constant and 
the off-diagonal metric (jl4.11j) has a non-trivial curvature tensor). With respect to 
N-adapted frames (|13.2|) and (|13.3|) the string propagation is like in constant Neveu- 
Schwarz constant S-field and with Dp-branes. We work under the conditions of string 
and brane theory which results in noncommutative geometry but the background 
under consideration here is an anholonomic one. The 5-field is a like constant mag- 
netic field which is polarized by the N-connection structure. The rank of the matrix 
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B aj 3 is denoted k = n + m = 11 < p + 1, where p > 10 is a constant. For a target 
space, defined with respect to anholonomic frames, we will assume that Bop = with 
"0" the time direction (for a Euclidean signature, this condition is not necessary). We 
can similarly consider another dimensions than 11, or to suppose that some dimensions 
are compactified. We can pick some torus like coordinates, in general anholonomic, by 
certain conditions, u a ~ u a + 2nk a . For simplicity, we parametrize B a p = const ^ 
for a,P = l,...,k and g a p = for a = l,...,r, (3 ^ l,...,k = n + m with a further 
distinguishing of indices 

There are two possibilities of writing out the worldsheet action, 

S = ^ jj± g (g^d A u^d A ut-2ita'iB^e AB d A u^d B u^ (14.47) 

= 7^7 / Sn gapd A u-d A u^- - ~ I 5aB^ u-d ti 
Ana' / s -9 - 2 J dX -9 - 



Ana' 



5ng(g ij d A x i d A x j + h ab d A y a d A y b 
-2na'iB ij e AB d A x i d B x j - 2n a' iB ah e AB d A y a d B y b 



1 



Ana 



SfJL g ( 9l] d A x l d A xi + h ab d A y a d A y b ) 



5LL g B i: j x l d tSLn x J - - 5fi g B ab y a d tan y , 

1 JdT, 2 Jqy, 

where the first variant is written by using metric ansatz g^p (jl4.11)) but the second variant 
is just the term S 9NtB from action ()14.13|) with d-metric (jlH.fi D and different boundary 
conditions and <9 ta n is the tangential derivative along the worldwheet boundary <9E. We 
emphasize that the values g^, h ab and 5y , B ab , given with respect to N-adapted frames 
are constant, but the off-diagonal g&p and B^p, in coordinate base, are some functions 
on (x, y) . The worldsheet E is taken to be with Euclidean signature (for a Lorentzian 
wolrdsheet the complex i should be omitted multiplying B). 

The equation of motion of string in anholonomic constant background define re- 
spective anholonomic, N-adapted boundary conditions. For coordinated a along the 
.Dp-branes they are 

gapdnormU 13 + 2nia ' B a pd tan u p = (14.48) 
gijdnormX 3 + h ab d norm y b + 2nia 'Bijdnx 3 - 2na'iB ab d t&n y b \ dTl = 0, 

where d norm is a normal derivative to <9E By transforms of type gap — ^ai^^pi^dap 
and Bap = e a a (u)e Ju)B a p we can remove these boundary conditions into a holonomic 
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off-diagonal form which is more difficult to investigate. With respect to N-adapted 
frames (with non-underlined indices) the analysis is very similar to the case constant 
values of the metric and I?-field. For B = 0, the boundary conditions 1)14.48)1 are 
Neumann ones. If B has the rank r = p and B — > oo (equivalently, g a p — > along the 
spactial directions of the brane, the boundary conditions become of Dirichlet type). The 
effect of all such type conditions and their possible interpolations can be investigated 
as in the usual open string theory with constant £>-field but, in this subsection, with 
respect to N-adapted frames. 

For instance, we can suppose that S is a disc, conformally and anholonomically 
mapped to the upper half plane with complex variables z and z and Im z > 0. The 
propagator with such boundary conditions is the same as in [20J with coordinates rede- 
fined to anholonomic frames, 

< x t (z)x j (z') > 



< y a {z)y\z') > 



where the coefficients are correspondingly computed, 

H %J = g lJ ~(27ra') 2 (Bg- 1 B) H ab = h ab -(27ra') 2 (Bg- 1 B) ab , (14.49) 



-aV'log 
1 



\z — z 



\z-z'\ 



H tJ log \z — z 



+^e«iog^i + Q «i 



\Z — Z 



z — z' 

1 1 



-a'[h ab log -{ + H ab log \z - z 

\z — z\ 



■/ 1 2 



7 e ttb io g ^-^ + Q 



z — z 



2ira 



z — z 



H 



g + 2-rca'B 
1 

h + 2na'B 



[sym] 
ij 

[sym] 



1 



1 



g + 2na'B 9 g -2na'B 

1 -h- 1 



h + 2na'B h-2na'B 



Q ij = 2na' 



e 



ab 



2ixa 



q + 2-na'B I r .. , 

•J / [antisym] 

ab 



1 



g + 2na'B J , 



[antisym] 



-(2na 



f\2 



1 



1 



g + 2ira'B 9 g- 2na'B 



f\2 



-(2W) 



1 



ab 



g + 2ira'B 9 g-2na'B / 



552 CHAPTER 14. (NON) COMMUTATIVE FINSLER GEOMETRY AND STRINGS 



with [sym] and [antisym] prescribing, respectively, the symmetric and antisymmetric 
parts of a matrix and constants and Q ab (in general, depending on B, but not on z 
or z 1 ) do to not play an essential role which allows to set them to a convenient value. 
The last two terms are signed-valued (if the branch cut of the logarithm is taken in lower 
half plane) and the rest ones are manifestly sign-valued. 

Restricting our considerations to the open string vertex operators and interactions 
with real z = r and z = r', evaluating at boundary points of S for a convenient value of 
D af3 , the propagator (in non-distinguished form) becomes 

< w q (t>V) >= -a'H af3 log (r - r'f + '-Q^t (r - r') 

for e (r — r') being 1 for r > r' and -1 for r < r' . The d-tensor H a p defines the 
effective metric seen by the open string subjected to some anholonomic constraints being 
constant with respect to N-adapted frames. Working as in conformal field theory, one 
can compute commutators of operators from the short distance behavior of operator 
products (by interpreting time ordering as operator ordering with time r) and find that 
the coordinate commutator 

[u a {T) : u p {r)] =iQ aP 

which is just the relation (jl4.4U|) for noncommutative coordinates with constant non- 
commutativity parameter a/3 distinguished by a N-connection structure. 

In a similar manner we can introduce gauge fields and consider worldsheet super- 
symmetry together with noncommutative relations with respect to N-adapted frames. 
This results in locally anisotropic modifications of the results from jJT] via anholonomic 
frame transforms and distinguished tensor and noncommutative calculus (we omit here 
the details of such calculations). 

We emphasize that even the values H al3 and G a/3 f|14.49|) are constant with respect 
to N-adapted frames the anholonomic noncommutative string configurations are char- 
acterized by locally anisotropic values H 9 ^ and 6^- which are defined with respect to 
coordinate frames as 

H^i = e^{u)e^{u)H aP and = e^{u)e^-{u)Q a(i 

with e*(u) (rtTTI) defined by iVf as in (j!4.12|) . i. e. 

ef=-Nf{u\ ef = 5f, e^ = 0. 

Now, we make use of he standard relation between world-sheet correlation function 
of vertex operators, the S-matrix for string scattering and effective actions which can 
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reproduce this low energy string physics but generalizing them for anholonomic 
structures. We consider that operators in the bulk of the world-sheet correspond to 
closed strings, while operators on the boundary correspond to open strings and thus 
fields which propagate on the world volume of a D-brane. The basic idea is that each 
local world-sheet operator V s (z) corresponds to an interaction with a spacetime field 
ip s (z) which results in the effective Lagrangian 



J 5 p+1 u^\ det g a/3 \ N Tr <px<p 2 - 



which is computed by integrating on z s following the prescribed order for the correlation 
function 

dziVi(zi) / dzzVzizz)... / dz s V s (z, 



on a world-sheet £ with disk topology, with operators V s as successive points z s on 
the boundary <9£. The integrating measure is constructed from N-elongated values and 
coefficients of d-metric. In the leading limit of the S-matrix with vertex operators only 
for the massless fields we reproduce a locally anisotropic variant of the MSYM effective 
action which describes the physics of a D-brane with arbitrarily large but anisotropically 
and slowly varying field strength, 

S 1 bn1 = gJs p nla)P J 5 p+1 « V / |det(^ + 27r/2(fi + F))| (14.50) 

where g s is the string coupling, the constant l s is the usual one from D-brane theory 
and g a/ 3 is the induced d-metric on the brane world-volume. The action ()14.50j) is just 
the Nambu-Born-Infeld (NBI) action [20] but defined for d-metrics and d-tensor fields 
with coefficients computed with respect to N-adapted frames. 



14.5.2 Noncommutative anisotropic structures in M(atrix) the- 
ory 

For an introduction to M-theory, we refer to [321 • Throughout this subsection 
we consider M-theory as to be not completely defined but with a well-defined quantum 
gravity theory with the low energy spectrum of the 11 dimensional supergravity theory 
[TT] . containing solitonic "branes", the 2-brane, or supermembrane, and five-branes and 
that from M-theory there exists connections to the superstring theories. Our claim 
is that in the low energy limits the noncommutative structures are, in general, locally 
anisotropic. 
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The simplest way to derive noncommutativity from M-theory is to start with a 
matrix model action such in subsection 114.4.31 and by introducing operators of type C a 
(j!4.44j) and actions (J14.45)) . For instance, we can consider the action for maximally 
supersymmetric quantum mechanics, i. e. a trivial case with p = of MSYM, when 

r 9 

S= St N TrJ2 (AX) 2 - J2 *1 2 + X + (A + T a X a ) X , (14.51) 

a=l a</3 

where D t = S/dt + iAq with d-derivative 1)13.2)1 with varying Aq which introduces con- 
straints in physical states because of restriction of unitary symmetry. This action is 
written in anholonomic variables and generalizes the approach of entering the M-theory 
as a regularized form of the actions for the supermembranes in this interpreta- 

tion the the compact eleventh dimension does not disappear and the M-theory is to be 
considered as to be anisotropically compactified on a light-like circle. 

In order to understand how anisotropic torus compactifications may be performed 
(see subsection 114.4.2)1 we use the general theory of D-branes on quotient spaces [35] . 
We consider U a = 7 ((3 a ) for a set of generators of JZ n+m with A = Mat n+m (IC) which 
satisfy the equations 

U- l X p U a = X /3 + 5^2nR a 

having solutions of type 

X p = -i5/da p + A/3 

for Ap commuting with U a and indices distinguished by a N-connection structure as 
a — (i, a) , (3 — (j, b) . For such variables the action (j!4.51)) leads to a locally anisotropic 
MSYM on T n+m xlR. Of course, this construction admits a natural generalization for vari- 
ables U a satisfying relations ()14.40j) for noncommutative locally anisotropic tori which 
leads to noncommutative anholonomic gauge theories j^HHSHl- in original form this type 
of noncommutativity was introduced in M-theory (without anisotropies) in Ref. j^j. 

The anisotropic noncommutativity in M-theory can related to string model via non- 
trivial components C a p_ of a three-form potential ("-" denotes the compact light-like 
direction). This potential has as a background value if the M(atrix) theory is treated 
as M-theory on a light-like circle as in usual isotropic models. In the IIA string inter- 
pretation of C a p- as a Neveu-Schwarz R-field which minimally coupled to the string 
world-sheet, we obtain the action ()14.47)) compactified on a 1R x T n+m spacetime where 
torus has constant d-metric and i?-field coefficients. 
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14.6 Anisotropic Gravity on Noncommutative D— 
Branes 

We develop a model of locally anisotropic gravity on noncommutative D-branes (see 
Refs. [2] for a locally isotropic variant). We investigate what kind of deformations of 
the low energy effective action of closed strings are induced in the presence of constant 
background antisymmetric field (or it anholonomic transforms) and/or in the presence 
of generic off-diagonal metric and associated nonlinear connection terms. It should be 
noted that there were proposed and studied different models of nocommutative defor- 
mations of gravity [7], which were not derived from string theory but introduced "ad 
hoc". Anholonomic and/or gauge transforms in noncommutative gravity were consid- 
ered in Refs. |5T)| HH] ■ In this Section, we illustrate how such gravity models with generic 
anisotropy and noncommutativity can be embedded in D-brane physics. 

We can compute the tree level bosonic string scattering amplitude of two massless 
closed string off a noncommutative D-brane with locally anisotropic contributions by 
considering boundary conditions and correlators stated with respect to anholonomic 
frames. By using the 'geometric d-covariant rule' of changing the tensors, spinors and 
connections into theirs corresponding N-distinguished d-objects we derive the locally 
anisotropic variant of effective actions in a straightforword manner. 

For instance, the action which describes this amplitude to order of the string constant 
(ct')° is just the so-called DBI and Einstein-Hilbert action. With respect to the Einstein 
N-emphasized frame the DBI action is 

S l D ] - bra ne = ~Tp j e^dc* (e"^ + + /^)| (14.52) 

where g a p is the induced metric on the D-brane, B a p = B a p — 2hih a p is the pull back 
of the antisymmetric d-field B being constant with respect to N-adapted frames along 
D-brane, f a p is the gauge d-field strength and 7 = —4/ (n + m — 2) and the constant 
T p = C(a') 2 /CK 2 is taken as in Ref. [2] for usual D-brane theory (this allow to obtain 
in a limit the Einstein-Hilber action in the bulk). There are used such parametrizations 
of indices: 

//, 2/, ... = 0, 25; // = (fi, ft); fi,P...=p+ 1, 25; p, = (z, a) 

where i takes n-dimensional 'horizontal' values and a takes m-dimensional 'vertical' 
being used for a D-brane localized at u p+1 ,...u 25 with the boundary conditions given 
with respect to a N-adapted frame, 



g a p (d -d)U a + B a(3 (d + d) U? z= - Z = 0, 
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which should be distinguished in h- and v-components, and the two point correlator of 
string anholonomic coordinates U a (z,z) on the D-brane is 



+D a ' p> log - z ) + D?' a ' log % - zo)} 

where 

D^ a = 2[ - r] af3 , = -5^, D p ' ' ,D v ' a ' = rf' a ' 

\T] + B J a 

for constant t] ' 13 ' given with respect to N-adapted frames. 

The scattering amplitude of two closed strings off a D-brane is computed as the 
integral 

A = 9 2 c e~ x [ d 2 z k d 2 z 2 < V (z lt z£l V {z 2 ,Z2) >, (14.53) 



for g c being the closed string coupling constant, A being the Euler number of the world 
sheet and the vertex operators for the massless closed strings with the momenta fey/ = 
(kii',ki a i) and polarizations (satisfying the conditions e^/Zcf = e^'^kf = and 



kyjikf = taken as 



V {z^Zi) = e MV D v ' a , : dX* (zi) exp [ik t _X [z£] : : dX a ' (zj exp 



ik ij3l D T ,X T ' (Zi 



Calculation of such calculation functions can be performed as in usual string theory with 
that difference that the tensors and derivatives are distinguished by N-connections. 
Decomposing the metric g a p as 

9af3 = Va/3 + ^Xafi 

where 7] a p is constant (Minkowski metric but with respect to N-adapted frames) and 
Xafi could be of (pseudo) Riemannian or Finsler like type. Action (114. 52j) can be written 
to the first order of x> 

S l S- brane = -*T p c J 5* +l u X *pQ af3 , (14.54) 

where 
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and c = det (r/ Qi g + B a p) |, which exhibits a source for locally anisotropic gravity on 
D-brane, 

Tf = -\T vK C (v a " + D^), 

for D?Z denoting symmetrization of the matrix D@ a . This way we reproduce the same 
action as in superstring theory j22j but in a manner when anholonomic effects and 
anisotropic scattering can be included. 

Next order terms on a' in the string amplitude are included by the term 

qW _ a ' f JT26 / ^7$ IT irn TDh'i'j'k' , d rya'b'j'k' , p pj'i'k'a' 

^bulk ~ ^2 / " M e V IV^'l^'i'i'fc'^ + Ka'b'j'k'rt + ^j'i'k'a'^ 

, p> jDc'd'k'a' | c cj'i'b'c' , c ad'e'b'c' 

-r-Lc'd'k'a'-L + Oj'i'b'c'd + "-Ve'b'c"- 5 

-4 + iW^ V + ? flV P s ''' + iU'# a ' 6 ') + + /^ a ' 6 '^ fe 2 ] 

where the indices are split as /i' = (i', a') and we use respectively the d-curvatures (jl3.14|) . 
Ricci d-tensors (jl3.15|) and d-scalars (jlH.lfiJ) . Splitting of "primed' indices reduces to 
splitting of D-brane values. 

The DBI action on D-brane (j!4.53|) is defined with a gauge field strength 

fa/3 = — 3j3 a a 

and with the induced metric 

9aj3 = 3 a X^ d^X^i 
expanded around the flat space in the static gauge = u^, 

9„u = + 2K Xli u + 2k (x^vUt + x^U*) + SpUHjJfL + 2KXjxo5„U li 8 v U i> . 

In order to describe D-brane locally anisotropic processes in the first order in a 1 we need 
to add a new term to the DBI as follow, 

S 1 = J S p+1 usJ\ det q, u \{ R aPlT q^ - ~ Kr*^) F}? 1 (14.56) 

where q^ u = r]^ + B^ + f^, is the inverse of q^, q^ = + B^ + f^, q^ is the 
inverse of q^, the curvature d-tensor R a ^ T is constructed from the induced d-metric 
by using the canonical d-connection (see (jl3.14|) and (jl3.8j0 and 
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The action ()14.56|) can be related to the Einstein-Hilbert action on the D-brane if 
the the R-field is turned off. To see this we consider the field Q a @ = rj al3 (114 .55j) which 
reduces (up to some total d-derivatives, which by the momentum conservation relation 
have no effects in scattering amplitudes, and ignoring gauge fields because they do not 
any contraction with gravitons because of antisymmetry of f a @) to 

S [ S- br ane = / ^ U ^ \ det 9 , u \ (it + S + ^ J ~ <*) (14.57) 

were R and S are computed as d-scalar objects ()13. 16|) and by following the relation at 

| det r} tiU \R a p 7T r} a '' = \J | det g^Ra^d 01 9^ + total d-derivatives. 

The action (|14.57j) transforms into the Einstein-Hilbert action as it was proven for the 
locally isotropic D-brane theory PU| for vanishing N-connections and trivial vertical 
(anisotropic) dimensions. 

In conclusion, it has been shown in this Section that the D-brane dynamics can be 
transformed into a locally anisotropic one, which in low energy limits contains different 
models of generalized Lagrange/ Finsler or anholonomic Riemannian spacetimes, by 
introducing corresponding anholonomic frames with associated N-connection structures 
and d-metric fields (like llT£33|) and ^EM, and flECg} ). 

14.7 Exact Solutions: Noncommutative and/ or Lo- 
cally Anisotropic Structures 

In the previous sections we demonstrated that locally anisotropic noncommutative 
geometric structures are hidden in string/ M-theory. Our aim here is to construct and 
analyze four classes of exact solutions in string gravity with effective metrics possessing 
generic off-diagonal terms which for associated anholonomic frames and N-connections 
can be extended to commutative or noncommutative string configurations. 

14.7.1 Black ellipsoids from string gravity 

A simple string gravity model with antisymmetric two form potential field H a '^'' y \ 
for constant dilaton (ft, and static internal space, (3, is to be found for the NS-NS sector 
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which is common to both the heterotic and type II string theories The equations 
(j14.;-i4jl reduce to 



Rp'u' = -Hfj,>\i T iH v , x T , ( 11.58) 



AV = 0, 
for 



If H^i u i\i = \J\g^h7\e lJL i v i\> , we obtain the vacuum equations for the gravity with cosmo- 
logical constant A, 

Rp!v< = Xg^'u', (14.59) 

for A = 1/4 where R^yi is the Ricci d-tensor (|13.15|) . with "primed" indices emphasizing 
that the geometry is induced after a topological compactification. 
For an ansatz of type 



5s 2 = g l (dx 1 ) 2 + g 2 (dx 2 ) 2 + h 3 (x i \y 3 j(Sy 3 ) 2 + h 4 (x i \y 3 j(Sy 4 ^ (11-00) 

5y 3 = dy 3 + w v (x k \y 3 ^ dx 1 ' ', Sy 4 = dy 4 + n v (x k \y 3 ^ dx i 

for the d-metric ()13.6j) the Einstein equations ()14.59|) are written (see ji 
on computation) 

R i = R 2 = ^ r .. _ 9i92 _ (92? , " g'i92 (a'l) 2 , 



2g x g 2 2g x 2g 2 2g 2 2g x 

R\ = R 



(5yy 


, (14.60) 




for details 


= A, 


(14.61) 


= A, 


(14.62) 


= o, 


(14.63) 


= o, 


(14.64) 



3 _ p4 _ P 

3 4 ~ 2h 3 h 4 

D P OH' 

K 3i > - -Wi>— — 

2/i 4 2/t 4 

h 

where the indices take values i',k' = 1,2 and a',b' = 3,4. The coefficients of equations 

dEUD - (iron are given by 

a . = dih * 4 _ h * d . i n y^^l, (3 = hX- hl[\n ^|f, 7 = _* _ 3 (14.65) 

The various partial derivatives are denoted as a* = da/dx l ,a = da/dx 2 ,a* = da/dy 3 . 
This system of equations ()14.61j) - (jl4.64j) can be solved by choosing one of the ansatz 
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functions (e.g. gi(x l ) or g 2 (x % )) and one of the ansatz functions (e.g. h 3 (x\y 3 ) or 
(x l , y 3 )) to take some arbitrary, but physically interesting form. Then the other ansatz 
functions can be analytically determined up to an integration in terms of this choice. 
In this way we can generate a lost of different solutions, but we impose the condition 
that the initial, arbitrary choice of the ansatz functions is "physically interesting" which 
means that one wants to make this original choice so that the generated final solution 
yield a well behaved metric. 

In references jlH] it is proved that for 

g x = -1, g 2 = r 2 (0q(0, (14.66) 
hs = -773 (^)r 2 (Osin 2 0, 

h 4 = rj 4 (£, <p) h m (0 = 1 + e ^~2 — ' 

r 2fi z 



with coordinates x 1 = £ = J dr^/l — 2m/r + e/r 2 , x 2 = 6,y 3 = ip,y 4 = t (the (r,6,ip) 
being usual radial coordinates), the ansatz (jl4.60J) is a vacuum solution with A = of 
the equations (|14.59|) which defines a black ellipsoid with mass //, eccentricity £ and 
gravitational polarizations q (£) , 773 (£, and $ 4 (£, . Such black holes are certain de- 
formations of the Schwarzschild metrics to static configurations with ellipsoidal horizons 
which is possible if generic off-diagonal metrics and anholonomic frames are considered. 
In this subsection we show that the data (jl4.66|) can be extended as to generate exact 
black ellipsoid solutions with nontrivial cosmological constant A = 1/4 which can be 
imbedded in string theory. 

At the first step, we find a class of solutions with gi — — 1 and g 2 = g 2 (£) solving 
the equation (|14.61j) . which under such parametrizations transforms to 

92 - T, — = 202 A. 

With respect to the variable Z = (g2) 2 this equation is written as 

Z" + 2XZ = 

which can be integrated in explicit form, Z = Z[qj sin ^\/2A£ + £[ ]J , for some constants 
Z[ ] and £[ ] which means that 

g 2 = -Zf 0] sin 2 (v^ + £ [0] ) (14.67) 

parametrize a class of solution of p4.61|) for the signature (— , — , — , +) . For A —>■ we 
can approximate g 2 — r 2 (£) q (£) = — (, 2 and Z 2 ^ = 1 which has compatibility with the 
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data (|14.66|) . The solution ()14.67|) with cosmological constant (of string or non-string 
origin) induces oscillations in the "horozontal" part of the d-metric. 
The next step is to solve the equation ()14.62j) . 



hi* - hl[\n = -2Xh 3 h 4 . 

For A = a class of solution is given by any h 3 and h 4 related as 



^3 = VO 



flA 



*-i 2 



for a constant r] chosen to be negative in order to generate the signature (—,—,—,+) 
For non-trivial A, we may search the solution as 



h = h (£, <p) q 3 (£, if) and h 4 = h 4 (£, V 5 ) 
which solves ()14.62j) if q 3 = 1 for A = and 



;i4.68) 



?3 



4A 



h 3 h 4 
K 



~i -l 



dip 



for A ^ 0. 



Now it is easy to write down the solutions of equations (jl4.63|) (being a linear equation 
for Wi>) and ()14.64|) (after two integrations of rip on (p), 



Wi> = ewii = —aii'//3, 



;i4.69) 



were ap and (3 are computed by putting ()14.68|) into corresponding values from (|14.65|) 
(we chose the initial conditions as wp — > for e — > 0) and 



m = eni (f , <p) 



where 



ni(e,y) = nx[i](Z) + nxw(Z) / dp / VM&v)l ,vt^0] (14.70) 



n i[i] (0 + nip) (0 J dtp rj3 (£, (p) , vl = 0; 

n i[i] (0 + nip] (0 / dip/ (y\ri4(£,<p) |) , ??3 = 0; 



with the functions rik[\,2] (£) to be stated by boundary conditions. 
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We conclude that the set of data gi = —1, with non-trivial #2 (0 > hs, h^, uv, n\ 
stated respectively by (|1.4.B7j) . (|14.(i8jl . (jl4.CTjl . (j14.7()jl define a black ellipsoid solution 
with explicit dependence on cosmological constant A, i. e. a d-metric ()14.6())) . which 
can be induced from string theory for A = 1/4. The stability of such string static black 
ellipsoids can be proven exactly as it was done in Refs. for the vanishing cosmological 
constant. 

14.7.2 2D Finsler structures in string theory 

There are some constructions which prove that two dimensional (2D) Finsler struc- 
tures can be embedded into the Einstein's theory of gravity [12]. Here we analyze the 
conditions when such Finsler configurations can be generated from string theory. The 
aim is to include a 2D Finsler metric (|14.127|) into a d-metric f|13.6|) being an exact 
solution of the string corrected Einstein's equations (|14.59|) . 

If 

a ' b ' - 2 dy a 'dy» 

for = 1,2 and a', b', ... = 3, 4 and following the homogeneity conditions for Finsler 

metric, we can write 

for s = y 4 /y 3 with / (x 1 ' , s) — F (x 4 ', 1, s) , that 

/>33 = j(f 2 r~s(f 2 y + f 2 , (i4.7i) 
^4 = \u 2 y\ 

in this subsection we denote a* = da/ds. The condition of vanishing of the off-diagonal 
term /134 gives us the trivial case, when f 2 ~ s 2 ... + ...s+ i. e. Riemannian 2D metrics, 
so we can not include some general Finsler coefficients 1)14.71)1 directly into a diagonal 
d-metric ansatz (J14.60)) . There is also another problem related with the Cartan's N- 
connection (J13.33)) being computed directly from the coefficients (114.71)1 generated by 
a function f 2 : all such values substituted into the equations ()14.62j) - ()14.64)) result in 
systems of nonlinear equations containing the 6th and higher derivatives of / on s which 
is very difficult to deal with. 
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We can include 2D Finsler structures in the Einstein and string gravity via additional 
2D anholnomic frame transforms, 

Kb = e a a (x 1 ', s) 4 (V, sj h a , v h/, s) 

where h a iy are induced by a Finsler metric f 2 as in (jl4.71J) and h ab may be diagonal, 
h ab = diag[h a ]. We also should consider an embedding of the Cartan's N-connection into 
a more general N-connection, Ny C Nf, , via transforms N§ = e b , fx 1 , s) N$ where 
e£,' (x 1 ' , s) are some additional frame transforms in the off-diagonal sector of the ansatz 
([14 lip . Such way generated metrics, 

5s 2 = g %l {dx e ) 2 + ei e b X, b ,{5y a )\ 
5 y a = dy a + e%N$dx i ' 

may be constrained by the condition to be an exact solution of the Einstein equations 
with (or not) certain string corrections. As a matter of principle, any string black 
ellipsoid configuration (of the type examined in the previous subsection) can be related 
to a 2D Finsler configuration for corresponding coefficients e a a and e\, . An explicit form 
of anisotropic configuration is to be stated by corresponding boundary conditions and 
the type of anholonomic transforms. Finally, we note that instead of a 2D Finsler metric 
()14.127|) we can use a 2D Lagrange metric ()13.35|) . 

14.7.3 Moving soliton— black hole string configurations 

In this subsection, we consider that the primed coordinates are 5D ones obtained 
after a string compactification background for the NS-NS sector being common to both 
the heterotic and type II string theories. The u a = (x l , y a ) are split into coordinates 
x\ with indices i',f,k'... = 1,2,3, and coordinates y a , with indices a',b',c',... = 4,5. 
Explicitly the coordinates are of the form 

x l = (x 1 = x, x 2 = <p = In p, x 3 = 6) and y a = (y 4 = v, = p) , 

where \ is the 5th extra-dimensional coordinate and p will be related with the 4D 
Schwarzschild coordinate. We analyze a metric interval written as 



ds 2 = fi 2 ^', v)g a >p (x 1 ' ,v) du^du 13 ' ', 



(14.72) 
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were the coefficients g^p are parametrized by the ansatz 

gi + iw^ +C 1 2 )h 4 + n 1 2 hs (w 1 w 2 + ClC2)^4 + n 1 n 2 h 5 (wiw 3 + CiC3)^4 + nin3^5 (wx + d)h 4 nxh 5 

(w!W 2 + (i(2)h4 + n 1 n 2 h 5 g 2 + (w 2 2 + ( 2 2 )h 4 + n 2 2 h 5 {w 2 w 3 + +C2C3)^4 + n 2 n 3 h 5 (w 2 + ( 2 )h 4 n 2 h 5 

{w\W3 + CiCs)h 4 + nwzh<s {w 2 W[i + +C, 2 C, 3 )h 4 + n 2 ns,h 5 ga + (w- 2 + ( 3 2 )h 4 + n 3 2 h 5 (103 + (3)^4 "3^5 
(t«i+Ci)/i4 (w 2 + ( 2 )h 4 (W3 + C3)h 4 h 4 

ni/15 n 2 hs n^hs h 5 

(14.73) 

The metric coefficients are necessary class smooth functions of the form: 

9l = ±1, #2,3 = #2,3 (> 2 , :r 3 ), ^4,5 = K^(x l \v) = T] 4j5 (x\ u)/l 4 ,5[0] (^') , 

UV = Wi>(x k ',v), n v = m>(x k ',v), Ci' = Ci'(x k \v), Vt = Vt(x l \v\lA.7A) 

The quadratic line element (jl4.72|) with metric coefficients 1)14.73)1 can be diagonalized 
by anholonmic transforms, 

5s 2 = ^(x^v^dx 1 ) 2 + g 2 (dx 2 ) 2 + g 3 (dx 3 ) 2 + h 4 (5v) 2 + h b (5pfl (14.75) 
with respect to the anholonomic co-frame {^dx l \ 5v , 5p^j , where 

5v = dv + (wii + d')dx l + ($5p and 5p = dp + n^dx 1 (14.76) 
which is dual to the frame ( <5j/, <9 4 , <9 5 ) , where 



h = di> - {w v + d>)d 4 + rii'd 5 , 4 = ^5-C5<9 4 . (14.77) 

The simplest way to compute the nontrivial coefficients of the Ricci tensor for the ()14.75)) 
is to do this with respect to anholonomic bases ( 114.76)1 and ()14.77)) (see details in 
|4^) ) , which reduces the 5D vacuum Einstein equations to the following system (in 
this paper containing a non-trivial cosmological constant): 

R ^ R i = -^ = A -< 14 - 79) 
R " = - w <£;-ik = ' (1480) 

Rm = ~K?+T<\ = 0,(14.81) 
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with the conditions that 

tt qi/q2 = h 4 (gi and q 2 are integers), (14.82) 
and Q satisfies the equations 

dffQ - (wi> + Q'W = 0, (14.83) 
The coefficients of equations (|14.78|) - (|14.81|) are given by 

a v = dih* 5 - hid. In ^/\hj^\, P = K* - K[\n ^\hj^\}*, 7 = - -1. (14.84) 

The various partial derivatives are denoted as a' = da/dx 2 , a = da/dx 3 , a* = da/dv. 

The system of equations (I14.78j) - (I14.81I) . (114.821) and (114.831) can be solved by choos- 
ing one of the ansatz functions (e.g. h± (x l , v) or /i 5 (x l ,v)) to take some arbitrary, but 
physically interesting form. Then the other ansatz functions can be analytically deter- 
mined up to an integration in terms of this choice. In this way one can generate many 
solutions, but the requirement that the initial, arbitrary choice of the ansatz functions 
be "physically interesting" means that one wants to make this original choice so that 
the final solution generated in this way yield a well behaved solution. To satisfy this 
requirement we start from well known solutions of Einstein's equations and then use the 
above procedure to deform this solutions in a number of ways as to include it in a string 
theory. In the simplest case we derive 5D locally anisotropic string gravity solutions 
connected to the the Schwarzschild solution in isotropic spherical coordinates ^7] given 
by the quadratic line interval 

ds * = (J^j) 2 dt 2 - p 2 g (ji^j 4 {df + fd6 2 + f sin 2 6d V 2 ) . (14.85) 

We identify the coordinate p with the re-scaled isotropic radial coordinate, p = p/p^, 
with p g = rg/4; p is connected with the usual radial coordinate r by r = p (1 + r 9 /4p) ; 
r g = 2G[4]mo/c 2 is the 4D Schwarzschild radius of a point particle of mass mo; Gw = 
1/Mj,j 4 ] is the 4D Newton constant expressed via the Planck mass Mp[ 4 ] (in general, we 
may consider that Mpm may be an effective 4D mass scale which arises from a more 
fundamental scale of the full, higher dimensional spacetime); we set c = 1. 

The metric (|14.85|) is a vacuum static solution of 4D Einstein equations with spherical 
symmetry describing the gravitational field of a point particle of mass m®. It has a 
singularity for r = and a spherical horizon at r = r g , or at p = 1 in the re-scaled 
isotropic coordinates. This solution is parametrized by a diagonal metric given with 
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respect to holonomic coordinate frames. This spherically symmetric solution can be 
deformed in various interesting ways using the anholonomic frames method. 

Vacuum gravitational 2D solitons in 4D Einstein vacuum gravity were originally 
investigated by Belinski and Zakharov [S]. In Refs. jS2] 3D solitonic configurations 
were constructed on anisotropic Taub-NUT backgrounds. Here we show that 3D soli- 
tonic /black hole configurations can be embedded into the 5D locally anisotropic string 
gravity. 



3D solitonic deformations in string gravity 

The simplest way to construct a solitonic deformation of the off-diagonal metric in 
equation (j!4.73|) is to take one of the "polarization" factors 774, r/ 5 from (j!4.74j) or the 
ansatz function ny as a solitonic solution of some particular non-linear equation. The rest 
of the ansatz functions can then be found by carrying out the integrations of equations 

dnzzj - (iron)) . 

As an example of this procedure we suggest to take r] 5 (r,9,x) as a soliton solution 
of the Kadomtsev-Petviashvili (KdP) equation or (2+1) sine-Gordon (SG) equation 
(Refs. jHE] contain the original results, basic references and methods for handling such 
non-linear equations with solitonic solutions). In the KdP case r]5(v,8,x) satisfies the 
following equation 

V r + e (t) 5 - 6/75^5 + €)' = 0, e = ±1, (14.86) 

while in the most general SG case rj 5 (v, x) satisfies 

±r)T TVs = sinfog). (14.87) 

For simplicity, we can also consider less general versions of the SG equation where 7/5 
depends on only one (e.g. v and Xi) variable. We use the notation rj 5 = rj^ p or 775 = rj^ G 
(h 5 = hf p or h 5 = hf G ) depending on if (775 ) (/i 5 ) satisfies equation ()14.86|) . or ()14.87|) 
respectively. 

For a stated solitonic form for = h^ P,SG , can be found from 



, u kp,sg 



-1 2 

iKP,SG, £/ 

h 5 (x\v 



:i4. 



where h[o] is a constant. By direct substitution it can be shown that equation ()14.88|) 
solves equation ()14.79j) with (3 given by ( I14.84jl when h* 5 ^ but A = 0. If h* 5 = 0, then h 4 
is an arbitrary function hi(x % ,v). In either case we will denote the ansatz function deter- 
mined in this way as h^ P ' SG although it does not necessarily share the solitonic character 
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of h 5 . Substituting the values hf P,SG and hf P ' SG into 7 from equation ()14.65|) gives, 
after two v integrations of equation (J14.64)) . the ansatz functions = n if P ' (v,8, %). 
Solutions with A 7^ can be generated similarly as in (J14.68)) by redefining 

h,4 = hi {^x 1 , vj q± (x 1 , vj and h 5 = h 5 (x l , vj , 

which solves f)14.79j) if g 4 = 1 for A = and 



?4 = 4A 



. -1 

h 5 h 4 

■av 

h* 



for A + 0. (14.89) 



Here, for simplicity, we may set g 2 = — 1 but 

g 3 = -Zf 0] sin 2 (y2\x 3 + f [0] ) , Z [0] , £ [0] = const, (14.90) 

parametrize a class of solution of ()14.78|) for the signature (—,—,—,—,+) like we con- 
structed the solution ()14.67|) . In ref. |H2l EBj it was shown how to generate solutions 
using 2D solitonic configurations for g 2 or g 3 . 

The main conclusion to be formulated here is that the ansatz ()14.73|) . when treated 
with anholonomic frames, has a degree of freedom that allows one to pick one of the 
ansatz functions (^4 , r/5 , or n^) to satisfy some 3D solitonic equation. Then in terms 
of this choice all the other ansatz functions can be generated up to carrying out some 
explicit integrations and differentiations. In this way it is possible to build exact solutions 
of the 5D string gravity equations with a solitonic character. 

Solitonically propagating string black hole backgrounds 

The Schwarzschild solution is given in terms of the parameterization in 1)14.73)1 by 

9i = ±1, 92= g-i = -1, h A = h m (x 1 '), h 5 = h m (x 1 '), 
w v = 0, n v = 0, d' = 0, Q = Q [0] (x 1 '), 

with 

h m (x l ) = M, h m {a?) = -sin 2 fl, fij^') = a(0) (14.91) 
or alternatively, for another class of solutions, 

h m {x ¥ ) = -sin 2 £, h m (x*) = M (14.92) 
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were 



(e* + l)' 



:,2(b 



and 



a(0) 

Putting this together gives 

ds 2 = ±dx 2 - a(4>) (d\ 2 + dO 2 + sin 



(e* + if 



'■) + 6 (0) dt 2 



(14.93) 



(14.94) 



which represents a trivial embedding of the 4D Schwarzschild metric (|14.85|) into the 
5D spacetime. We now want to deform anisotropically the coefficients of ()14.94|) in the 
following way 



h>5\i 



x 



U[o] 



X 



— > h 4 (x l , v) = r]^ [ . r 

-> /i S (a:*' , f ) = t/5 (a; 1 ' , u J h B [o] (^' ) , 
-> fi 2 (x*>) = ^(X 4 ')^!]^'^). 

The factors r/j' and fin, can be interpreted as re-scaling or "renormalizing" the original 
ansatz functions. These gravitational "polarization" factors - 7/4,5 and flp, - gener- 
ate non-trivial values for w# {x l , v) , (af , v) and Q^x" 1 ' ,v), via the vacuum equations 
(|14.78)) - ()14.83|) . We shall also consider more general nonlinear polarizations which 
can not be expresses as h ~ 7//i[o] and show how the coefficients a(0) and 6(0) of the 
Schwarzschild metric can be polarized by choosing the original, arbitrary ansatz function 
to be some 3D soliton configuration. 

The horizon is defined by the vanishing of the coefficient 6 (0) from equation (|14.93|) . 
This occurs when = 1. In order to create a solitonically propagating black hole we 
define the function r = — r (x,v), and let r (x,v) be a soliton solution of either the 
3D KdP equation (j!4.86J) . or the SG equation ([14.87)1 . This redefines 6(0) as 



6(0) 



B x\v 



e T - 1 
e* + r 



A class of 5D string gravity metrics can be constructed by parametrizing = 774 (x 1 ' , v) 
h4[o](x 1 ') and h 5 = B (x % \ v) /a (0), or inversely, h± = B (x 1 ' ,v) /a (0) and h 5 = 7/5 (V, v) 
/i 5 [ ](x*'). The polarization 774 (V, t>) (or 775 (V, tj)) is determined from equation (|14.88|) 
with the factor g 4 (|14.89|) included in h 2 , 



1 7/4 (x l ',vj h m (x l ')\ 



B(x v ,v) 



14.7. ANISOTROPIC AND NONCOMMUTATIVE SOL UTIONS 



569 



or 



B (x\ v) 



a(cj)) 



h 2 h 



5(0)1 



The last step in constructing of the form for these solitonically propagating black hole 
solutions is to use /i 4 and h 5 in equation ()14.64|) to determine n k i 



n k < = n kl[1] (x 1 ') +n k , [2 \(x 1 ') 
= n kl[1] (x 1 ') +n k , [2 ]{x 1 ') 

= n k '[l](x l ) + n k r[2](x l ) 



hi 



-dv, 



(7N) 

h^dv, hi 



-dv, 



(14.95) 



(vW) 



K = o, 



where n k [ lj2 ] (x 1 ') are set by boundary conditions. 

The simplest version of the above class of solutions are the so-called t-solutions 
(depending on t-variable), defined by a pair of ansatz functions, [B (x l ,t) , /is(o)] , with 
hi = and B (V, tj being a 3D solitonic configuration. Such solutions have a spherical 
horizon when h^ = 0, i.e. when r = 0. This solution describes a propagating black hole 
horizon. The propagation occurs via a 3D solitonic wave form depending on the time 
coordinate, t, and on the 5 th coordinate x- The form of the ansatz functions for this 
solution (both with trivial and non-trivial conformal factors) is 



t-solutions 
9i 

hi 



[x = X, 

±1,92 = 



x 

-1,03 



), X 

ry2 ■ 2 

-Zrni sin 



9, y 4 = V = t, y 5 =p=(p) j 

2Xx 3 + £[o]) , r = <p - t (x, t) , 

e T - 1 



B/a((j)),h 5 = h^)(x % ) = - sin 9, w = T] 5 = 1, B I x l , t 



et + r 



0. 



n k > [x l ,t ) = n k , {l] (x l ) + n k/[2] (x t ) / B [x l , t ) dt, (14.96) 



where is chosen to preserve the condition Wi> = &> = 0. 

As a simple example of the above solutions we take tq to satisfy the SG equation 
^xx T o ~ 9 u Tq = sin(r ). This has the standard propagating kink solution 

T (x,t) =4tan" 1 [±7(x-^)] 

where 7 = (1 — V 2 )~ x l 2 and V is the velocity at which the kink moves into the extra 
dimension x- To obtain the simplest form of this solution we also take n k i[i](x l ) = 
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nk'\2](x 1 ') = 0. This example can be easily extended to solutions with a non-trivial con- 
formal factor Q that gives an exponentially suppressing factor, exp[— 2/c|x|], see details 
in Ref. [KB]- In this manner one has an effective 4D black hole which propagates from 
the 3D brane into the non-compact, but exponentially suppressed extra dimension, \. 

The solution constructed in this subsection describes propagating 4D Schwarzschild 
black holes in a bulk 5D spacetime obtained from string theory. The propagation arises 
from requiring that certain of the ansatz functions take a 3D soliton form. In the 
simplest version of these propagating solutions the parameters of the ansatz functions 
are constant, and the horizons are spherical. It can be also shown that such propagating 
solutions could be formed with a polarization of the parameters and/or deformation of 
the horizons, see the non-string case in |53*] . 

14.7.4 Noncommutative anisotropic wormholes and strings 

Let us construct and analyze an exact 5D solution of the string gravity which can 
also considered as a noncommutative structure in string theory. The d-metric ansatz is 
taken in the form 

5s 2 = g 1 (dx 1 ) 2 + g 2 (dx 2 ) 2 + g 3 (dx 3 ) 2 + h 4 (5y 4 ) 2 + h 5 (5y 5 ) 2 , 

5y A = dy 4 + wy (a?, v^j dx k \ 5y 5 = dy 5 + n k < (a? ,v) dx k '; i', k' = 1, 2, 3,(14.97) 

where 

9i = 1, 92 = 92(r), g 3 = -a(r), (14.98) 

h 4 = h A = rj 4 (r,9,ip) h m (r) , h 5 = h 5 = % (r, 6, <p) h 5[0] (r, 9) 

for the parametrization of coordinate of type 

x 1 = t, x 2 = r, x 3 = 9, y 4 = v = <p, y 5 = p = x (14.99) 

where t is the time coordinate, (r, 9, if) are spherical coordinates, x is the 5th coordinate; 
ip is the anholonomic coordinate; for this ansatz there is not considered the dependence 
of d-metric coefficients on the second anholonomic coordinate x- The data 

9l = 1, g 2 = -1, g 3 = -a{r), (14.100) 
h m {r) = -r 2 e mr \ r] 4 = 1/k 2 , (r, 9, ip) , h m = -a (r) sin 2 9, r) 5 = 1, 
wi = wi = to (r) , W2 = W2 = 0, U7 3 = w 3 = n cos 9/ n 2 n (r, 9, cp) , 

ni = n l = 0, n 2 , 3 = ^2,3 = «2,3[i] (r, 9) / In \n 2 r (r, 9, ip) \d<p 
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for some constants r and n and arbitrary functions a(r),ip(r) and arbitrary vacuum 
gravitational polarizations K r (r, 9, if) and n n (r, 9, (p) define an exact vacuum 5D solu- 
tion of Kaluza-Klein gravity [HI] describing a locally anisotropic wormhole with elliptic 
gravitational vacuum polarization of charges, 

, Ql i 



4a (0) K 2 r 4a (0) 4 

where go = 2^/a (0) sina and Qo = 2^/a (0) cosa are respectively the electric and 
magnetic charges and 2y / a"(0)K r and 2^/a (0)/t n are ellipse's axes. 

The first aim in this subsection is to prove that following the ansatz (|14.97j) we 
can construct locally anisotropic wormhole metrics in string gravity as solutions of the 
system of equations ()14.78)1 - ()14.8H) with redefined coordinates as in ()14.99|) . Having 
the vacuum data ()14.100|) we may generalize the solution for a nontrivial cosmological 
constant following the method presented in subsection 114.7.31 when the new solutions 
are represented 

h i = h i (x t ',vj g 4 ^E*',t>j and h 5 = h 5 (x 1 ' , v j , (14.101) 
with /i4 ) 5 taken as in ()14.98|) which solves ()14.79|) if g 4 — 1 for A = and 

n -1 

h 5 (r, 9, <p) h 4 (r, 0, <p) 



g4 = 4A 



ht(r,e,<p) 



-dip 



for A ^ 0. 



This g 4 can be considered as an additional polarization to 7/ 4 induced by the cosmological 
constant A. We state g 2 = —1 but 



g 3 = - sin 2 (V2A0 + £ [O] ) , 



which give of solution of (|14.78|) with signature (+, — , — , — , — ) which is different from 
the solution ([14.67)1 . A non-trivial g 4 results in modification of coefficients ([14.84)1 . 

a v = a, + af, (3 = $ + (3 [q \ 7 = 7 + 7 [<?] , 

. 3k k 
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which following formulas ()14.80|) and (jl4.81j) result in additional terms to the N-connec- 
tion coefficients, i. e. 

Wi> = Wii + wf) and rij' = ny + nf) , (14.102) 

with wf) and nf computed by using respectively af ,/3^ and 7^. 

The N-connection coefficients 1)14.102)1 can be transformed partially into a 5-field 
with {Bi'ji, Bb>ji} defined by integrating the conditions (J14.20)) . i. e. 

B,,, = B„ m (^) + B V = B im {f) + fh iW} d V , (14.103) 

for some arbitrary functions -B«'j'[o] (x k> ) and B^/p^ . The string background correc- 
tions are presented via nontrivial wf) induced by A = 1/4. The formulas (jl4.103|) consist 
the second aim of this subsection: to illustrate how a a S-field inducing noncommuta- 
tivity may be related with a N-connection inducing local anisotropy. This is an explicit 
example of locally anisotropic noncommutative configuration contained in string theory. 
For the considered class of wormhole solutions the coefficients 11^ do not contribute into 
the noncommutative configuration, but, in general, following (jl4.19|) . they can be also 
related to noncommutativity. 



14.8 Comments and Questions 

In this paper, we have developed the method of anholonomic frames and associated 
nonlinear connections from a viewpoint of application in noncommutative geometry and 
string theory. We note in this retrospect that several futures connecting Finsler like gen- 
eralizations of gravity and gauge theories, which in the past were considered ad hoc and 
sophisticated, actually have a very natural physical and geometric interpretation in the 
noncommutative and D-brane picture in string/M-theory. Such locally anisotropic and/ 
or noncommutative configurations are hidden even in general relativity and its various 
Kaluza-Klein like and supergravity extension. To emphasize them we have to consider 
off-diagonal metrics which can be diagonalized in result of certain anholonomic frame 
transforms which induce also nonlinear connection structures in the curved spacetime, 
in general, with noncompactified extra dimensions. 

On general grounds, it could be said the the appearance of noncommutative and 
Finsler like geometry when considering 5-fields, off-diagonal metrics and anholonomic 
frames (all parametrized, in general, by noncommutative matrices) is a natural thing. 
Such implementations in the presence of D-branes and matrix approaches to M-theory 
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were proven here to have explicit realizations and supported by six background construc- 
tions elaborated in this paper: 

First, both the local anisotropy and noncommutativity can be derived from consider- 
ing string propagation in general manifolds and bundles and in various low energy string 
limits. This way the anholonomic Einstein and Finsler generalized gravity models are 
generated from string theory. 

Second, the anholonomic constructions with associated nonlinear connection geom- 
etry can be explicitly modelled on superbundles which results in superstring effective 
actions with anholonomic (super) field equations which can be related to various super- 
string and supergravity theories. 

Third, noncommutative geometries and associated differential calculi can be distin- 
guished in anholonomic geometric form which allows formulation of locally anisotropic 
field theories with anholonomic symmetries. 

Forth, anholonomy and noncommutativity can be related to string/M-theory fol- 
lowing consequently the matrix algebra and geometry and/or associated to nonlinear 
connections noncommutative covariant differential calculi. 

Fifth, different models of locally anisotropic gravity with explicit limits to string and 
Einstein gravity can be realized on noncommutative D-branes. 

Sixth, the anholonomic frame method is a very powerful one in constructing and 
investigating new classes of exact solutions in string and gravity theories; such solutions 
contain generic noncommutativity and/or local anisotropy and can be parametrized as to 
describe locally anisotropic black hole configurations, Finsler like structures, anisoropic 
solitonic and moving string black hole metrics, or noncommutative and anisotropic worm- 
hole structures which may be derived in Einstein gravity and/or its Kaluza-Klein and 
(super) string generalizations. 

The obtained in this paper results have a recent confirmation in Ref. [33] where the 
spacetime noncommutativity is obtained in string theory with a constant off-diagonal 
metric background when an appropriate form is present and one of the spatial direction 
has Dirichlet boundary conditions. We note that in Refs. jlHl HE1 EH EH1 EI] we con- 
structed exact solutions in the Einstein and extra dimension gravity with off-diagonal 
metrics which were diagonalized by anholonomic transforms to effective spacetimes with 
noncommutative structure induced by anholonomic frames. Those results were extended 
to noncommutative geometry and gauge gravity theories, in general, containing local 
anisotropy, in Refs. jlHl ED] • The low energy string spacetime with noncommutativity 
constructed in subsection 7.4 of this work is parametrized by an off-diagonal metric which 
is a very general (non-constant) pseudo-Riemannian one defining an exact solution in 
string gravity. 
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Finally, our work raises a number of other interesting questions: 

1. What kind of anholonomic quantum noncommutative structures are hidden in 
string theory and gravity; how such constructions are to be modelled by modern 
geometric methods. 

2. How, in general, to relate the commutative and noncommutative gauge models of 
(super) gravity with local anisotropy directly to string/M-theory. 

3. What kind of quantum structure is more naturally associated to string gravity and 
how to develop such anisotropic generalizations. 

4. To formulate a nonlinear connection theory in quantum bundles and relate it to 
various Finsler like quantum generalizations. 

5. What kind of Clifford structures are more natural for developing a unified geometric 
approach to anholonomic noncommutative and quantum geometry following in 
various perturbative limits and non-perturbative sectors of string/M-theory and 
when a such geometry is to be associated to D-brane configurations. 

6. To construct new classes of exact solutions with generic anisotropy and noncom- 
mutativity and analyze theirs physical meaning and possible applications. 

We hope to address some of these questions in future works. 
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14.9 Appendix: 

Anholonomic Frames and N— Connections 

We outline the basic definitions and formulas on anholonomic frames and associated 
nonlinear connection (N-connection) structures on vector bundles and (pseudo) 
Riemannian manifolds ^51 HH] • The Einstein equations are written in mixed holonom- 
lic— anholonomic variables. We state the conditions when locally anisotropic structures 
(Finsler like and another type ones) can be modelled in general relativity and its extra 
dimension generalizations. This Abstract contains the necessary formulas in coordinate 
form taken from a geometric paper under preparation together with a co-author. 
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14.9.1 The N— connection geometry 

The concept of N-connection came from Finsler geometry (as a set of coefficients it 
is present in the works of E. Cartan |H] , then it was elaborated in a more explicit fashion 
by A. Kawaguchi |23j). The global definition of N-connections in commutative spaces 
is due to W. Barthel The geometry of N-connections was developed in details 

for vector, covector and higher order bundles [221 EH Ej spinor bundles [101 IHE] and 
superspaces and superstrings [JT] [J71 EEj with recent applications in modern anisotropic 
kinetics and theormodynamics [UJ and elaboration of new methods of constructing exact 
off-diagonal solutions of the Einstein equations [351 H§|. The concept of N-connection 
can be extended in a similar manner from commutative to noncommutative spaces if a 
differential calculus is fixed on a noncommutative vector (or covector) bundle or another 
type of quantum manifolds [50J. 

N— connections in vector bundles and (pseudo) Riemannian spaces 

Let us consider a vector bundle £ = (E, //, M) with typical fibre IR m and the map 

/i T : TE — > TM 

being the differential of the map \x : E — > M. The map fi T is a fibre-preserving morphism 
of the tangent bundle (TE, t e , E) to E and of tangent bundle (TM, t, M) to M. The 
kernel of the morphism /i T is a vector subbundle of the vector bundle (TE, te, E) . This 
kernel is denoted (VE, t v , E) and called the vertical subbundle over E. By 

i : VE — > TE 

it is denoted the inclusion mapping when the local coordinates of a point u G E are 
written u a = (x l , y a ) , where the values of indices are i,j, k, ... = 1, 2, n and a, b, c, ... = 
1, 2, m. 

A vector X u e TE, tangent in the point u G E, is locally represented 

= (x\y a ,X\X a ), 

where (X*) GlR n and (X a ) GlR™ are defined by the equality 

X u = X% + X a d a 

[d a = (di,d a ) are usual partial derivatives on respective coordinates x % and y a }. For 
instance, /i T ( x, y, X, X ) = (x, X) and the submanifold VE contains elements of type 



576 CHAPTER 14. (NON) COMMUTATIVE FINSLER GEOMETRY AND STRINGS 



(x, y, 0, Xj and the local fibers of the vertical subbundle are isomorphic to IR m . Having 

A* T (d a ) = 0, one comes out that d a is a local basis of the vertical distribution u — > V U E 
on E, which is an integrable distribution. 

A nonlinear connection (in brief, N-connection) in the vector bundle £ = (E, li, M) 
is the splitting on the left of the exact sequence 

-> VE -> TE/VE -> 0, 

i. e. a morphism of vector bundles N : TE — > V^i? such that C o z is the identity on VE. 

The kernel of the morphism N is a vector subbundle of (TE, Te, E) , it is called 
the horizontal subbundle and denoted by (HE, t h , E) . Every vector bundle (TE, te, E) 
provided with a N-connection structure is Whitney sum of the vertical and horizontal 
subbundles, i. e. 

TE = HE © VE. (14.104) 

It is proven that for every vector bundle £ = (E, li, M) over a compact manifold M there 
exists a nonlinear connection 29\. 

Locally a N-connection iV is parametrized by a set of coefficients 
|iV"(ti a ) = N°-(x j , y b )} which transform as 

N a'^L = M a' N a_dM^ 

1 dx i a 1 dx i y 
under coordinate transforms on the vector bundle £ = (E, ii, M) , 

x 1 ' = x 1 ' (x l ) and y a ' = M^(x)y a . 

The well known class of linear connections consists a particular parametization of the 
coefficients N" 1 when 

N?(xi,y b ) = Tt l (xi)y b 

are linear on variables y b . 

If a N-connection structure is associated to local frame (basis, vielbein) on £, the 
operators of local partial derivatives d a = (di, d a ) and differentials d a = du a = (d % = dx\ 
d a = dy a ) should be elongated as to adapt the local basis (and dual basis) structure to 
the Whitney decomposition of the vector bundle into vertical and horizontal subbundles, 

(jmuj : 

d a = (^ d a ) ^8 a = (5 t = d, t - N b d b , d a ) , (14.105) 
d a = {d\ d a ) ^5 Q = (d l , 5 a = d a + N b d l ) . (14.106) 
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The transforms can be considered as some particular case of frame transforms of type 

d a -> 5 a = e% and d a -> 5 a = (e" 1 )^ 3 , 

e a( e_1 )/3 = ^1) when the vielbein coefficients are constructed by using the Kronecker 
symbols 5 b , <5* and N b . 

The bases 5 a and S a satisfy, in general, some anholonomy conditions, for instance, 

SJ/3 - 5 B 5 a = W2p5 7 , (14.107) 

where W^g are called the anholonomy coefficients. An explicit calculus of commutators 
of operators ()14.105j) shows that there are the non-trivial values: 

W« = R% = 5 t N* - SjN", W b m = -W b a = -d a N b . (14.108) 

Tensor fields on a vector bundle £ = (E, fi, M) provided with N-connection structure 
N (we subject such spaces with the index N, £at) may be decomposed in N-adapted 
form with respect to the bases 5 a and 5 a , and their tensor products. For instance, for a 
tensor of rang (1,1) T = {Tj 3 = {T i 3 , T i a , T b 3 , T a b )} we have 

T = Tj8 a <g> 8 B = T { j d l ®5 l + T i °d* ®d a + T b j 5 b <g> 5, + T a b 5 a ® d b . (14. 109) 

Every N-connection with coefficients N b generates also a linear connection on £jv 
as ^aB = {^u = 9N°-(x,y)/dy b } which defines a covariant derivative 

^)# = ^ + ryAi 

Another important characteristic of a N-connection is its curvature Q = {^} with 
the coefficients 

fi« = 8jNf - SiNf = djN« - diN* + N b N« - N b N bi . (14.110) 

In general, on a vector bundle we may consider arbitrary linear connections and 
metric structures adapted to the N-connection decomposition into vertical and horizontal 
subbundles (one says that such objects are distinguished by the N-connection, in brief, 
d-objects, like the d-tensor ()14.109|) . d-connection, d-metric: 

• The coefficients of linear d-connections T = {T^ 7 = {Lj k , L bk , Cj c , C b c ) } are defined 
for an arbitrary covariant derivative D on £ being adapted to the iV-connection 
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structure as D$ a (8p) = TZ a 8 1 with the coefficients being invariant under horizontal 
and vertical decomposition 

DM) = L%5 k) D 5i (d a ) = L b ai d b , D c% {8 3 ) = C* c 4, D dc (d a ) = C b ac d b . 

The operator of covariant differentiation D splits into the horizontal covariant 
derivative D<- h \ stated by the coefficients (Lj k , L bk ) , for instance, and the opera- 
tor of vertical covariant derivative D^ v \ stated by the coefficients (Cj c , C b c ) . For 
instance, for A = A l 5i + A a d a = Aid* + A a 5 a one holds the d-covariant derivation 
rules, 

£>f U* = 5iA k + L%A\ Df ] A h = 5iA b + L b c A c , 

D\ h] A k = S i A k -L : l k A ji Df i] A i = 6 i A i -L c ib A c , 
D^A k = d a A k + C%A\ D^A b = d a A b + C b ac A\ 

D^A k = d a A k -Ci k A v D^A b = d a A b -C c ab A c . 

• The d-metric structure G = g a p5 a ® 5 b which has the invariant decomposition as 
9ap = (g%j,9db) following from 

G = 9ij (x, y)<? ® d j + g ab (x, y)8 a ® 8 b . (14.111) 

We may impose the condition that a d-metric g a p and a d-connection are com- 
patible, i. e. there are satisfied the conditions 

D 7 g a f3 = Q. (14.112) 

With respect to the anholonomic frames ()14.105j) and ([14.1060 . there is a linear 
connection, called the canonical distinguished linear connection, which is similar to the 
metric connection introduced by the Christoffel symbols in the case of holonomic bases, 
i. e. being constructed only from the metric components and satisfying the metricity 
conditions ([14.1120 . It is parametrized by the coefficients, = (L l j k , L a bk , C l j c , C a bc ) 
where 

Vjk = 2 giU ( 6k9nj + 6j9nk ~ 6n9jk) ' (14.113) 
L\ k = d b N^ + h ac (8 k h bc -h dc d b Nt-h db d c Nt), 
C l JC = l -g ik d c g jk , C\ c = l -h ad (d c h db + d b h dc - d d h bc ) . 

Instead of this connection one can consider on £ another types of linear connections 
which are/or not adapted to the N-connection structure (see examples in [29] ) . 
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D— torsions and d— curvatures: 

The anholonomic coefficients W\q and N-elongated derivatives give nontrivial coef- 
ficients for the torsion tensor, T(5 y , <5g) = T a ^b a , where 

rpa _ -pa _-pa , jjra 

and for the curvature tensor, R(5 T , 6^)6/3 = R^ 1T 5 a , where 

r % = 6 T r% - 5 7 ry + r^ 7 rv - ryr^ + r%w* JT . (14.115) 

We emphasize that the torsion tensor on (pseudo) Riemannian spacetimes is induced by 
anholonomic frames, whereas its components vanish with respect to holonomic frames. 
All tensors are distinguished (d) by the N-connection structure into irreducible (hori- 
zontal-vertical) h-v-components, and are called d-tensors. For instance, the torsion, 
d-tensor has the following irreducible, nonvanishing, h-v-components, 
T% = {T%, C% S% c , T%, TU where 

.jk 1 jk jk kji ja -ja") 1 aj ja") 

T) a = 0, T a hc = S a hc = C a hc -C a cb) (14.116) 
T% = —Sly, Tl = d b N?-L a bi , T% = -T a bl 

(the d-torsion is computed by substituting the h-v-components of the canonical d- 
connection (|14.11Hjl and anholonomy coefficients (j!4.1()7|) into the formula for the torsion 
coefficients fjl4.114jl ). 

We emphasize that with respect to anholonomic frames the torsion is not zero even 
for symmetric connections with I" 10 ^ = T a l/3 because the anholonomy coefficients W a ^ 
are contained in the formulas for the torsion coefficients ()14.114|) . By straightforward 
computations we can prove that for nontrivial N-connection curvatures, fi"- 7^ 0, even the 
Levi-Civita connection for the metric (jl4.111j) contains nonvanishing torsion coefficients. 
Of course, the torsion vanishes if the Levi-Civita connection is defined as the usual 
Christoffel symbols with respect to the coordinate frames, (<9j, d a ) and (cf , d a ) ; in this 
case the d-metric ()14.111j) is redefined into, in general, off-diagonal metric containing 
products of Nf and h ab . 

The curvature d-tensor has the following irreducible, non-vanishing, h-v-components 

-^W = {R'h.jki Rb.jki Pj.kai ^b.kai Sj.bci ^bfcdJ) wnere 



(14.114) 
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R'h.jk — &kL\j ~ bjL\k + L™jL l mk — L™ k L l mj — C\ a Q a jk , (14.117) 

n b.jk — °k lj .bj °j lj .bk "T ^.bj^.ck ^.bk^.cj ^.bc lL .jki 

P'lka = ^a^.jk + Cj b T b ka — (5kCj a + V lk C l j a — L l j k Cj a — L c ak C l j C ), 

tj.c c\ j c I /^ic rpd /c /~ic | j c /~id jd /^ic jd /~<c \ 

r b.ka — .bk i* ° .bd 1 .ka l fc° .ba + u .ba u .bfc° .da ^.ak^.bd)) 

^j.bc — °c U .jb ~ °b^.jc ' U .jb U .hc ~ °.jc°/i6J 

'-'b.cd — Vd^ .be °c^.bd ^.bc^.ed ° .fed .ec 

(the d-curvature components are computed in a similar fashion by using the formula for 
curvature coefficients ()14.115|) ). 



Einstein equations in d— variables 

In this subsection we write and analyze the Einstein equations on spaces provided 
with anholonomic frame structures and associated N-connections. 
The Ricci tensor Pg 7 = Rp~ a has the d-components 

p p. A: p 2p p.k p 1 p p.fe p q.c /-i a -i -i o\ 

-'Kj ^i.jki ^Ha r ia - r i.ka^ rL ai r ai r a.ibi - ft a& °a.bc m 

In general, since l P a i ^ 2 Pi a , the Ricci d-tensor is non-symmetric (we emphasize that 
this could be with respect to anholonomic frames of reference because the N-connection 
and its curvature coefficients, N? and f2° fc , as well the anholonomy coefficients W a p 
and d-torsions T^ 7 are contained in the formulas for d-curvatures ()14.115j0 . The scalar 

curvature of the metric d-connection, R = g^R^, is computed 

R = G afi R afi = R + S, (14.119) 

where R = g ij Rij and S = h ab S ab . 

By substituting ()14.118j) and ()14.119|) into the Einstein equations 

R a f>-~gapR=KTaf}, (14.120) 

where k and T a p are respectively the coupling constant and the energy-momentum 
tensor we obtain the h-v-decomposition by N-connection of the Einstein equations 

Rii-\{R + S) gij = KT ij: (14.121) 

S a b — - (r + S^j h ab = nT ab , 
i p . _ K y . 2 p. K y. 

1 ai ^ an 1 ia ± la • 
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The definition of matter sources with respect to anholonomic frames is considered in 
Refs. millZl EH]- 

The vacuum locally anisotropic gravitational field equations, in invariant h- v- 
components, are written 

% = 0, S ab = 0, 1 P ai = 0, 2 P ia = 0. (14.122) 



We emphasize that general linear connections in vector bundles and even in the 
(pseudo) Riemannian spacetimes have non-trivial torsion components if off-diagonal 
metrics and anholomomic frames are introduced into consideration. This is a "pure" 
anholonomic frame effect: the torsion vanishes for the Levi-Civita connection stated 
with respect to a coordinate frame, but even this metric connection contains some torsion 
coefficients if it is defined with respect to anholonomic frames (this follows from the 
w-terms in (|3.10Jl ). For the (pseudo) Riemannian spaces we conclude that the Einstein 
theory transforms into an effective Einstein-Cartan theory with anholonomically induced 
torsion if the general relativity is formulated with respect to general frame bases (both 
holonomic and anholonomic). 

The N-connection geometry can be similarly formulated for a tangent bundle TM 
of a manifold M (which is used in Finsler and Lagrange geometry [2H]), on cotangent 
bundle T*M and higher order bundles (higher order Lagrange and Hamilton geometry 
28 J as well in the geometry of locally anisotropic superspaces jH], superstrings 
anisotropic spinor jlHl and gauge |5T] theories or even on (pseudo) Riemannian spaces 
provided with anholonomic frame structures [53] . 

14.9.2 Anholonomic Frames in Commutative Gravity 

We introduce the concepts of generalized Lagrange and Finsler geometry and outline 
the conditions when such structures can be modelled on a Riemannian space by using 
anholnomic frames. 

Different classes of commutative anisotropic spacetimes are modelled by correspond- 
ing parametriztions of some compatible (or even non-compatible) N-connection, d- 
connection and d-metric structures on (pseudo) Riemannian spaces, tangent (or cotan- 
gent) bundles, vector (or covector) bundles and their higher order generalizations in their 
usual manifold, supersymmetric, spinor, gauge like or another type approaches (see Refs. 

ma on mi m ma ed sa isni ) . 
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Anholonomic structures on Riemannian spaces 

We note that the N-connection structure may be defined not only in vector bundles 
but also on (pseudo) Riemannian spaces |45j . In this case the N-connection is an object 
completely defined by anholonomic frames, when the coefficients of frame transforms, 
(ii 1 ) , are parametrized explicitly via certain values (iV", <5f, ^jM , where 51 and 8% 
are the Kronecker symbols. By straightforward calculations we can compute that the 
coefficients of the Levi-Civita metric connection 

r a/3 7 = 9 (Sa, = 9ar^, 

associated to a covariant derivative operator \7, satisfying the metricity condition 

Vy9a/3 = for g a/3 = (5^, h ab ) and 

r ^ 7 = 2 [ S P9cn + 5 i9pa ~ S a 9 7 p + 9arW^ + gp T W^ - 9 1T W^ a ] , (14.123) 
are given with respect to the anholonomic basis (jl4.1U6j) by the coefficients 

rJ 7 T = U^, L\ k , & jc + \g^%h ca , C\)j (14.124) 

when U - k , L a bk , C l JC , C\ c and Qj k are respectively computed by the formulas (jl4.113|) 
and p4.1 A specific property of off-diagonal metrics is that they can define different 
classes of linear connections which satisfy the metricity conditions for a given metric, 
or inversely, there is a certain class of metrics which satisfy the metricity conditions for 
a given linear connection. This result was originally obtained by A. Kawaguchi 
(Details can be found in Ref. see Theorems 5.4 and 5.5 in Chapter III, formulated 
for vector bundles; here we note that similar proofs hold also on manifolds enabled with 
anholonomic frames associated to a N-connection structure). 

With respect to anholonomic frames, we can not distinguish the Levi-Civita con- 
nection as the unique one being both metric and torsionless. For instance, both linear 
connections (jl4.113|) and ()14.124j) contain anholonomically induced torsion coefficients, 
are compatible with the same metric and transform into the usual Levi-Civita coeffi- 
cients for vanishing N-connection and "pure" holonomic coordinates. This means that 
to an off-diagonal metric in general relativity one may be associated different covariant 
differential calculi, all being compatible with the same metric structure (like in the non- 
commutative geometry, which is not a surprising fact because the anolonomic frames 
satisfy by definition some non-commutative relations ()14.107|0 . In such cases we have to 
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select a particular type of connection following some physical or geometrical arguments, 
or to impose some conditions when there is a single compatible linear connection con- 
structed only from the metric and N-coefficients. We note that if VL a - k = the connections 
(114.1131) and (I14.l24j) coincide, i. e. T a ^ = T^. 

If an anholonomic (equivalently, anisotropic) frame structure is defined on a (pseudo) 
Riemannian space of dimension (n + m) space, the space is called to be an anholonomic 
(pseudo) Riemannian one (denoted as V r(n+m * ) ). By fixing an anholonomic frame ba- 
sis and co-basis with associated N-connection N°-(x,y), respectively, as (|14.1(J5j) and 
(jl4.106J) . one splits the local coordinates u a = (x\ y a ) into two classes: the fist class con- 
sists from n holonomic coordinates, x l , and the second class consists from m anholonomic 
coordinates, y a . The d-metric (jl4.111|) on V^ n+m \ 

G [R] = 9ij (x, y)dx i <g> dx j + h ab (x, y)5y a ® 5y b (14.125) 

written with respect to a usual coordinate basis du a = (dx l , dy a ) , 

ds 2 = flf (x, y) dvfdu 13 



is a generic off-diagonal Riemannian metric parametrized as 



gij + N?N*g ab h ab N? 



h ab Nf h ab 



(14.126) 



Such type of metrics were largely investigated in the Kaluza-Klein gravity |3Sj, but also 
in the Einstein gravity [45J. An off-diagonal metric ()14.12(i)) can be reduced to a block 
{n x n) © (m x m) form (gij,g a b) , and even effectively diagonalized in result of a su- 
perposition of anholonomic N-transforms. It can be defined as an exact solution of the 
Einstein equations. With respect to anholonomic frames, in general, the Levi-Civita 
connection obtains a torsion component (|14.123j) . Every class of off-diagonal metrics 
can be anholonomically equivalent to another ones for which it is not possible to a se- 
lect the Levi-Civita metric defied as the unique torsionless and metric compatible linear 
connection. The conclusion is that if anholonomic frames of reference, which authomat- 
ically induce the torsion via anholonomy coefficients, are considered on a Riemannian 
space we have to postulate explicitly what type of linear connection (adapted both to 
the anholonomic frame and metric structure) is chosen in order to construct a Rieman- 
nian geometry and corresponding physical models. For instance, we may postulate the 
connection ()14.124|) or the d-connection ()14.113|) . Both these connections are metric 
compatible and transform into the usual Christoffel symbols if the N-connection van- 
ishes, i. e. the local frames became holonomic. But, in general, anholonomic frames and 
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off-diagonal Riemannian metrics are connected with anisotropic configurations which 
allow, in principle, to model even Finsler like structures in (pseudo) Riemannian spaces 

Finsler geometry and its almost Kahlerian model 

The modern approaches to Finsler geometry are outlined in Refs. |3*4*1 |2H1 123 HI HH 
153] . Here we emphasize that a Finsler metric can be defined on a tangent bundle TM 
with local coordinates u a = (x l ,y a — > y l ) of dimension 2n, with a d-metric (jl4.111j) for 
which the Finsler metric, i. e. the quadratic form 



^=**=S (14 - 127) 



is positive definite, is defined in this way: 1) A Finsler metric on a real manifold 
M is a function F : TM -> IR which on TM = TM\{0} is of class C°° and F is 
only continuous on the image of the null cross-sections in the tangent bundle to M. 2) 
F (x, xy) = xF { x i y) f° r every WC + . 3) The restriction of F to TM is a positive function. 

r \ f] 

4) rank g\-\x,y) = n. 

The Finsler metric F{x, y) and the quadratic form • can be used to define the 
Christoffel symbols (not those from the usual Riemannian geometry) 

c- k (x,y) = \g lh (d j9 [ £ + d k g% ] - d h g [ f k ] ) , 
where dj = d/dx^ , which allows us to define the Cartan nonlinear connection as 

NP(x,y) = 1 -^-[4 k (x,y)y l y k ] (14-128) 

where we may not distinguish the v- and h- indices taking on TM the same values. 

In Finsler geometry there were investigated different classes of remarkable Finsler 
linear connections introduced by Cartan, Berwald, M atsumoto and other ones (see details 
in Refs. j2H 123 El)- Here we note that we can introduce g\j = g a b and Nj(x,y) in 
(jl4.111j) and construct a d-connection via formulas (|14.113j) . 

A usual Finsler space F n = (M,F(x,y)) is completely defined by its fundamental 
tensor g\f\x, y) and Cartan nonlinear connection N % -{x,y) and its chosen d-connection 
structure. But the N-connection allows us to define an almost complex structure I on 
TM as follows 

I{5 l ) = -d/dy l and I (d/ dy 1 ) — 6i 
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for which I 2 = —1. 

The pair (G^ F \l) consisting from a Riemannian metric on TM, 

= g\f(x, y)dx i <g> dx j + g\f ] (x, y)5y i <g> 5y j (14.129) 

and the almost complex structure / defines an almost Hermitian structure on TM asso- 
ciated to a 2-form 

e = glf ] (x,y)5y l Adx j . 

This model of Finsler geometry is called almost Hermitian and denoted H 2n and it is 
proven [2H| that is almost Kahlerian, i. e. the form 9 is closed. The almost Kahlerian 

space K 2n = (^TM,G^ F \l^j is also called the almost Kahlerian model of the Finsler 

space F n . 

On Finsler (and their almost Kahlerian models) spaces one distinguishes the almost 
Kahler linear connection of Finsler type, D^ on TM with the property that this covariant 
derivation preserves by parallelism the vertical distribution and is compatible with the 
almost Kahler structure (G^, J) , i.e. 

D [ $GW = and D$I = 

for every d-vector field on TM. This d-connection is defined by the data 

T = {L)ki Ll k = 0, C' l ja = 0, Cl c — > C l jk ) 

with L l - k and Cj fc computed as in the formulas ()14.113|) by using g\^ and iVj from 

We emphasize that a Finsler space F n with a d-metric (|14.129|) and Cartan's N- 
connection structure (|14.128|) . or the corresponding almost Hermitian (Kahler) model 
H 2n , can be equivalently modelled on a Riemannian space of dimension 2n provided 
with an off-diagonal Riemannian metric ()14.126|) . From this viewpoint a Finsler geom- 
etry is a corresponding Riemannian geometry with a respective off-diagonal metric (or, 
equivalently, with an anholonomic frame structure with associated N-connection) and 
a corresponding prescription for the type of linear connection chosen to be compatible 
with the metric and N-connection structures. 

Lagrange and generalized Lagrange geometry 

Lagrange spaces were introduced in order to geometrize the fundamental concepts in 
mechanics and investigated in Refs. [2H] (see [101 EU HH ESI El EH] for their spinor, 
gauge and supersymmetric generalizations). 
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A Lagrange space L n = (M, L (x,y)) is defined as a pair which consists of a real, 
smooth n-dimensional manifold M and regular Lagrangian L : TM —>■ H. Similarly as 
for Finsler spaces one introduces the symmetric d-tensor field 

*!? = *- = 5 w (14130) 

So, the Lagrangian L(x, y) is like the square of the fundamental Finsler metric, F 2 (x, y), 
but not subjected to any homogeneity conditions. 

In the rest me can introduce similar concepts of almost Hermitian (Kahlerian) models 
of Lagrange spaces as for the Finsler spaces, by using the similar definitions and formulas 
as in the previous subsection, but changing g\j — > g\j\ 

R. Miron introduced the concept of generalized Lagrange space, GL-space (see de- 
tails in |29|) and a corresponding N-connection geometry on TM when the fundamental 
metric function g^ = g^ (x, y) is a general one, not obligatory defined as a second deriva- 
tive from a Lagrangian as in ([14.130)1 . The corresponding almost Hermitian (Kahlerian) 
models of GL-spaces were investigated and applied in order to elaborate generalizations 
of gravity and gauge theories |2H1 EI] • 

Finally, a few remarks on definition of gravity models with generic local anisotropy on 
anholonomic Riemannian, Finsler or (generalized) Lagrange spaces and vector bundles. 
So, by choosing a d-metric (jl4.111j) (in particular cases (jl4.125J) . or (jl4.129J) with g\^\ or 

9$) we ma Y compute the coefficients of, for instance, d-connection (|14.11Hj) . d-torsion 
(jl4.116|) and ()14.117|) and even to write down the explicit form of Einstein equations 
(|14.121|) which define such geometries. For instance, in a series of works |4*4"1 we 
found explicit solutions when Finsler like and another type anisotropic configurations 
are modelled in anisotropic kinetic theory and irreversible thermodynamics and even 
in Einstein or low/extra-dimension gravity as exact solutions of the vacuum (|14.121|) 
and nonvacuum (jl4.122|) Einstein equations. From the viewpoint of the geometry of 
anholonomic frames is not much difference between the usual Riemannian geometry and 
its Finsler like generalizations. The explicit form and parametrizations of coefficients 
of metric, linear connections, torsions, curvatures and Einstein equations in all types of 
mentioned geometric models depends on the type of anholomic frame relations and com- 
patibility metric conditions between the associated N-connection structure and linear 
connections we fixed. Such structures can be correspondingly picked up from a noncom- 
mutative functional model, for instance, from some almost Hermitian structures over 
projective modules and/or generalized to some noncommutative configurations 
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Chapter 15 



Nonholonomic Clifford Structures 
and Noncommutative 
Riemann— Finsler Geometry 

Abstract 1 

We survey the geometry of Lagrange and Finsler spaces and discuss the issues related 
to the definition of curvature of nonholonomic manifolds enabled with nonlinear connec- 
tion structure. It is proved that any commutative Riemannian geometry (in general, 
any Riemann-Cartan space) defined by a generic off-diagonal metric structure (with an 
additional affine connection possessing nontrivial torsion) is equivalent to a generalized 
Lagrange, or Finsler, geometry modelled on nonholonomic manifolds. This results in the 
problem of constructing noncommutative geometries with local anisotropy, in particular, 
related to geometrization of classical and quantum mechanical and field theories, even 
if we restrict our considerations only to commutative and noncommutative Riemannian 
spaces. We elaborate a geometric approach to the Clifford modules adapted to nonlinear 
connections, to the theory of spinors and the Dirac operators on nonholonomic spaces 
and consider possible generalizations to noncommutative geometry. We argue that any 
commutative Riemann-Finsler geometry and generalizations my be derived from non- 
commutative geometry by applying certain methods elaborated for Riemannian spaces 
but extended to nonholonomic frame transforms and manifolds provided with nonlinear 
connection structure. 

AMS Subject Classification: 

1 © S. Vacaru, Nonholonomic Clifford Structures and Noncommutative Riemann-Finsler Geometry, 
math.DG/0408121 



595 



596 



CHAPTER 15. NONCOMMUTATIVE CLIFFORD-FIN SLER GRAVITY 



46L87, 51P05, 53B20, 53B40, 70G45, 83C65 

Keywords: Noncommutative geometry, Lagrange and Finsler geometry, nonlinear 
connection, nonholonomic manifolds, Clifford modules, spinors, Dirac operator, off- 
diagonal metrics and gravity. 

15.1 Introduction 

The goal of this work is to provide a better understanding of the relationship between 
the theory of nonholonomic manifolds with associated nonlinear connection structure, 
locally anisotropic spin configurations and Dirac operators on such manifolds and non- 
commutative Riemann-Finsler and Lagrange geometry. The latter approach is based on 
geometrical modelling of mechanical and classical field theories (defined, for simplicity, 
by regular Lagrangians in analytic mechanics and Finsler like anisotropic structures) 
and gravitational, gauge and spinor field interactions in low energy limits of string the- 
ory. This allows to apply the Serre-Swan theorem and think of vector bundles as pro- 
jective modules, which, for our purposes, are provided with nonlinear connection (in 
brief, N-connection) structure and can be defined as a nonintegrabele (nonholonomic) 
distribution into conventional horizontal and vertical submodules. We relay on the the- 
ory of Clifford and spinor structures adapted to N-connections which results in locally 
anisotropic (Finsler like, or more general ones defined by more general nonholonomic 
frame structures) Dirac operators. In the former item, it is the machinery of noncommu- 
tative geometry to derive distance formulas and to consider noncommutative extensions 
of Riemann-Finsler and Lagrange geometry and related off-diagonal metrics in gravity 
theories. 

In jTH] it was proposed that an equivalent reformulation of the general relativity 
theory as a gauge model with nonlinear realizations of the affine, Poincare and/or de 
Sitter groups allows a standard extension of gravity theories in the language of noncom- 
mutative gauge fields. The approach was developed in [77] as an attempt to generalize 
the A. Connes' noncommutative geometry JJJ to spaces with generic local anisotropy. 
The nonlinear connection formalism was elaborated for projective module spaces and 
the Dirac operator associated to metrics in Finsler geometry and some generalizations 
jnni H2| (such as Sasaki type lifts of metrics to the tangent bundles and vector bundle 
analogs) were considered as certain examples of noncommutative Finsler geometry. The 
constructions were synthesized and revised in connection to ideas about appearance of 
both noncommutative and Finsler geometry in string theory with nonvanishing B-field 
and/or anholonomic (super) frame structures [031111121111113111111011121 and in super- 
gravity and gauge gravity [3 E3 EH EDI 122] ■ in particular, one has considered hidden 
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noncommutative and Finsler like structures in general relativity and extra dimension 
gravity [£2 E3 EH EU IH2J • 

In this work, we confine ourselves to the classical aspects of Lagrange-Finsler geom- 
etry (sprays, nonlinear connections, metric and linear connection structures and almost 
complex structure derived from from a Lagrange or Finsler fundamental form) in order 
to generalize the doctrine of the " spectral action" and the theory of distance in noncom- 
mutative geometry which is an extension of the previous results [T7|. For a complete 
information on modern noncommutative geometry and physics, we refer the reader to 
HH1 ISJ ES HE HH EE], see a historical sketch in Ref. [H| as well the aspects related to 
quantum group theory jl?! HSJ E2] (here we note that the first quantum group Finsler 
structure was considered in [02] )• The theory of Dirac operators and related Clifford 
analysis is a subject of various investigations in modern mathematics and mathematical 
physics jlHllinil^lEIlEnillllliailllllSlinilE] (see also a relation to Finsler geometry jH] 
and an off-diagonal "non" Kaluza-Klein compactified ansatz, but without N-connection 
counstructions PH])- 2 For an exposition spelling out all the details of proofs and impor- 
tant concepts preliminary undertaken on the subjects elaborated in our works, we refer 
to proofs and quotations in Refs. [SSI EZl EIH EIIl E21 EZI CHI ESI ESI S3! EH! - 

This paper consists of two heterogeneous parts: 

The first (commutative) contains an overview of the Lagrange and Finsler geometry 
and the off-diagonal metric and nonholonomic frame geometry in gravity theories. In 
Section 2, we formulate the N-connection geometry for arbitrary manifolds with tangent 
bundles admitting splitting into conventional horizontal and vertical subspaces. We il- 
lustrate how regular Lagrangians induce natural semispray, N-connection, metric and 
almost complex structures on tangent bundles and discuss the relation between Lagrange 
and Finsler geometry and theirs generalizations. We formulate six most important Re- 
sults I3.57H15.2.6I demonstrating that the geometrization of Lagrange mechanics and the 
geometric models in gravity theories with generic off-diagonal metrics and nonholonomic 
frame structures are rigorously described by certain generalized Finsler geometries, which 
can be modelled equivalently both on Riemannian manifold and Riemann-Cartan non- 
holonomic manifolds. This give rise to the Conclusion 115.2.11 stating that a rigorous 
geometric study of nonholonmic frame and related metric, linear connection and spin 
structures in both commutative and noncommutative Riemann geometries requests the 
elaboration of noncommutative Lagrange-Finsler geometry. Then, in Section 3, we con- 
sider the theory of linear connections on N-anholonomic manifolds (i. e. on manifolds 
with nonholonomic structure defined by N-connections) . We construct in explicit form 

2 The theory of N-connections should not be confused with nonlinear gauge theories and nonlinear 
realizations of gauge groups. 
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the curvature tensor of such spaces and define the Einstein equations for N-adapted 
linear connection and metric structures. 

The second (noncommutative) part starts with Section 4 where we define noncom- 
mutative N-anholonomic spaces. We consider the example of noncommutative gauge 
theories adapted to the N-connection structure. Section 5 is devoted to the geometry of 
nonholonomic Clifford-Lagrange structures. We define the Clifford-Lagrange modules 
and Clifford N-anholonomic bundles being induced by the Lagrange quadratic form and 
adapted to the corresponding N-connection. Then we prove the Main Result 1, of 
this work, ( Theorem II 5. 5. 3|) . stating that any regular Lagrangian and/or N-connection 
structure define naturally the fundamental geometric objects and structures (such as 
the Clifford-Lagrange module and Clifford d-modules, the Lagrange spin structure and 
d-spinors) for the corresponding Lagrange spin manifold and/or N-anholonomic spinor 
(d-spinor) manifold. We conclude that the Lagrange mechanics and off-diagonal gravi- 
tational interactions (in general, with nontrivial torsion and nonholonomic constraints) 
can be adequately geometrized as certain Lagrange spin (N-anholonomic) manifolds. 

In Section 6, we link up the theory of Dirac operators to nonholonomic structures 
and spectral triples. We prove that there is a canonical spin d-connection on the N- 
anholonomic manifolds generalizing that induced by the Levi-Civita to the naturally 
ones induced by regular Lagrangians and off-diagonal metrics. We define the Dirac d- 
operator and the Dirac-Lagrange operator and formulate the Main Result 2 (Theorem 
115. 6. 4|) arguing that such N-adapted operators can be induced canonically by almost 
Hermitian spin operators. The concept of distinguished spin triple is introduced in order 
to adapt the constructions to the N-connection structure. Finally, the Main Result 
3, Theorem 115.6.41 is devoted to the definition, main properties and computation of 
distance in noncommutative spaces defined by N-anholonomic spin varieties. In these 
lecture notes, we only sketch in brief the ideas of proofs of the Main Results: the details 
will be published in our further works. 

15.2 Lagrange— Finsler Geometry 
and Nonholonomic Manifolds 

This section presents some basic facts from the geometry of nonholonomic manifolds 
provided with nonlinear connection structure [69j ESI EH EH 023 EH] • The constructions 
and methods are inspired from the Lagrange-Finsler geometry and generalizations 27, 
ED1E1ESE1E1E1E3I3IIII1SEE1E1 and gravity models on metric-affine spaces 
provided with generic off-diagonal metric, nonholonomic frame and afline connection 



25.2. FINSER GEOMETRY AND NONHOLONOMY 



599 



structures [HJ |H3 IH3 EH EH EH] (such spaces, in general, possess nontrivial torsion and 
nonmetricity) . 

15.2.1 Preliminaries: Lagrange— Finsler metrics 

Let us consider a nondegenerate bilinear symmetric form q(u, v) on a n-dimensional 
real vector space V n . With respect to a basis {ej}™ =1 for V n , we express 

q(u,v) = qijU l v° 

for any vectors u = u l ei, v = v l Ci G V n and being a nodegenerate symmetric matrix 
(the Einstein's convention on summing on repeating indices is adopted). This gives rise 
to the Euclidean inner product 

u \ v = Qe(u,v), 

if qij is positive definite, and to the Euclidean norm 

| ■ | = \fq E {u,u) 

defining an Euclidean space (V n , \ ■ |). Every Euclidean space is linearly isometric to the 
standard Euclidean space !R n = (R n , \ ■ |) if q^ = diag[l, 1, 1] with standard Euclidean 
norm, | y \ = \fY^i=i \v l \ 2 t ^ OT an Y V = {v l ) e where R n denotes the n-dimensional 
canonical real vector space. 

There are also different types of quadratic forms/norms then the Euclidean one: 

Definition 15.2.1. A Lagrange fundamental form qi(u,v) on vector space V n is defined 
by a Lagrange functional L : V n — > 1R, with 

1 d 2 

QL(y){U, V) = ^g^lHy + SU + tu)) ]s=t=0 (15.1) 

which is a C°° -function on V n \{0} and nondegenerate for any nonzero vector y G V n 
and real parameters s and t. 

Having taken a basis {ej}" =1 for V n , we transform L = L(y l ei) in a function of 
(y { ) G R n . 

The Lagrange norm is | • \ L = y/qiJu, u). 

Definition 15.2.2. A Minkowski space is a pair (V n , F) where the Minkowski functional 
F is a positively homogeneous of degree two Lagrange functional with the fundamental 
form hi 5. 1\) defined for L = F 2 satisfying F(Xy) = XF(y) for any A > and y G V n . 
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The Minkowski norm is defined by | • \ F = y/qp{u, u). 
Definition 15.2.3. The Lagrange (or Minkowski) metric fundamental function is defined 

9ij 

(or 

9ij 

Remark 15.2.1. If L is a Lagrange functional on R n (it could be also any functional 
of class C°°) with local coordinates (y 2 , y 3 , y n ), it also defines a singular Minkowski 
functional 

2 n 

F(y) = [y 1 L( y -...,y T )] 2 (15.4) 

y y 

which is of class C°°) on i? n \{y 1 = 0}. 

The Remark 115.2.11 states that the Lagrange functionals are not essentially more 
general than the Minkowski functionals [94j. Nevertheless, we must introduce more 
general functionals if we extend our considerations in relativistic optics, string models 
of gravity and the theory of locally anisotropic stochastic and/or kinetic processes [5T| 

HH E3 ESI EH EH- 

Let us consider a base manifold M, dimM = n, and its tangent bundle (TM, tt, M) 
with natural surjective projection tt : TM — > M. From nowjDn, all manifolds and ge- 
ometric objects are supposed to be of class C°°. We write TM = TM\{0} where {0} 
means the null section of the map tt. 

A different iable Lagrangian L(x, y) is defined by a map L : (x, y) G TM — > L(x, y) G 
1R of class C°° on TM and continuous on the null section : M — > TM of tt. For any 
point x G M, the restriction L x = L\t x m is a Lagrange functional on T X M (see Definition 
115.2. lj) . For simplicity, in this work we shall consider only regular Lagrangians with 
nondegenerated Hessians, 

M gij (x,y) = ± * L{x > y) (15.5) 

when rank\gij\ = n on TM, which is a Lagrange fundamental quadratic form (|15.2j) 
on T X M. In our further considerations, we shall write M(£) if would be necessary to 
emphasize that the manifold M is provided in any its points with a quadratic form 



1 d 2 L 

2 dy i dy- 



(y) 



1 d 2 F 2 

2 dy i dy- 



(15.2) 



(15.3) 
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Definition 15.2.4. A Lagrange space is a pair L n = [M, L(x,y)} with the metric form 
^gij(x,y) being of constant signature overTM. 

Definition 15.2.5. A Finsler space is a pair F n = [M, F(x,y)] where F\ x (y) defines a 
Minkowski space with metric fundamental function of type hi 5.^) . 

The notion of Lagrange space was introduced by J. Kern [37] and elaborated in 
details by the R. Miron's school on Finsler and Lagrange geometry, see Refs. |56| 15 7j. 
as a natural extension of Finsler geometry j2JJ EH EH HH E21 El HI 02j (see also Refs. jTTJ 
[73], on Lagrange-Finsler supergeometry, and Refs. j7j3 [77J [7H] , on some examples of 
noncommutative locally anisotropic gravity and string theory). 



15.2.2 Nonlinear connection geometry 

We consider two important examples when the nonlinear connection (in brief, N- 
connection) is naturally defined in Lagrange mechanics and in gravity theories with 
generic off-diagonal metrics and nonholonomic frames. 



Geometrization of mechanics: some important results 

The Lagrange mechanics was geometrized by using methods of Finsler geometry 
[HH| IH7| on tangent bundles enabled with a corresponding nonholonomic structure (non- 
integrable distribution) defining a canonical N-connection. 3 By straightforward calcula- 
tions, one proved the results: 

Result 15.2.1. The Euler-Lagrange equations 

d ' 9L \- d jL^ ( 15 .6) 



dr \dy l J dx % 

where y % = for x l (r) depending on parameter r, are equivalent to the "nonlinear" 
geodesic equations 

£ +2G V,£)=0 (15.7) 



3 We cite a recent review on alternative approaches to geometric mechanics and geometry of 
classical fields related to investigation of the geometric properties of Euler-Lagrange equations for 
various type of nonholonomic, singular or higher order systems. In the approach developed by R. 
Miron's school [SHl|57H5Sj, the nonlinear connection and fundamental geometric structures are derived 
in general form from the Lagrangian and/or Hamiltonian: the basic geometric constructions are not 
related to the particular properties of certain systems of partial differential equations, symmetries and 
constraints of mechanical and field models. 
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where 

2G<(z,,) = i<V(^/-f^) (15-8) 



2 3 \dy i dx k dx { ) 
with ( L }g % i being inverse to M5.5\) . 

Result 15.2.2. The coefficients G l (x,y) from \15.fy) define the solutions of both type of 
equations \15.b)) and \15. 7\ ) as paths of the canonical semispray 

■ d d 
S = y l — -2G\x,y) — 
y dx l v J dy l 

and a canonical N-connection structure on TM, 

MjVj = 9 -^P^, (15.9) 
dy % v ' 

induced by the fundamental Lagrange function L(x,y) (see Section \l5.2.^A on exact defi- 
nitions and main properties) . 

Result 15.2.3. The coefficients ^iVj defined by a Lagrange (Finsler) fundamental 
function induce a global splitting on TTM, a Whitney sum, 

TTM = hTM © vTM 

as a nonintegrable distribution (nonholonomic, or equivalently, anholonomic structure) 
into horizontal (h) and vertical (v) subspaces parametrized locally by frames (vielbeins) 
e u = (ej,e a ), where 

^^- N "^ mde - = W < 15 - 10 > 

and the dual frames (coframes) $ M = (f? 4 ,^), where 

& = dx l and $ a = dy a + N«{u)dx\ (15.11) 

The vielbeins (I15.10|) and (|15.11|) are called N-adapted (co) frames. We omitted the 
label (L) and used vertical indices a, b, c, ... for the N-connection coefficients in order to 
be able to use the formulas for arbitrary N-connections). We also note that we shall 
use 'boldfaced' symbols for the geometric objects and spaces adapted/ enabled to N- 
connection structure. For instance, we shall write in brief e = (e, *e) and $ = 
respectively, for 

e u = (e i; *e k ) = (e i} e„) and 0" = *0 fc ) = (#*,#*). 
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The vielbeins (I15.1U|) satisfy the nonholonomy relations 

[e«, Bp] = e a e/3 - e e a = Wj /3 e 7 (15.12) 

with (antisymmetric) nontrivial anholonomy coefficients W\ a = d a N b and = Qfj 
where 

3N a dNf ,dN? h dN a 

n° = s b m = v^- - —4- + Nl—j- - n'^-. (i5.i3) 

13 13 tl dxi dx l 1 dy b 3 dy h y ' 

in order to preserve a relation with our previous denotations jZH HE] , we note 
that e u = (ej, e ) and $ M = (i? 1 , $ a ) are, respectively, the former 5 U = 5/du v = (5i,d a ) 
and 5^ = 5u^ = (dx l ,5y a ) which emphasize that the operators ()15.10j) and (j!5.11j) 
define, correspondingly, certain 'N-elongated' partial derivatives and differentials which 
are more convenient for calculations on spaces provided with nonholonomic structure. 

Result 15.2.4. On TM, there is a canonical metric structure ^'g = [g, *g], 

( L ) g = M gij (x,y) & <g> &> + {L) gi] (x,y) *•&* ® *& (15.14) 
constructed as a Sasaki type lift from M. 4 

We note that a complete geometrical model of Lagrange mechanics or a well defined 
Finsler geometry can be elaborated only by additional assumptions about a linear con- 
nection structure, which can be adapted, or not, to a defined N-connection (see Section 

Result 15.2.5. The canonical N-connection M5.9\) induces naturally an almost complex 
structure F : x(TM) — ► x{TM), where \ denotes the module of vector fields on TM, 

F(e*) = *d and F( *e t ) = -e h 

when 

F= *a <g> tf* - e< (8) (15.15) 

satisfies the condition FJ F = —I, z. e. F a ^F 13 ^ = —5", where 5? is £/ie Kronecker 
symbol and "J " denotes the interior product. 

4 In Refs. it was suggested to use lifts with h- and v-components of type = (Sy, <7y£j/ \\ 

y ||) where a = const and |j y \\ = gijy l y 3 in order to elaborate more physical extensions of the general 
relativity to the tangent bundles of manifolds. In another turn, such modifications are not necessary if 
we model Lagrange-Finsler structures by exact solutions with generic off-diagonal metrics in Einstein 
and/or gravity |74l 1871 1811 [Ml 1821 . For simplicity, in this work, we consider only lifts of metrics 
of type H15.14jl . 
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The last result is important for elaborating an approach to geometric quantization 
of mechanical systems modelled on nonholonomic manifolds |2S] as well for definition 
of almost complex structures derived from the real N-connection geometry related to 
nonholonomic (anisotropic) Clifford structures and spinors in commutative [HH1 E21 EH 
IH%1 and noncommutative spaces [7H1 EH EE] ■ 



N— connections in gravity theories 



For nonholonomic__geometric models of gravity and string theories, one does not 
consider the bundle TM but a general manifold V, dirriV = n + m, which is a (pseudo) 
Riemannian space or a certain generalization with possible torsion and nonmetricity 
fields. A metric structure is defined on V, with the coefficients stated with respect to a 
local coordinate basis du a = (dx\ dy a ) , 5 



a (u)du a ®du 

—a/3 y ' 



where 



gij + N?N%h ab N*h ae 
h n 



Nfh be h ab ■ ( 15 - 16 ) 

A metric, for instance, parametrized in the form (jl5.16|) . is generic off-diagonal if it 
can not be diagonalized by any coordinate transforms. Performing a frame transform 
with the coefficients 



1 u 





e\(«) 




fl?(«K fl («) 
-NtiuyMu) 

e a a (u) 



we write equivalently the metric in the form 

g = ga/3 (U) 0« ® tf" = 9ij (U) & ® & + h ab (U) 

where = g (e*, ej) and h ab = g (e tt , e b ) and 



(15.17) 
(15.18) 

(15.19) 



e a = ej^da and •d® = e^^du^. 

are vielbeins of type (jl5.10|) and (J15.ll)) defined for arbitrary N^(u). We can consider 
a special class of manifolds provided with a global splitting into conventional "horizon- 
tal" and "vertical" subspaces ()15.20|) induced by the "off-diagonal" terms N^(u) and 
prescribed type of nonholonomic frame structure. 

5 the indices run correspondingly the values i,j,k,... — 1, 2, n and a,b,c, ... = n+ 1, n+2, n + m. 
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If the manifold V is (pseudo) Riemannian, there is a unique linear connection (the 
Levi-Civita connection) y, which is metric, v§ = 0, and torsionless, V T = 0. Nev- 
ertheless, the connection y is not adapted to the nonintegrable distribution induced 
by Ni(u). In this case, for instance, in order to construct exact solutions parametrized 
by generic off-diagonal metrics, or for investigating nonholonomic frame structures in 
gravity models with nontrivial torsion, it is more convenient to work with more gen- 
eral classes of linear connections which are N-adapted but contain nontrivial torsion 
coefficients because of nontrivial nonholonomy coefficients W^p (|15.12|) . 

For a splitting of a (pseudo) Riemannian-Cartan space of dimension (n + m) (under 
certain constraints, we can consider (pseudo) Riemannian configurations), the Lagrange 
and Finsler type geometries were modelled by N-anholonomic structures as exact so- 
lutions of gravitational field equations [7U EH ESI EI], see also Refs. [SHI E2] for exact 
solutions with nonmetricity. One holds jHU] the 

Result 15.2.6. The geometry of any Riemannian space of dimension n + m where 
n,m > 2 (we can consider n,m = 1 as special degenerated cases), provided with off- 
diagonal metric structure of type \15.1b)) can be equivalently modelled, by vielbein trans- 
forms of type fll<5.17| ) and \15.1§) as a geometry of nonholonomic manifold enabled with 
i\ T -connection structure N\{u) and 'more diagonalized' metric M5.19) . 

For particular cases, we present the 

Remark 15.2.2. For certain special conditions when n = m, = ^Nf \15.9i) and the 

metric M5.19) is of type \15.1J$ , a such Riemann space of even dimension is 'nonholo- 
nomically' equivalent to a Lagrange space (for the corresponding homogeneity conditions, 
see Definition \15.2.fy one obtains the equivalence to a Finsler space). 

Roughly speaking, by prescribing corresponding nonholonomic frame structures, we 
can model a Lagrange, or Finsler, geometry on a Riemannian manifold and, inversely, 
a Riemannian geometry is 'not only a Riemannian one' but also could be a generalized 
Finsler one. It is possible to define similar constructions for the (pseudo) Riemannian 
spaces. This is a quite surprising result if to compare it with the "superficial" interpreta- 
tion of the Finsler geometry as a nonlinear extension, 'more sophisticate' on the tangent 
bundle, of the Riemannian geometry. 

It is known the fact that the first example of Finsler geometry was considered in 1854 
in the famous B. Riemann's hability thesis (see historical details and discussion in Refs. 
[HU IH EH EDI) w ho, for simplicity, restricted his considerations only to the curvatures 
defined by quadratic forms on hypersurfaces. Sure, for B. Riemann, it was unknown 
the fact that if we consider general (nonholonomic) frames with associated nonlinear 
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connections (the E. Cartan's geometry, see Refs. in [lO.J) and off-diagonal metrics, 
the Finsler geometry may be derived naturally even from quadratic metric forms being 
adapted to the N-connection structure. 

More rigorous geometric constructions involving the Cartan-Miron metric connec- 
tions and, respectively, the Berwald and Chern-Rund nonmetric connections in Finsler 
geometry and generalizations, see more details in subsection 115.3.11 result in equivalence 
theorems to certain types of Riemann-Cartan nonholonomic manifolds (with nontirvial 
N-connection and torsion) and metric-affine nonholonomic manifolds (with additional 
nontrivial nonmetricity structures) [SUj . 

This Result 115.2.61 give rise to an important: 

Conclusion 15.2.1. To study generalized Finsler spinor and noncommutative geome- 
tries is necessary even if we restrict our considerations only to (non) commutative Rie- 
mannian geometries. 

For simplicity, in this work we restrict our considerations only to certain Riemannian 
commutative and noncommutative geometries when the N-connection and torsion are 
defined by corresponding nonholonomic frames. 

15.2.3 N— anholonomic manifolds 

Now we shall demonstrate how general N-connection structures define a certain class 
of nonholonomic geometries. In this case, it is convenient to work on a general manifold 
V, dim V —n + m, with global splitting, instead of the tangent bundle TM. The con- 
structions will contain those from geometric mechanics and gravity theories, as certain 
particular cases. 

Let V be a (n + m) -dimensional manifold. It is supposed that in any point mgV 
there is a local distribution (splitting) \ u = M u © V u , where M is a n— dimensional 
subspace and V is a m-dimensional subspace. The local coordinates (in general, abstract 
ones both for holonomic and nonholonomic variables) may be written in the form u = 
(x,y), or u a = (x t ,y a ) . We denote by tt t : TV — > TM the differential of a map 7r : 
yn+m _^ yn defined by fiber preserving morphisms of the tangent bundles TV and 
TM. The kernel of 7r T is just the vertical subspace v V with a related inclusion mapping 
% : vV -> TV. 

Definition 15.2.6. A nonlinear connection (N-connection) N on a manifold V is de- 
fined by the splitting on the left of an exact sequence 

-> vV TV -> TV/wV -> 0, 
i. e. by a morphism of submanifolds N : TV — > wV such that N o i is the unity in iV. 
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In an equivalent form, we can say that a N-connection is defined by a splitting 
to subspaces with a Whitney sum of conventional h-subspace, (hV) , and v-subspace, 
(vV) , 

TV = hV © vV (15.20) 

where hV is isomorphic to M. This generalizes the splitting considered in Result 115.2.31 
Locally, a N-connection is defined by its coefficients iVf (u), 

N = K a (u)dx i ®^-. (15.21) 
oy a 

The well known class of linear connections consists a particular subclass with the coeffi- 
cients being linear on y a , i. e. N*(u) = T^(x)y b . 

Any N-connection also defines a N-connection curvature 

n = \n%d i a d j ® a OJ 

2 J 

with N-connection curvature coefficients given by formula ()15.12j) . 

Definition 15.2.7. A manifold V is called N-anholonomic if on the tangent space TV 
it is defined a local (nonintegrable) distribution M 5. 2(^1 . i. e. TV is enabled with a 
N-connection M5.21)) inducing a vielbein structure M5.10\) satisfying the nonholonomy 
relations A15.1fy) (such N-connections and associated vielbeins may be general ones or 
any derived from a Lagrange/ Finsler fundamental function). 

We note that the boldfaced symbols are used for the spaces and geometric objects 
provided/adapted to a N-connection structure. For instance, a vector field X G TV is 
expressed X = {X = ~X, *X), or X = X a e a = X i e l + X a e a , where X = ~X = 
X l Ci and *X = X a e a state, respectively, the irreducible (adapted to the N-connection 
structure) h- and v-components of the vector (which following Refs. [SHI EZ] is called 
a distinguished vectors, in brief, d-vector). In a similar fashion, the geometric objects 
on V like tensors, spinors, connections, ... are respectively defined and called d-tensors, 
d-spinors, d-connections if they are adapted to the N-connection splitting. 6 

Definition 15.2.8. A d-metric structure on N-anholonomic manifold V is defined by 
a symmetric d-tensor field of type g = [g, *h] \15.19ji . 

6 In order to emphasize h- and v-splitting of any d-objects Y,g, ... we shall write the irreducible 
components as Y = ( ~Y, *Y), g = ( ~g, *g) but we shall omit "— " or "*" if the simplified denotations 
will not result in ambiguities. 
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For any fixed values of coordinates u = (x, y) G V a d-metric it defines a symmetric 
quadratic d-metric form, 

q(x, y) = g^rf + h ab y a y\ (15.22) 

where the n + m-splitting is defined by the N-connection structure and x = x l e^ + 

x a e a , y = tfei + y a e a e V n+m . 

Any d-metric is parametrized by a generic off-diagonal matrix (j!5.16|) if the coeffi- 
cients are redefined with respect to a local coordinate basis (for corresponding parametri- 
zations of the the data [g, h, N] such ansatz model a geometry of mechanics, or a Finsler 
like structure, in a Riemann-Cartan-Weyl space provided with N-connection structure 
[HOI EH] ; for certain constraints, there are possible models derived as exact solutions in 
Einsten gravity and noncommutative generalizations |7%| I81| I82*j). 

Remark 15.2.3. There is a special case when dim V —n + n, h a b — > and N" 1 — > N 3 i 
in M5.19\) . which models locally, on V, a tangent bundle structure. We denote a such 
space by V7 nn ). If the N-connection and d-metric coefficients are just the canonical 
ones for the Lagrange (Finsler) geometry (see, respectively, formulas M5.y\) and \15.14\} 
), we model such locally anisotropic structures not on a tangent bundle TM but on a 
N-anholonomic manifold of dimension 2n. 

We present some historical remarks on N-connections and related subjects: The ge- 
ometrical aspects of the N-connection formalism has been studied since the first papers 
of E. Cartan ^0] and A. Kawaguchi [SHI IHEj (who used it in component form for Finsler 
geometry). Then one should be mentioned the so called Ehressman connection [2*B] ) 
and the work of W. Barthel [3] where the global definition of N-connection was given. 
In monographs jSHl EZ1 EE] , the N-connection formalism was elaborated in details and 
applied to the geometry of generalized Finsler-Lagrange and Cartan-Hamilton spaces, 
see also the approaches |12~1 HHl 123 -It should be noted that the works related to non- 
holonomic geometry and N-connections have appeared many times in a rather dispersive 
way when different schools of authors from geometry, mechanics and physics have worked 
many times not having relation with another. We cite only some our recent results with 
explicit applications in modern mathematical physics and particle and string theories: 
N-connection structures were modelled on Clifford and spinor bundles jHSl H21 EH EE] , 
on superbundles and in some directions of (super) string theory [711 EH], as well in non- 
commutative geometry and gravity [70] 1771 EH] • The idea to apply the N-connections 
formalism as a new geometric method of constructing exact solutions in gravity theories 
was suggested in Refs. [J_H EH] and developed in a number of works, see for instance, 

Ref. jHJJESlEI])- 
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15.3 Curvature of N— anholonomic Manifolds 

The geometry of nonholonomic manifolds has a long time history of yet unfinished 
elaboration: For instance, in the review PHI it is stated that it is probably impossible to 
construct an analog of the Riemannian tensor for the general nonholonomic manifold. 
In a more recent review jHH], it is emphasized that in the past there were proposed 
well defined Riemannian tensors for a number of spaces provided with nonholonomic 
distributions, like Finsler and Lagrange spaces and various type of theirs higher order 
generalizations, i. e. for nonholonomic manifolds possessing corresponding N-connection 
structures. As some examples of first such investigations, we cite the works EUl 
IT§] . In this section we shall construct in explicit form the curvature tensor for the 
N-anholonomic manifolds. 

15.3.1 Distinguished connections 

On N-anholonomic manifolds, the geometric constructions can be adapted to the 
N-connection structure: 

Definition 15.3.9. A distinguished connection (d- connection) D on a manifold V is 
a linear connection conserving under parallelism the Whitney sum M5.2U) defining a 
general N-connection. 

The N-adapted components r^j of a d-connection D a = (5 a jD) are defined by the 
equations D a <5^ = r 7 a o5 7 , or 

r^(«) = (D a( yj<F. (15.23) 

In its turn, this defines a N-adapted splitting into h- and v-covariant derivatives, D = 
D + *D, where D k = \L l j k , L% k ) and *D C = (CL, C£,) are introduced as corresponding 
h- and v-parametrizations of ([15.230 . 

L) k = (D fc e,)F, 14 = (D fc e fe )jr, C) c = (D^J^, C a bc = (D c e 6 )Jtf a . 

The components T^ af3 = (L z j k , L% k ,Cj C ,Cfy completely define a d-connection D on a 
N-anholonomic manifold V. 

The simplest way to perform computations with d-connections is to use N-adapted 
differential forms like = T^d" 1 with the coefficients defined with respect to N-elongate 
bases (TTOT]) and (fTTHOl) . 

The torsion of d-connection D is defined by the usual formula 

T(X, Y) = DjDy - DyDj - [X, Y]. 
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Theorem 15.3.1. The torsion T a = D$ a = d$ a + A i?" o/ a d-connection has the 
irreducible h- v- components (d-torsions)with N-adapted coefficients 

rpi ji rpi rpi rpa r^a 

1 jk ~ U b'fe]' 1 ja - 1 aj - U 1 ji — " jv 



Ta u = T a lb = ^±-L\, T\ c = C\ bc] . (15.24) 



~dy b 

Proof. By a straightforward calculation we can verify the formulas. □ 



The Levi-Civita linear connection y = { v r^ 7 }, with vanishing both torsion and 
nonmetricity, is not adapted to the global splitting ([15.20)1 . One holds: 

Proposition 15.3.1. There is a preferred, canonical d-connection structure, D, on N- 
anholonomic manifold V constructed only from the metric and N-connection coefficients 
[gij, h ab , iVf] and satisfying the metricity conditions Dg = and T % - k = and T a bc = 0. 

Proof. By straightforward calculations with respect to the N-adapted bases ()15.11|) and 
()15.10|) . we can verify that the connection 

Hr = V ^ 7 + P^ 7 (15.25) 

with the deformation d-tensor 

^ BN a 1 

pa — (P l — fl P a — - — P % — n tk O a h P a — 0\ 

r P~y — \ r jk — u 5 r bk — q b 5 r jc — 2 kj a cai be ~ v ) 

satisfies the conditions of this Proposition. It should be noted that, in general, the com- 
ponents T l j a , T°j i and T a bi are not zero. This is an anholonomic frame (or, equivalently, 
off-diagonal metric) effect. □ 

With respect to the N-adapted frames, the coefficients 
r 1 „ 9 = (L> k ,L" bt ,Cj c ,d£) are computed: 

% = M^ + ^-%Y (15-26) 



5g kr 


5gjk\ 


dxi 


dx r J 


( Sh bc 


dN* 


\ dx k 


dy b 



fa dN k 1 h ac {She _ dN£ _dN' k 

L bk - dyb + 2 h [dx k dy b dc dyc db 

Pii 1 ik ®9jk 

jc 2 g dy cl 

P^a \ad ( ^hd dKd _ dhc 

bc 2 \dy c 8y b 8y d 
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The d-connection ()15.26|) defines the 'most minimal' N-adapted extension of the Levi- 
Civita connection in order to preserve the metricity condition and to have zero torsions 
on the h- and v-subspaces (the rest of nonzero torsion coefficients are defined by the 
condition of compatibility with the N-connection splitting). 

Remark 15.3.4. The canonical d-connection D HI 5. 26]) for a local modelling of a TM 
space on V( n>n ) is defined by the coefficients r 7 Q(9 = (Lj k , C!- fc ) with 

% = (&+&- 6 4*)a>= (15.27) 



jk T \dx k dxi dx r J ' jk T \dy k dyi dy 

computed with respect to N-adapted bases 1115.10]) and M5.ll]) when L l - k and Cj fc define 
respectively the canonical h- and v-covariant derivations. 

Various models of Finsler geometry and generalizations were elaborated by using 
different types of d-connections which satisfy, or not, the compatibility conditions with 
a fixed d-metric structure (for instance, with a Sasaki type one). Let us consider the 
main examples: 



Example 15.3.1. The Cartan's d-connection \l(jf with the coefficients \15.21 ) was de 



fined by some generalized Christoffel symbols with the aim to have a 'minimal 7 torsion 
and to preserve the metricity condition. This approach was developed for generalized 
Lagrange spaces and on vector bundles provided with N-connection structure \56] [57[ / by 
introducing the canonical d-connection \15.2n}) . The direction emphasized metric com- 
patible and N-adapted geometric constructions. 

An alternative class of Finsler geometries is concluded in monographs [3J |M] : 

Example 15.3.2. It was the idea of C. C. Chern JTjjJ/ (latter also proposed by H. Rund 
\b^j ) to consider a d-connection ^■ Chern ^ 1 a s — {L l - k , Cj k = 0) and to work not on a 
tangent bundle TM but to try to 'keep maximally' the constructions on the base manifold 
M. The Chern d-connection, as well the Berwald d-connection l Berwald ]Y' 1 a p = {L l - k 

^ff,Cj k = 0) are not subjected to the metricity conditions. 



We note that the constructions mentioned in the last example define certain 'non- 
metric geometries' (a Finsler modification of the Riemann-Cartan-Weyl spaces). For the 
Chern's connection, the torsion vanishes but there is a nontrivial nonmetricity. A detailed 
study and classification of Finsler-affine spaces with general nontrivial N-connection, 
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torsion and nonmetricity was recently performed in Refs. [HOI EHl IE2] • Here we also note 
that we may consider any linear connection can be generated by deformations of type 

T% = I* + P^. (15.28) 



This splits all geometric objects into canonical and post-canonical pieces which results 
in N-adapted geometric constructions. 

In order to define spinors on generalized Lagrange and Finsler spaces ffiTH I72*| IHE1 IHH] 
the canonical d-connection and Cartan's d-connection were used because the metric 
compatibility allows the simplest definition of Clifford structures locally adapted to the 
N-connection. This is also the simplest way to define the Dirac operator for generalized 
Finsler spaces and to extend the constructions to noncommutative Finsler geometry [Jj"J 
I77| 178*] . The geometric constructions with general metric compatible affine connection 
(with torsion) are preferred in modern gravity and string theories. Nevertheless, the 
geometrical and physical models with generic nonmetricity also present certain interest 
"2HHH01E3E21 (see also jljjj where nonmetricity is considered to be important in quantum 
group co gravity). In such cases, we can use deformations of connection (j!5.28[) in order 
to 'deform', for instance, the spinorial geometric constructions defined by the canonical 
d-connection and to transform them into certain 'nonmetric' configurations. 



15.3.2 Curvature of d— connections 

The curvature of a d-connection D on an N-anholonomic manifold is defined by the 
usual formula 

R(X, Y)Z = D x DyZ - D y D x Z - D [X , X] Z. 
By straightforward calculations we prove: 

Theorem 15.3.2. The curvature TZ a /3 = DT^ = dF^ - A T" of a d-connection 
V = T" has the irreducible h- v- components (d-curvatures) of~R a g S , 



R % hjk 


= e k V hj 


— P J % _|_ T m T l 

e J-^ hk^ ^ hj^ mk 


~ ^ hk^ mj ha 1 L kj 


pa 

bjk 


= e k L\ 


— P T a -X- T c T a — 

bk^ ^ bj^ ck 


jc ja ria qc 
*-* bk^ cj ° be 1 ' kji 


pi 

'' jka 


= e a L l jk 


— D k C l ja + C l jb T b ka , 




R C bka 


= e a.L c bk 


— D k C c ba + C c bd T c ka , 




pi 

- n ' jbc 


— £cC l j b 


— e b C l j C + C j b C l hc — 


° jc^ hbi 


pa 

11 bed 


= e d C a bc 


b d i ^ bc° ed 


° bd° ec- 
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Remark 15.3.5. For an N-anholonomic manifold *V( n ,n) provided with N-sympletic 
canonical d-connection T T af3 , see \15.21 ), the d-curvatures M5.29\) reduces to three irre- 
ducible components 

pi „ p „ H I jra ji jm ji syi na 

- rt hjk — e fc-^ hj Vj-^ hk^~ u hj^ mk u hk^ mj ha lL kji 

R % j ka = e a L l j k — DkC l j a + C l j b T b ka , (15.30) 

n bed — e d^ be ~ e c^ bd ' bc U ed~ U bd^ ec 

where all indices i,j,k... and a,b,.. run the same values but label the components with 
respect to different h- or v-frames. 

Contracting respectively the components of ()15.29|) and f)15.30|) we prove: 

Corollary 15.3.1. The Ricci d-tensor~R, a p = R, T a n T has the irreducible h- v-components 

Rij = R k ijk, Ria =F ~R k %kai ^ai =? R ' ai &, R a b =F R° abci (15.31) 

for a general N-holonomic manifold V, and 

Rij = R k i jf s , Ria = —R k ikai ^ab =F R° a bci (15.32) 

for an N-anholonomic manifold VV nin ). 

Corollary 15.3.2. The scalar curvature of a d-connection is 

R = g^R a/3 = gfiRij + h ab R ab , (15.33) 
defined by the "pure" h- and v-components of \15.H§) . 

Corollary 15.3.3. The Einstein d-tensor is computed G a/ 3 = R a/ g — |g Qj gR. 

For physical applications, the Riemann, Ricci and Einstein d-tensors can be com- 
puted for the canonical d-connection. We can redefine the constructions for arbitrary 
d-connections by using the corresponding deformation tensors like in (|15.28jh for in- 
stance, 

r^^ + Dp^+p"/?; (15.34) 

for Tp = Pp^fi 1 . A set of examples of such deformations are analyzed in Refs. [HOUHHlESj. 
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15.4 Noncommutative N— Anholonomic Spaces 

In this section, we outline how the analogs of basic objects in commutative geometry 
of N-anholonomic manifolds, such as vector/tangent bundles, N- and d-connections can 
be defined in noncommutative geometry [ZZ1IZH]- We note that the A. Connes' functional 
analytic approach [T7] to the noncommutative topology and geometry is based on the 
theory of noncommutative C*-algebras. Any commutative C*-algebra can be realized 
as the C*-algebra of complex valued functions over locally compact Hausdorff space. A 
noncommutative C*-algebra can be thought of as the algebra of continuous functions on 
some 'noncommutative space' (see main definitions and results in Refs. [T71 12H1 EHl El ) ■ 

The starting idea of noncommutative geometry is to derive the geometric properties 
of "commutative" spaces from their algebras of functions characterized by involutive 
algebras of operators by dropping the condition of commutativity (see the Gelfand and 
Naimark theorem [S3)- A space topology is defined by the algebra of commutative 
continuous functions, but the geometric constructions request a differentiable structure. 
Usually, one considers a differentiable and compact manifold M, dimN = n (there is an 
open problem how to include in noncommutative geometry spaces with indefinite metric 
signature like pseudo-Euclidean and pseudo-Riemannian ones). In order to construct 
models of commutative and noncommutative differential geometries it is more or less 
obvious that the class of algebras of smooth functions, C = C°°(M) is more appropriate. 
If M is a smooth manifold, it is possible to reconstruct this manifold with its smooth 
structure and the attached objects (differential forms, etc..) by starting from C con- 
sidered as an abstract (commutative) unity *-algebra with involution. As a set M can 
be identified with the set of characters of C, but its differential structure is connected 
with the abundance of derivations of C which identify with the smooth vector fields on 
M. There are two standard constructions: 1) when the vector fields are considered to be 
the derivations of C (into itself) or 2) one considers a generalization of the calculus of 
differential forms which is the Kahler differential calculus (see, details in Lectures |2*T]). 
The noncommutative versions of differential geometry may be elaborated if the algebra 
of smooth complex functions on a smooth manifold is replaced by a noncommutative 
associative unity complex *-algebra A. 

The geometry of commutative gauge and gravity theories is derived from the notions 
of connections (linear and nonlinear ones), metrics and frames of references on manifolds 
and vector bundle spaces. The possibility of extending such theories to some noncommu- 
tative models is based on the Serre-Swan theorem |UH] stating that there is a complete 
equivalence between the category of (smooth) vector bundles over a smooth compact 
space (with bundle maps) and the category of porjective modules of finite type over 
commutative algebras and module morphisms. So, the space T (E) of smooth sections 
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of a vector bundle E over a compact space is a projective module of finite type over the 
algebra C (M) of smooth functions over M and any finite projective C (M)-module can 
be realized as the module of sections of some vector bundle over M. This construction 
may be extended if a noncommutative algebra A is taken as the starting ingredient: the 
noncommutative analogue of vector bundles are projective modules of finite type over A. 
This way one developed a theory of linear connections which culminates in the definition 
of Yang-Mills type actions or, by some much more general settings, one reproduced La- 
grangians for the Standard model with its Higgs sector or different type of gravity and 
Kaluza-Klein models (see, for instance, Refs [T71 ill ) . 

15.4.1 Modules as bundles 

A vector space £ over the complex number field IC can be defined also as a right 
module of an algebra A over IC which carries a right representation of A, when for 
every map of elements £ xA 3 (rj, a) — > rja G £ one hold the properties 

X(ab) = (Xa)b, X(a + b) = Xa + Xb, (A + p)a = Xa + pa 

for every A, p G £ and a, b G A. 

Having two ,4-modules £ and J 7 , a morphism of £ into T is any linear map p : £ 
— > T which is also ^.-linear, i. e. p{r\d) = p(f])a for every t] G £ and a G A. 

We can define in a similar (dual) manner the left modules and theirs morphisms 
which are distinct from the right ones for noncommutative algebras A. A bimodule over 
an algebra A is a vector space £ which carries both a left and right module struc- 
tures. The bimodule structure is important for modelling of real geometries starting 
from complex structures. We may define the opposite algebra A° with elements a° being 
in bijective correspondence with the elements a £ A while the multiplication is given by 
a°b° = {ba)° .A right (respectively, left) ^4-module £ is connected to a left (respectively 
right) ^4°-module via relations a°r] = rja° (respectively, arj = rja). One introduces the 
enveloping algebra A e = A CgJj^ A"; any ^4-bimodule £ can be regarded as a right [left] 
^-module by setting rj(a® b°) = bqa [(a ® b°) r\ = ar/b] . 

For a (for instance, right) module £ , we may introduce a family of elements {et) teT 
parametrized by any (finite or infinite) directed set T for which any element rj G £ is 
expressed as a combination (in general, in more than one manner) rj = YlteT e t a t whh 
a t G A and only a finite number of non vanishing terms in the sum. A family (e t ) igT is 
free if it consists from linearly independent elements and defines a basis if any element 
i] G £ can be written as a unique combination (sum). One says a module to be free if it 
admits a basis. The module £ is said to be of finite type if it is finitely generated, i. e. 
it admits a generating family of finite cardinality. 
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Let us consider the module A = IC ®jq A. The elements of this module can be 
thought as i^-dimensional vectors with entries in A and written uniquely as a linear 
combination 77 = YltLi e t a t were the basis et identified with the canonical basis of JO K . 
This is a free and finite type module. In general, we can have bases of different cardinality. 
However, if a module £ is of finite type there is always an integer K and a module 
surjection p : A K — > £ with a base being a image of a free basis, €j = p(ej)',j = 1, 2, K. 

We say that a right ^4-module £ is projective if for every surjective module morphism 
p : M. — > Af splits, i. e. there exists a module morphism s : £ — > such that pos = ids. 
There are different definitions of porjective modules (see Ref. on properties of such 
modules). Here we note the property that if a ^4-module £ is projective, there exists a 
free module T and a module £' (being a priory projective) such that T = £ © £'. 

For the right ^4-module £ being projective and of finite type with surjection p : A K — > 
£ and following the projective property we can find a lift A : £ — > .A such that po\ = ids- 
There is a proof of the property that the module £ is projective of finite type over A if and 
only if there exists an idempotent p G Endj^A K = Mk(A), p 2 = p, the Mk(A) denoting 
the algebra of K x K matrices with entry in A, such that £ = pA K . We may associate the 
elements of £ to i^-dimensional column vectors whose elements are in A, the collection 
of which are invariant under the map p, £ — {£ = (£1, G ^4, p£ = £}. For 
simplicity, we shall use the term finite projective to mean projective of finite type. 



15.4.2 Nonlinear connections in projective modules 

The nonlinear connection (N-connection) for noncommutative spaces can be defined 
similarly to commutative spaces by considering instead of usual vector bundles theirs 
noncommutative analogs defined as finite projective modules over noncommutative al- 
gebras [77] . The explicit constructions depend on the type of differential calculus we 
use for definition of tangent structures and theirs maps. In this subsection, we shall 
consider such projective modules provided with N-connection which define noncommu- 
tative analogous both of vector bundles and of N-anholonomic manifolds (see Definition 

CEZ7J. 

In general, one can be defined several differential calculi over a given algebra A (for 
a more detailed discussion within the context of noncommutative geometry, see Refs. 
[T71 144] ) . For simplicity, in this work we consider that a differential calculus on A is fixed, 
which means that we choose a (graded) algebra Q*(A) = U P Q P (A) giving a differential 
structure to A. The elements of Q P (A) are called p-forms. There is a linear map d which 
takes p-forms into (p + l)-forms and which satisfies a graded Leibniz rule as well the 
condition d 2 = 0. By definition Q°(A) = A. 
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The differential df of a real or complex variable on a N-anholonomic manifold V 

df = 5J dx l + d a f 5y a , 
5if = - N«d a f , 5y a = dy a + N?dx\ 

where the N-elongated derivatives and differentials are defined respectively by formulas 
(J15.10)) and 1)15. llj) . in the noncommutative case is replaced by a distinguished commu- 
tator (d-commutator) 

df=[F,f}=[F^,f] + [F^,f] 

where the operator (F^) acts on the horizontal (vertical) projective submodule and 
this operator is defined by a fixed differential calculus Cl*(A^) (£l*(A^)) on the so-called 
horizontal (vertical) As 1 * (A^) algebras. We conclude that in order to elaborated non- 
commutative versions of N-anholonomic manifolds we need couples of 'horizontal' and 
'vertical' operators which reflects the nonholonomic splitting given by the N-connection 
structure. 

Let us consider instead of a N-anholonomic manifold V an .A-module £ being pro- 
jective and of finite type. For a fixed differential calculus on £ we define the tangent 
structures T£. 

Definition 15.4.10. A nonlinear connection (N-connection) N on an A-module £ is 
defined by the splitting on the left of an exact sequence of finite projective A-moduli 

-> v£ T£ -> T£/v£ -> 0, 
i. e. by a morphism of submanifolds N : T£ — > v£ such that N o i is the unity in v£. 

In an equivalent form, we can say that a N-connection is defined by a splitting to 
projective submodules with a Whitney sum of conventional h-submodule, (h£) , and 
v-submodule, (v£) , 

T£ = h£@v£. (15.35) 

We note that locally h£ is isomorphic to TM where M is a differential compact manifold 
of dimension n. 

The Definition 115.4.101 reconsiders for noncommutative spaces the Definition 115.2.61 
In result, we may generalize the concept of 'commutative' N-anholonomic space: 

Definition 15.4.11. A N-anholonomic noncommutative space £n is an A-module £ 
possessing a tangent structure T£ defined by a Whitney sum of projective submodules 

mm . ^ 
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Such geometric constructions depend on the type of fixed differential calculus, i. e. 
on the procedure how the tangent spaces are defined. 

Remark 15.4.6. Locally always N-connections exist, but it is not obvious if they could 
be glued together. In the classical case of vector bundles over paracompact manifolds 
this is possible \56l. If there is an appropriate partition of unity, a similar result can be 
proved for finite projective modules. For certain applications, it is more convenient to 
use the Dirac operator already defined on N-anholonomic manifolds, see Section \l5.b\ 

In order to understand how the N-connection structure may be taken into account 
on noncommutative spaces but distinguished from the class of linear gauge fields, we 
analyze an example: 

15.4.3 Commutative and noncommutative gauge d— fields 

Let us consider a N-anholonomic manifold V and a vector bundle (3 = (B, it, V) 
with 7i : B — > V with a typical £;-dimensional vector fiber. In local coordinates a linear 
connection (a gauge field) in (3 is given by a collection of differential operators 

V« = D a + B a (u), 

acting on T£ N where 

D a = 5 a ± r; a with Di = 5i± T.t and D a = d a ± T. a 

is a d-connection in V (a = 1, 2, n + m), with the operator S a , being N-elongated as 
in (|15.10j) . u = (x,y) G £n an d B a are k x fc-matrix valued functions. For every vector 
field 

X = X a (u)S a = X*(i4)<$i + X a (u)d a E TV 
we can consider the operator 

X a (u) V« (/ • = / • Vxs + 5 x f-s (15.36) 

for any section s G B and function / G C°°(V), where 

5 x f = X a 5 a and V/x = / Vx • 

In the simplest definition we assume that there is a Lie algebra QLB that acts on 
associative algebra B by means of infinitesimal automorphisms (derivations). This means 
that we have linear operators 5x '■ B — > B which linearly depend on X and satisfy 

8 x (a ■ b) = (5 x a) -b + a- (5 x b) 
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for any a,b G B. The mapping X — > 5 X is a Lie algebra homomorphism, i. e. 5[x,Y\ = 
[5x,5y]. 

Now we consider respectively instead of commutative spaces V and (3 the finite 
projective -4,-module S x , provided with N-connection structure, and the finite projective 
23-module Sp. 

A d-connection v/x on Sp is by definition a set of linear d-operators, adapted to the 
N-connection structure, depending linearly on X and satisfying the Leibniz rule 

VxQ>-e)=b- Vx(e) + 5 x b-e (15.37) 

for any and b G B. The rule ()15.37|) is a noncommutative generalization of ()15.36j) . 

We emphasize that both operators yx and 5 X are distinguished by the N-connection 
structure and that the difference of two such linear d-operators, — y x commutes 
with action of B on Sp, which is an endomorphism of Sp. Hence, if we fix some fiducial 
connection \j' x (for instance, y' x = D x ) on Sp an arbitrary connection has the form 

Vx = D x + B x , 

where B x G EndsSp depend linearly on X. 

The curvature of connection y^ is a two-form F X y which values linear operator in B 
and measures a deviation of mapping X — > y^ from being a Lie algebra homomorphism, 

Fxy = [yx, Vy] — V[x,Y]- 
The usual curvature d-tensor is defined as 

F a p = [y a , S7p] - V [a,p[- 

The simplest connection on a finite projective i3-module Sp is to be specified by a 
projector P : B k ®B k when the d-operator 5 X acts naturally on the free module B k . The 
operator S7x = P ' $x ■ P is called the Levi-Civita operator and satisfy the condition 
Tr[\7 x = for any endomorphism <f> G EndsSp. From this identity, and from the 
fact that any two connections differ by an endomorphism that Tr[\7 x ,<j)\ = for an 
arbitrary connection \/ x and an arbitrary endomorphism 0, that instead of Vx we 
may consider equivalently the canonical d-connection, constructed only from d-metric 
and N-connection coefficients. 

15.5 Nonholonomic Clifford— Lagrange Structures 

The geometry of spinors on generalized Lagrange and Finsler spaces was elaborated 
in Refs. jHH H2l EEl EHj- It was applied for definition of noncommutative extensions 
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of the Finsler geometry related to certain models of Einstein, gauge and string gravity 
[7T| I77| CHI EH E3 lEIj • Recently, it is was proposed an extended Clifford approach to 
relativity, strings and noncommutativity based on the concept of " C-space" El 

US]. 

The aim of this section is to formulate the geometry of nonholonomic Clifford- 
Lagrange structures in a form adapted to generalizations for noncommutative spaces. 

15.5.1 Clifford d— module 

Let V be a compact N-anholonomic manifold. We denote, respectively, by T X V and 
T*V the tangent and cotangent spaces in a point x G V. We consider a complex vector 
bundle r : E — > V where, in general, both the base V and the total space E may be 
provided with N-connection structure, and denote by T°°(E) (respectively, T(E)) the 
set of different iable (continuous) sections of E. The symbols x(M) = r°°(TM) and 
fi 1 (M) = r°°(T*M) are used respectively for the set of d-vectors and one d-forms on 
TM. 

Clifford— Lagrange functionals 

In the simplest case, a generic nonholonomic Clifford structure can be associated to 
a Lagrange metric on a n-dimensional real vector space V n provided with a Lagrange 
quadratic form L(y) = ?z,(y, y), see subsection 115.2.11 We consider the exterior algebra 
AV n defined by the identity element I and antisymmetric products V[%] A ... A V[k] with 
..-,V[k] G V n for k < dimV n where I A v = v, A V[ 2 ] = ~ v [2] A v [l], ■■■ 

Definition 15.5.12. The Cliff ord-Lagrange (or Clifford- Minkowski) algebra is a AV n 
algebra provided with a product 

uv + vu = 2 {L) g{u,v) I (15.38) 

(oruv + vu = 2 {F) g{u,v) I ) (15.39) 
for any u,v G V n and ^g{u^v) (or ( F 'g(u,v)) defined by formulas ( or /115. ty) ). 

For simplicity, hereafter we shall prefer to write down the formulas for the Lagrange 
configurations instead of dubbing of similar formulas for the Finsler configurations. 

We can introduce the complex Clifford-Lagrange algebra lCl[L){V n ) structure by 
using the complex unity "i", Vjq = V n + iV n , enabled with complex metric 

( L 'gjg(u, v + iw) = ( L 'g(u, v) + i ^ L 'g(u,w), 
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which results in certain isomorphisms of matrix algebras (see, for instance, 29J), 

E/(IR 2m ) ~ M 2m (E), 
0(lR 2m+1 ) ~ M 2m (E) ©M 2m (K). 

We omitted the label (L) because such isomorphisms hold true for any quadratic forms. 
The Clifford-Lagrange algebra possesses usual properties: 

1. On IC7( L )(V n ), it is linearly defined the involution "*", 

(Au[i]...u[ fc ])* = Xv[i]...v[ k ], VA e IC. 

2. There is a E 2 graduation, 

E/ w (V»)=Ei$ i) (V w )©Of Ji) (V B ) 

with X(L)(a) = ±1 for a e lClf L) (V n ), where Oj^V"), or 0^ } (V n ), are defined 
by products of an odd, or even, number of vectors. 

3. For positive definite forms ql(u,v), one defines the chirality of 

7(i) = (-i) n eie 2 ...e n , 7 2 = 7*7 = I 

where {ej}™ =1 is an orthonormal basis of V n and n = 2n', or = 2n' + 1. 

In a more general nonholonomic Clifford structure is defined by quadratic 

d-metric form q(x, y) (|15.22j) on a n + m-dimensional real d-vector space V n+m with 
the (n + m)-splitting defined by the N-connection structure. 

Definition 15.5.13. The Clifford d-algebra is a AV n+m algebra provided with a product 

uv + vu = 2g(u,v) II (15.40) 

or, equivalently, distinguished into h- and v-products 

uv + vu = 2g(u, v) E 

and 

*u *v+ *v*u = 2 *h( *u, *v) E 

for any u = (u, *u), v = (t>, *v) E V n+m . 

Such Clifford d-algebras have similar properties on the h- and v-components as the 
Clifford-Lagrange algebras. We may define a standard complexification but it should 
be emphasized that for n = m the N-connection (in particular, the canonical Lagrange 
N-connection) induces naturally an almost complex structure ()15.15|) which gives the 
possibility to define almost complex Clifford d-algebras (see details in |69| 188 j). 
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Clifford— Lagrange and Clifford N— anholonomic structures 

A metric on a manifold M is denned by sections of the tangent bundle TM provided 
with a bilinear symmetric form on continuous sections Y(TM). In Lagrange geometry, the 
metric structure is of type ^g%j(x, y) ()15.2|) which allows us to define Clifford-Lagrange 
algebras TCI(l) {T x M), in any point x G TM, 

+ ijii = 2 {L) 9ij n. 

IP 

For any point x G M and fixed y = yo, one exists a standard complexification, T X M = 
T X M + iT x M, which can be used for definition of the 'involution' operator on sections of 

t;m ic , 

01 02 0*0 = 02 0*0 01 ( x )j °~*( x ) = cr(x)*,^fx G M, 

where "*" denotes the involution on every 1CI^(T X M). The norm is defined by using 
the Lagrange norm, see Definition 115.2.11 

|| a \\ L = sup xeM {\ o(x) \ L }, 

which defines a C2-algebra instead of the usual C*-algebra of 1CI(T X M). Such construc- 
tions can be also performed on the cotangent space T X M, or for any vector bundle E on 
M enabled with a symmetric bilinear form of class C°° on T°°(E) x T°°(E). 

For Lagrange spaces modelled on TM, there is a natural almost complex structure F 
f)15.15|) induced by the canonical N-connection ( L )iV, see the Results fl5.2.21 IT5.2.4I and 
115.2.51 which allows also to construct an almost Kahler model of Lagrange geometry, see 
details in Refs. jMlEZj, and to define an Clifford-Kahler d-algebra 1CI(kl)(T x M) |6T?j . 
for y = y , being provided with the norm 

II \\kl= sup xeM {\ (t{x) \kl}, 

which on T X M is defined by projecting on x the d-metric ^ L ^g ()15.14j) . 

In order to model Clifford-Lagrange structures on TM and T*M it is necessary to 
consider d-metrics induced by Lagrangians: 

Definition 15.5.14. A Clifford-Lagrange space on a manifold M enabled with a fun- 
damental metric ^ g%j{x,y) M5.5\) and canonical N-connection ^ L 'N^ hi 5. 9(1 induc- 
ing a Sasaki type d-metric \15.1^ is defined as a Clifford bundle JOl^(M) = 
(L) (T*M). 
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For a general N-anholonomic manifold V of dimension n + m provided with a general 
d-metric structure g (for instance, in a gravitational model, or constructed by 

conformal transforms and imbedding into higher dimensions of a Lagrange (or Finsler) 
d-metrics), we introduce 

Definition 15.5.15. A Clifford N-anholonomic bundle on V is defined as 
(iV )(V) = (J v)(T*V). 

Let us consider a complex vector bundle ir : E — > M provided with N-connection 
structure which can be defined by a corresponding exact chain of subbundles, or non- 
integrable distributions, like for real vector bundles, see jSHl EZj and subsection 115.2.31 
Denoting by Vji, the typical fiber (a complex vector space), we can define the usual 
Clifford map 

c : 0(T*M) -> End(Vg) 
via (by convention, left) action on sections c(a)cr 1 (x) = c{a{x))a 1 {x). 

Definition 15.5.16. The Clifford d-module (distinguished by a N-connection) of a N- 
anholonomic vector bundle E is defined by the C(M)-module T(E) of continuous sections 
in E, 

c : r(0(M)) -> End(T(E)). 

In an alternative case, one considers a complex vector bundle 7r : E — > V on an N- 
anholonomic space V when the N-connection structure is given for the base manifold. 

Definition 15.5.17. The Clifford d-module of a vector bundle E is defined by the C(V)- 
module T(E) of continuous sections in E, 

c : r(0 (iV) (V)) -> End(T(E)). 

A Clifford d-module with both N-anholonomic total space E and base space V with 
corresponding N-connections (in general, two independent ones, but the N-connection 
in the distinguished complex vector bundle must be adapted to the N-connection on the 
base) has to be defined by an "interference" of Definitions 1 1 5 . 5 . ITT1 and IT5 . 5 . 1 71 

15.5.2 N— anholonomic spin structures 

Usually, the spinor bundle on a manifold M, dimM = n, is constructed on the tangent 
bundle by substituting the group SO(n) by its universal covering Spin{n). If a Lagrange 
fundamental quadratic form ( L >gij(x,y) (j!5.5|) is defined on T X ,M we can consider 
Lagrange-spinor spaces in every point x G M. The constructions can be completed 
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on TM by using the Sasaki type metric ( L **g ()15.14j) being similar for any type of 
N-connection and d-metric structure on TM. On general N-anholonomic manifolds 
V, dirriV = n + m, the distinguished spinor space (in brief, d-spinor space) is to be 
derived from the d-metric (jl5.19|) and adapted to the N-connection structure. In this 
case, the group SO{n + m) is not only substituted by Spin(n+m) but with respect to N- 
adapted frames (jl5.10j) and (J15.ll)) one defines irreducible decompositions to Spin{n) © 
Spin{m). 



Lagrange spin groups 

Let us consider a vector space V n provided with Clifford-Lagrange structures as in 
subsection 115.5.11 We denote a such space as V7j\ in order to emphasize that its tangent 
space is provided with a Lagrange type quadratic form ^g. In a similar form, we shall 
write Ul(L)(y n ) = O(V7j0 if this will be more convenient. A vector u G Vft\ has a unity 
length on the Lagrange quadratic form if ( L >g(u,u) = 1, or u 2 = I, as an element of 
corresponding Clifford algebra, which follows from 1)15.38)1 . We define an endomorphism 
of V n : 

= X{L){u)vu _1 = — uvu = (uv — 2 ^g(u,v)) u = u — 2 ( - L ^g(u,v)u 
where X(l) is the E 2 graduation defined by ^ L 'g. By multiplication, 

which defines the subgroup SO(Vfo) C 0{V^). Now we can define (SHUSH] 

Definition 15.5.18. The space of complex Lagrange spins is defined by the subgroup 
Spin%Jn) = Spin c {V^) C O(V^), determined by the products of pairs of vectors 

w G V/fi when w = Xu where X is a complex number of module 1 and u is of unity length 
in Vfa. 

We note that kerip^ = £7(1). We can define a homomorphism vn\ with values in 

ni). 

V(L)(w) = W 2k ---W 1 W 1 ...W 2 k = X 1 ...X 2k , 
where w = W\...W2k G Spin c (V^) and A, = wf G U(l). 

Definition 15.5.19. The group of real Lagrange spins Spin c ^(n) = SpiniV^) is defined 
by ker V( L ). 
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The complex conjugation on IC7(V7£)) is usually denned as Xv = Xv for A G IC, v G 
Vfh- So, any element w G Spin(Vft\) satisfies the conditions w*w = w*w = II and 
W = w. If we take V*J\ = JR™ provided with a (pseudo) Euclidean quadratic form instead 
of the Lagrange norm, we obtain the usual spin-group constructions from the (pseudo) 
Euclidean geometry. 

Lagrange spinors and d— spinors: Main Result 1 

A usual spinor is a section of a vector bundle S on a manifold M when an irreducible 
representation of the group Spin(M) = Spin(T*M) is defined on the typical fiber. The 
set of sections T(S) is a irreducible Clifford module. If the base manifold of type Mr^, 
or is a general N-anholonomic manifold V, we have to define the spinors on such spaces 
as to be adapted to the respective N-connection structure. 

In the case when the base space is of even dimension (the geometric constructions in 
in this subsection will be considered for even dimensions both for the base and typical 
fiber spaces), one should consider the so-called Morita equivalence (see details in [2^ 150] 
for a such equivalence between C(M) and r(0(M))). One says that two algebras A 
and B are Morita-equivalent if 

S ®4 T ~B and T ®b T ~ A, 

respectively, for B- and .A-bimodules and B — ^4-bimodule £ and A — £>-bimodule T . 
If we study algebras through theirs representations, we also have to consider various 
algebras related by the Morita equivalence. 

Definition 15.5.20. A Lagrange spinor bundle S(l) on a manifold M, dimM = n, is 
a complex vector bundle with both defined action of the spin group Spin(V^) on the 
typical fiber and an irreducible reprezentation of the group Spin^{M) = Spin(M^) = 
Spin(T*M(L)). The set of sections T(S(l)) defines an irreducible Cliff ord-Lagrange mod- 
ule. 

The so-called "d-spinors" have been introduced for the spaces provided with re- 
connect ion structure [BTH 172*1 173]: 

Definition 15.5.21. A distinguished spinor (d-spinor) bundle S = (S, *S) on an N- 

anholonomic manifold V, dirriV = n + m, is a complex vector bundle with a defined 
action of the spin d-group Spin V = Spin(V n ) © Spin(V m ) with the splitting adapted 
to the N-connection structure which results in an irreducible representation Spin(\) = 
Spin{T*Y) . The set of sections I*(S) = V (S)@T( *S) is an irreducible Clifford d-module. 
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The fact that C(V) and r(IC/(V)) are Morita equivalent can be analyzed by ap- 
plying in N-adapted form, both on the base and fiber spaces, the consequences of the 
Plymen's theorem (see Theorem 9.3 in Ref. j2H])- This is connected with the possibility 
to distinguish the Spin(n) (or, correspondingly Spin(M^), Spin(V n ) © Spin(V m )) an 
antilinear bijection J : S — > S (or J : S(l) — ► SVl) an d J : S — ► S) with the 
properties: 

J(V/) = (-W for /eC(M)( or C(M (L) ), C(V)); 
J(a^) = for a G r°°(IC/(M))( or r°°(0(M (L) )), r°°(IC/(V)); 

(J0|J^) = (V#)for0,^e£(or£ (i) ,S). (15.41) 

Definition 15.5.22. TTie spin structure on a manifold M (respectively, on M(n, or on 
N-anholonomic manifoldV) with even dimensions for the corresponding base and typical 
fiber spaces is defined by a bimodule S (respectively, Mrn, or obeying the Morita equiv- 
alence C(M) - r(0(M)) (respectively, C(M {L) ) - r(0(M (i) )), or C(V) - r(IC/(V))) 
by a corresponding bisections \15.41\j and a fixed orientation on M ( respectively, on 
or V ). 

In brief, we may call M (M^, or V) as a spin manifold (Lagrange spin manifold, 
or N-anholonomic spin manifold). If any of the base or typical fiber spaces is of odd 
dimension, we may perform similar constructions by considering IC/ + instead of IC/. 

The considerations presented in this Section consists the proof of the first main Result 
of this paper (let us conventionally say that it is the 7th one after the Results 115.2.11 - 
ITo"2~Hl 

Theorem 15.5.3. (Main Result 1) Any regular Lagrangian and/or N-connection 
structure define naturally the fundamental geometric objects and structures (such as the 
Cliff or d-Lagrange module and Clifford d-modules, the Lagrange spin structure and d- 
spinors) for the corresponding Lagrange spin manifold and/or N-anholonomic spinor 
(d-spinor) manifold. 

We note that similar results were obtained in Refs. EZ21 ESI EH] for the standard 
Finsler and Lagrange geometries and theirs higher order generalizations. In a more 
restricted form, the idea of Theorem 115.5.31 can be found in Ref. (77] , where the first 
models of noncommutative Finsler geometry and related gravity were considered (in a 
more rough form, for instance, with constructions not reflecting the Morita equivalence). 

Finally, in this Section, we can make the 

Conclusion 15.5.2. Any regular Lagrange and/or N-connection structure (the second 
one being any admissible N-connection in Lagrange-Finsler geometry and their general- 
izations, or induced by any generic off-diagonal and/ or nonholonomic frame structure) 
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define certain, corresponding, Cliff ord-Lagrange module and/ or Clifford d-module and 
related Lagrange spinor and/or d-spinor structures. 

It is a bit surprizing that a Lagrangian may define not only the fundamental geo- 
metric objects of a nonholonomic Lagrange space but also the structure of a naturally 
associated Lagrange spin manifold. The Lagrange mechanics and off-diagonal gravita- 
tional interactions (in general, with nontrivial torsion and nonholonomic constraints) 
can be completely geometrized on Lagrange spin (N-anholonomic) manifolds. 

15.6 The Dirac Operator, Nonholonomy, and 
Spectral Triples 

The Dirac operator for a certain class of (non) commutative Finsler spaces provided 
with compatible metric structure was introduced in Ref. [77] following previous construc- 
tions for the Dirac equations on locally anisotropic spaces E2J [731 ESI EH] • The aim 
of this Section is to elucidate the possibility of definition of Dirac operators for general 
N-anholonomic manifolds and Lagrange-Finsler spaces. It should be noted that such 
geometric constructions depend on the type of linear connections which are used for the 
complete definition of the Dirac operator. They are metric compatible and N-adapted 
if the canonical d-connection is used, see Proposition 115.3. II (we can also use any its 
deformation which results in a metric compatible d-connection). The constructions can 
be more sophisticate and nonmetric (with some geometric objects not completely de- 
fined on the tangent spaces) if the Chern, or the Berwald d-connection, is considered, 
see Example 115.3.21 

15.6.1 N— anholonomic Dirac operators 

We introduce the basic definitions and formulas with respect to N-adapted frames 
of type ()15.10|) and ()15.11|) . Then we shall present the main results in a global form. 

Noholonomic vielbeins and spin d— connections 

Let us consider a Hilbert space of finite dimension. For a local dual coordinate basis 
e- = dx l on a manifold M, dimM = n, we may respectively introduce certain classes of 
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orthonormalized vielbeins and the N-adapted vielbeins, 7 

e % = e\(x, y) e 1 and e l = e\(x, y) e 1 , (15.42) 

where 

g v -(x,y) e\ : (x,y)e J )(x,y) = 5^ and g v -(x,y) e\(x, y)e 3 ^x, y) = g lJ (x,y). 

We define the the algebra of Dirac's gamma matrices (in brief, h-gamma matrices defined 
by self-adjoints matrices M fc (IC) where k = 2 n l 2 is the dimension of the irreducible 
representation of O(M) for even dimensions, or of IC/(M) + for odd dimensions) from 
the relation 

7 y + y 7 * = 25^' I. (15.43) 
We can consider the action of dx l G IC/(M) on a spinor ijj e S via representations 

- c (dx i ) = Y and 'c^dx^tp = 7 > = e% 7>. (15.44) 

For any type of spaces T X M, TM, V possessing a local (in any point) or global fibered 
structure and, in general, enabled with a N-connection structure, we can introduce simi- 
lar definitions of the gamma matrices following algebraic relations and metric structures 
on fiber subspaces, 

e a = e \(x, y) and e a = e\(x, y) (15.45) 

where 

d*(x,y) e\(x,y)e\_(x,y) = 5 &i and g*(x,y) e\(x,y)e\_(x,y) = h ab (x,y). 

Similarly, we define the algebra of Dirac's matrices related to typical fibers (in brief, 
v-gamma matrices defined by self-adjoints matrices M' k (JC) where k! = 2 m//2 is the 
dimension of the irreducible representation of 101(F) for even dimensions, or of IC/(F) + 
for odd dimensions, of the typical fiber) from the relation 

yy _|_ yy = 25™ 1. (15.46) 

The action of dy a e JCl(F) on a spinor *ip £ *S is considered via representations 

*c(dy & ) = 7 a and *c(dy a ) *ip = 7 a > = e a & 7 a (15.47) 

7 (depending both on the base coordinates x = x 1 and some "fiber" coordinates y = y a , the status 
of y a depends on what kind of models we shall consider: elongated on TM, for a Lagrange space, for a 
vector bundle, or on a N-anholonomic manifold) 
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We note that additionally to formulas ([15.44)) and (j!5.47|) we may write respectively 

c(cfe i )V = 7 V = e\ 7 V and c{d-f) *ip = 7" *V> = e~ a 7 a *V> 

but such operators are not adapted to the N-connection structure. 

A more general gamma matrix calculus with distinguished gamma matrices (in brief, 
d-gamma matrices 8 ) can be elaborated for N-anholonomic manifolds V provided with 
d-metric structure g = [g*g] and for d-spinors if? = (if), *if>) G S = (S, *S), see the 
corresponding Definitions 115. 2. 71 115. 2. 81 and 115. 5. 211 Firstly, we should write in a unified 
form, related to a d-metric (|15.19|) . the formulas ()15.42|) and f!15.45|) . 

e & = e\(u) and e a = e\{u) e?-, (15.48) 

where 

gsP(u) e & Ju)e\{u) = 5 & ? and g&(u) e\{u)e\{u) = g<#(u). 
The second step, is to consider d-gamma matrix relations (unifying ()15.43|) and ([15.46)) ) 

7 Y + 7Y = 2^I, (15.49) 

with the action of du a G O(V) on a d-spinor ip G S resulting in distinguished irreducible 
representations (unifying ()15.44j) and ([15.47)1 ) 

c(du & ) = 7" and c = (du a ) $ = 7 a ip = e\ 7 A ip (15.50) 

which allows to write 

7 c »7 /3 (m) + 7 /3 (m) 7 q (m) = 2g a %u) I. (15.51) 

In the canonical representation we can write in irreducible form 7 = 7© *7 and ip = 
ip © *if>, for instance, by using block type of h- and v-matrices, or, writing alternatively 
as couples of gamma and/or h- and v-spinor objects written in N-adapted form, 

7 a = ( 7 \ 7 a ) and if) = {if), *ip). (15.52) 

The decomposition ([15.51)) holds with respect to a N-adapted vielbein ([15.11))) . We 
also note that for a spinor calculus, the indices of spinor objects should be treated as 
abstract spinorial ones possessing certain reducible, or irreducible, properties depending 
on the space dimension (see details in Refs. [123 [721 EH1 EH EE])- For simplicity, we 

8 in our previous works (HHl IZ3 E3 EH EE] we wrote a instead of 7 
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shall consider that spinors like 'ip,ip, *ip and all type of gamma objects can be enabled 
with corresponding spinor indices running certain values which are different from the 
usual coordinate space indices. In a "rough" but brief form we can use the same indices 
i,j, a, b..., a, f3, ... both for d-spinor and d-tensor objects. 

The spin connection \/ s for the Riemannian manifolds is induced by the Levi-Civita 
connection V T, 

V S = d- 1 -^r jkia J dx k . (15.53) 

On N-anholonomic spaces, it is possible to define spin connections which are N-adapted 
by replacing the Levi-Civita connection by any d-connection (see Definition 1 1 5 . 3 . 9|) . 

Definition 15.6.23. The canonical spin d-connection is defined by the canonical d- 
connection M5.25]) as 

V S = 5 - \ f^ lal Hu^ (15.54) 

where the absolute differential 5 acts in N-adapted form resulting in 1-forms decomposed 
with respect to N -elongated differentials like 5u^ = (dx l , 5y a ) H15.ll)) . 

We note that the canonical spin d-connection y is metric compatible and contains 
nontrivial d-torsion coefficients induced by the N-anholonomy relations (see the formulas 
(J15.24)) proved for arbitrary d-connection). It is possible to introduce more general spin 
d-connections D s by using the same formula (|15.54j) but for arbitrary metric compatible 
d-connection Y a p . 

In a particular case, we^can define, for instance, the canonical spin d-connections 
for a local modelling of a TM space on V( n n ) with the canonical d-connection T 1 a/3 = 

(L* fc ,Cj fc ), see formulas f)15.27j) . This allows us to prove (by considering d-connection 
and d-metric structure defined by the fundamental Lagrange, or Finsler, functions, we 
put formulas (IT5~!7|) and (115 .14|) into (jl5.'27j) ): 

Proposition 15.6.2. On Lagrange spaces, there is a canonical spin d-connection (the 
canonical spin-Lagrange connection), 

V SL) = S-\ {L) r\l a l^, (15.55) 

where 5u^ = (dx l , 5y k = dy k + ^N\ dx l ). 

We emphasize that even regular Lagrangians of classical mechanics without spin par- 
ticles induce in a canonical (but nonholonomic) form certain classes of spin d-connections 
like fflT55l) . 
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For the spaces provided with generic off-diagonal metric structure ()15.16|) (in partic- 
ular, for such Riemannian manifolds) resulting in equivalent N-anholonomic manifolds, 
it is possible to prove a result being similar to Proposition 115. 



Remark 15.6.7. There is a canonical spin d-connection \15.54 ) induced by the off- 



diagonal metric coefficients with nontrivial N" 1 and associated nonholonomic frames in 
gravity theories. 

The N-connection structure also states a global h- and v-splitting of spin d-connecti- 
on operators, for instance, 

V (5L) = S-\ {L) V 3kia °dx k - i ^C\ clal b 5y c . (15.56) 
So, any spin d-connection is a d-operator with conventional splitting of action like 

V (S) = ( _ V W * V (S) ); or V (5L) = ( - V (SL) } * v (M)j_ p or instance) for ^ = 

( V ) *V )) the operators y and *y act respectively on a h-spinor 

ip as 



(SL) 



y V = da* ^ - dx k \ {L) V ]klll ] $ (15.57) 



and 



being defined by the canonical d-connection ()15.27|) . 

Remark 15.6.8. We can consider that the h-operator fll<5.<57| ) defines a spin generaliza- 
tion of the Chern's d-connection i Chern ]Y' y a ^ = (L* fc ,Cj fc = 0), see Example \15.3H which 
may be introduced as a minimal extension, with Finsler structure, of the spin connection 
defined by the Levi-Civita connection M5.53\) preserving the torsionless condition. This 
is an example of nonmetric spin connection operator because l Chern l'p n f d oes no t satisfy 
the condition of metric compatibility. 

We can define spin Chern-Finsler structures, considered in the Remark ll5.6.8l for any 
point of an N-anholonomic manifold. There are necessary some additional assumptions 
in order to completely define such structures (for instance, on the tangent bundle). We 
can say that this is a deformed nonholonomic spin structure derived from a d-spinor one 
provided with the canonical spin d-connection by deforming the canonical d-connection 
in a manner that the horizontal torsion vanishes transforming into a nonmetricity d- 
tensor. The "nonspinor" aspects of such generalizations of the Riemann-Finsler spaces 
and gravity models with nontrivial nonmetricity are analyzed in Refs. 
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Dirac d— operators: Main Result 2 

We consider a vector bundle E on an N-anholonomic manifold M (with two com- 
patible N-connections defined as h- and v-splitting of TE and TM)). A d-connection 

V: r°°(E) -> r°°(E) <g> 9}{M) 

preserves by parallelism splitting of the tangent total and base spaces and satisfy the 
Leibniz condition 

V(fa) = /(Per) + 5f ® a 

for any / G C°°(M), and cr G r°°(E) and S defining an N-adapted exterior calculus 
by using N-elongated operators f)15.10|) and (jl5.11|) which emphasize d-forms instead of 
usual forms on M, with the coefficients taking values in E. 

The metricity and Leibniz conditions for T> are written respectively 

g(X?X, Y) + g(X, DY) = 5[g(X, Y)], (15.58) 

for any X, Y G x(M), and 

T>(a(3) ±V(a)(3 + aV(P), (15.59) 

for any cr, (3 E r°°(E). 

For local computations, we may define the corresponding coefficients of the geometric 
d-objects and write 

Va $ = a & ® 5u» = T & $i a Q ® dx l + Y & $a a & ® by\ 

where fiber "acute" indices, in their turn, may split a = (i,a) if any N-connection 
structure is defined on TE. For some particular constructions of particular interest, we 
can take E = T*V, = T*V {L) and/or any Clifford d-algebra E = O(V), 0(V (L) ), ... 
with a corresponding treating of "acute" indices to of d-tensor and/or d-spinor type 
as well when the d-operator T> transforms into respective d-connection D and spin 

d-connections v (|15.54j) . y ()15.55|) . .. . All such, adapted to the N-connections, 
computations are similar for both N-anholonomic (co) vector and spinor bundles. 

The respective actions of the Clifford d-algebra and Clifford-Lagrange algebra (see 
Definitions 115.5. TBI and H5.5.13JI can be transformed into maps r°°(S) ® r^E/(V)) and 
r oo (5 (L ))®r(E/(V (L ))) to r°°(S) and, respectively, r°°(,S (L) ) by considering maps of type 
C53fl and (ITB3n|) 



c(-0 (8> a) = c(a) , and c(ip ® a) = c(a)ip. 
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Definition 15.6.24. The Dirac d-operator (Dirac-Lagrange operator) on a spin N- 
anholonomic manifold (V, S, J) (on a Lagrange spin manifold 
(M (L) , S( L ), J)) is defined 

ID = -i (co v S ) (15.60) 

= ( ~D = —i ( -co - v s ), *TD = -i( *co * V S )) 

( (L) ID = -i (co V (5L) ) ) (15.61) 

= ( {L fJD = -<( -co - v (Si) ), W *1D = -<( V (5L) )) )• 

«5W/i A T -adapted Dirac d-operators are called canonical and denoted ID = ( ID, *D ) f 
(i)D = ( (i)~ID, (L)*D ) j if they are defined for the canonical d-connection \15.2b)) ( 
( 15.2 r l\j ) and respective spin d-connection \15.54\) ( M5.55)) ). 

Now we can formulate the 

Theorem 15.6.4. (Main Result 2) Let (V, S, J) ( {M {L) ,S (L) , J) be a spin N-anholo- 
nomic manifold ( spin Lagrange space). There is the canonical Dirac d-operator (Dirac- 
Lagrange operator) defined by the almost Hermitian spin d-operator 



v s : r°°(s) ->r oo (s)®n 1 (v) 



(spin Lagrange operator 



v (5i) : r°°(s {L) ) - r°(s {L) ) ® n\M (L) ] 

commuting with J \15.J^1 ) and satisfying the conditions 



(vV 10) + $ I V S 0) = 8$ | 0) (15.62) 



and ^ g ^ 

V (c(a)$) = c(Da)^ + c(a)y 4> 

for a G IC/(V) and $ G r°°(S) 

( (V (SL V 10) + | V (SL) 0) = I 0) (15-63) 

and 

V (c(a)V') = c(Da)^ + c(a)y V 

/or a G 0(M(n) and t/> G r°°(S(£) J determined by the metricity \15. 5fy) and Leibnitz 
M5.59) conditions. 
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Proof. We sketch the main ideas of such Proofs. There two ways: 

The first one is similar to that given in Ref. jSHj, Theorem 9.8, for the Levi-Civita 
connection, see similar considerations in [67]- In our case, we have to extend the con- 
structions for d-metrics and canonical d-connections by applying N-elongated operators 
for differentials and partial derivatives. The formulas have to be distinguished into h- 
and v-irreducible components. We are going to present the related technical details in 
our further publications. 

In other turn, the second way, is to argue a such proof is a straightforward consequence 
of the Result 115.2.61 stating that any Riemannian manifold can be modelled as a N- 
anholonomic manifold induced by the generic off-diagonal metric structure. If the results 
from j2H] hold true for any Riemannian space, the formulas may be rewritten with respect 
to any local frame system, as well with respect to f)15. lOj) and (|15.11|) . Nevertheless, 
on N-anholonomic manifolds the canonical d-connection is not just the Levi-Civita 
connection but a deformation of type (|15.25|) : we must verify that such deformations 
results in N-adapted constructions satisfying the metricity and Leibnitz conditions. The 
existence of such configurations was proven from the properties of the canonical d- 
connection completely defined from the d-metric and N-connection coefficients. The 
main difference from the case of the Levi-Civita configuration is that we have a nontrivial 
torsion induced by the frame nonholonomy. But it is not a problem to define the Dirac 
operator with nontrivial torsion if the metricity conditions are satisfied. □ □ 

The canonical Dirac d-operator has very similar properties for spin N-anholonomic 
manifolds and spin Lagrange spaces. Nevertheless, theirs geometric and physical meaning 
may be completely different and that why we have written the corresponding formulas 
with different labels and emphasized the existing differences. With respect to the Main 
Result 2, one holds three important remarks: 

Remark 15.6.9. The first type of canonical Dirac d-operators may be associated to 
Riemannian- Cartan (in particular, Riemann) off-diagonal metric and nonholonomic 
frame structures and the second type of canonical Dirac-Lagrange operators are com- 
pletely induced by a regular Lagrange mechanics. In both cases, such d-operators are 
completely determined by the coefficients of the corresponding Sasaki type d-metric and 
the N-connection structure. 



Remark 15.6.10. The conditions of the Theorem \15.6.4 may be revised for any d 



connection and induced spin d-connection satisfying the metricity condition. But, for 
such cases, the corresponding Dirac d-operators are not completely defined by the d- 
metric and N-connection structures. We can prescribe certain type of torsions of d- 
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connections and, via such 'noncanonical' Dirac operators, we are able to define noncom- 
mutative geometries with prescribed d-torsions. 

Remark 15.6.11. The properties A15.6'ty) and \15.6$\) hold if and only if the metricity 
conditions are satisfied So, for the Chern or Berwald type d-connections which 

are nonmetric (see Example and Remark \15.6.& ), the conditions of Theorem 

15.b\J\ do not hold. 



It is a more sophisticate problem to find applications in physics for such nonmetric 
constructions 9 but they define positively some examples of nonmetric d-spinor and non- 
commutative structures minimally deformed from the Riemannian (non) commutative 
geometry to certain Finsler type (non) commutative geometries. 



15.6.2 Distinguished spectral triples 

The geometric information of a spin manifold (in particular, the metric) is contained 
in the Dirac operator. For nonholonomic manifolds, the canonical Dirac d-operator has 
h- and v-irreducible parts related to off-diagonal metric terms and nonholonomic frames 
with associated structure. In a more special case, the canonical Dirac-Lagrange operator 
is defined by a regular Lagrangian. So, such Driac d-operators contain more information 
than the usual, holonomic, ones. 

For simplicity, hereafter, we shall formulate the results for the general N-anholonomic 
spaces, by omitting the explicit formulas and proofs for Lagrange and Finsler spaces, 
which can be derived by imposing certain conditions that the N-connection, d-connection 
and d-metric are just those defined canonically by a Lagrangian. We shall only present 
the Main Result and some important Remarks concerning Lagrange mechanics and/or 
Finsler structures. 



Proposition 15.6.3. If ID 



ID, *ID ) is the canonical Dirac d-operator then 



ID, / 



+ 



ID, / 



ic(5f), equivalently, 



for all f E C°°(V). 

Proof. It is a straightforward computation following from Definition 115.6.241 



□ 



9 See Refs. and [HOI EUl !E2] for details on elaborated geometrical and physical models being, 
respectively, locally isotropic and locally anisotropic. 
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The canonical Dirac d-operator and its irreversible h- and v-components have all 
the properties of the usual Dirac operators (for instance, they are self-adjoint but un- 
bounded). It is possible to define a scalar product on r°°(S), 

<VU>= ! (15.64) 
Jv 

where 

i/ g = y/detg Vdeth dx\..dx n dy n+1 ...dy n+m 

is the volume d-form on the N-anholonomic manifold V. 
We denote by 

H N = L 2 (V, S)=[-H = L 2 (V, S), *H = L 2 (V, *Sj\ (15.65) 

the Hilbert d-space obtained by completing r°°(S) with the norm defined by the scalar 
product (115.6411 . 

Similarly to the holonomic spaces, by using formulas (|15.6(J|) and (|15.54j) . one may 
prove that there is a self-adjoint unitary endomorphism of TCn, called "chirality", 
being a E 2 graduation of T~Cn, 10 which satisfies the condition 

J5 r H = _ r [ C r] (15.66) 

We note that the condition ()15.66|) may be written also for the irreducible components 
ID and *ID. 

Definition 15.6.25. A distinguished canonical spectral triple (canonical spectral d- 
triple) (A, Ti.Ni 33) f or an algebra A is defined by a Hilbert d-space Hn, a representation 
of A in the algebra B(Ti) of d-operators bounded on Hn, and by a self-adjoint d-operator 
ID, of compact resolution, 11 such that [ID, a] G B{7i) for any a G A. 

Roughly speaking, every canonical spectral d-triple is defined by two usual spectral 
triples which in our case corresponds to certain h- and v-irreducible components induced 
by the corresponding h- and v-components of the Dirac d-operator. For such spectral 
h(v)-triples we can define the notion of i^i? n -cycle (i^i? m -cycle) and consider respective 
Hochschild complexes. We note that in order to define a noncommutative geometry the 
h- and v- components of a canonical spectral d-triples must satisfy some well defined 

10 We use the label [cr] in order to avoid misunderstanding with the symbol T used for the connections. 
11 An operator D is of compact resolution if for any A € sp{D) the operator (D — AH)" 1 is compact, 
see details in [H01ES]- 
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Conditions [T7J (Conditions 1-7, enumerated in [SU], section II. 4) which states: 1) 
the spectral dimension, being of order l/(n + m) for a Dirac d-operator, and of order 
1/n (or 1/m) for its h- (or v)-components; 2) regularity; 3) finiteness; 4) reality; 5) 
representation of 1st order; 6) orientability; 7) Poincare duality Such conditions can be 
satisfied by any Dirac operators and canonical Dirac d-operators (in the second case we 
have to work with d-objects). 12 

Definition 15.6.26. A spectral d-triple satisfying the mentioned seven Conditions for 
his h- and v-irreversible components is a real one which defines a (d-spinor) N-anholono- 
mic noncommutative geometry defined by the data (A,Hn, ID, J, r' c ^ ) and derived for 
the Dirac d-operator \15.6ty) . 

For a particular case, when the N-distinguished structures are of Lagrange (Finsler) 
type, we can consider: 

Definition 15.6.27. A spectral d-triple satisfying the mentioned seven Conditions for 
his h- and v-irreversible components is a real one which defines a Lagrange, or Finsler, 
(spinor) noncommutative geometry defined by the data (A,TC(sl), {l)^D, J, rl cr l ) and 
derived for the Dirac d-operator M5.61\) . 

In Ref. [77], we used the concept of d-algebra An = ( A, *A) which we introduced 
as a " couple" of algebras for respective h- and v-irreducible decomposition of construc- 
tions defined by the N-connection. This is possible if An = ~A © *A), but we can 
consider arbitrary noncommutative associative algebras A if the splitting is defined by 
the Dirac d-operator. 

15.6.3 Distance in d— spinor spaces: Main Result 3 

We can select N-anholonomic and Lagrange commutative geometries from the cor- 
responding Definitions 115.6.261 and 115.6.271 if we put respectively A = C°°(V) and 
A = C°°(V(X)) and consider real spectral d-triples. One holds: 

Theorem 15.6.5. (Main Result 3) Let (A,H N} 55, J, r [cr] ) 

(or (A,TC(sl), (L)1D; J) r^ r l ) ) defines a noncommutative geometry being irreducible for 

12 We omit in this paper the details on axiomatics and related proofs for such considerations: we shall 
present details and proofs in our further works. Roughly speaking, we are in right to do this because 
the canonical d-connection and the Sasaki type d-metric for N-anholonomic spaces satisfy the bulk 
of properties of the metric and connection on the Riemannian space but "slightly" nonholonomically 
modified). 
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A = C°°(V) (or A = C°°(V(£,))), whereY (orV^) is a compact, connected and oriented 
manifold without boundaries, of spectral dimension dim V = n + m (or dim Vjx) = n + n 
). In this case, there are satisfied the conditions: 

1. There is a unique d-metric g(D) = (g, *g) of type ( hlS.lty ) on V (or of type 
\15.1Jj\) on V(£)) with the "nonlinear" geodesic distance defined by 

d( Ul ,u 2 ) = sup {f(u x ,u 2 )/ || [ID,/] ||< 1} (15.67) 
/eC(v) 

(we have to consider f G C(V(n) and (l)D if we compute c?(-u 1 ,-u 2 ) for Lagrange 
configurations) . 

2. The N-anholonomic manifold V (or Lagrange space Vm) is a s P m N-anholonmic 
space (or a spin Lagrange manifold) for which the operators ID' satisfying g(D') = 
g(D) define an union of affine spaces identified by the d-spinor structures on V 
(we should consider the operators (l)D' satisfying ^ L - ) g( (L)ID') = ( - L - ) g( (L)ID) 
for the space V(l)))- 

3. The functional S(JD) = J |]J3|- n - m + 2 defines a quadratic d-form with (n + m)- 

splitting for every affine spaces which is minimal for ID = ID as the Dirac d- 
operator corresponding to the d-spin structure with the minimum proportional to 
the Einstein-Hilbert action constructed for the canonical d-connection with the d- 
scalar curvature R M 5. 3$) . 13 

Sifi) = - n + ™~ 2 [ R Vg Vh dx l ...dx n 5y n+l ...5y n+k . 

Proof. In this work, we sketch only the idea and the key points of a such Proof. The 
Theorem is a generalization for N-anholonomic spaces of a similar one, formulated in 
Ref. J7j, with a detailed proof presented in which seems to be a final almost 
generally accepted result. There are also alternative considerations, with useful details, 
in Refs. |6lfl 14*3*] . For the Dirac d-operators, we have to start with the Proposition 
115.6.31 and then to repeat all constructions from [T71 |2H] , both on h- and v-subspaces, 
in N-adapted form. 

13 The integral for the usual Dirac operator related to the Levi-Civita connection D is computed: 
J \D\~ n+2 2 [„/2|q Wres\D\~ n+2 , where fi„ is the integral of the volume on the sphere 5™ and Wres 
is the Wodzicki residu, see details in Theorem 7.5 [21] ■ On N-anholonomic manifolds, we may consider 
similar definitions and computations but applying N-elongated partial derivatives and differentials. 



15.6. THE DIRAC OPERATOR, NONHOLONOMY, ANDSPECTRAL TRIPLES639 



The existence of a canonical d-connection structure which is metric compatible and 
constructed from the coefficients of the d-metric and N-connection structure is a crucial 
result allowing the formulation and proof of the Main Results 1-3 of this work. Roughly 
speaking, if the commutative Riemannian geometry can be extracted from a noncom- 
mutative geometry, we can also generate (in a similar, but technically more sophisticate 
form) Finsler like geometries and generalizations. To do this, we have to consider the 
corresponding parametrizations of the nonholonomic frame structure, off-diagonal met- 
rics and deformations of the linear connection structure, all constructions being adapted 
to the N-connection splitting. If a fixed d-connection satisfies the metricity conditions, 
the resulting Lagrange-Finsler geometry belongs to a class of nonholonomic Riemann- 
Cartan geometries, which (in their turns) are equivalents, related by nonholonomic maps, 
of Riemannian spaces, see [BEE (E2j- However, it is not yet clear how to perform a such 
general proof for nonmetric d-connections (of Berwald or Chern type). We shall present 
the technical details of such considerations in our further works. 

Finally, we emphasize that for the Main Result 3 there is the possibility to elaborate 
an alternative proof (like for the Main Result 2) by verifying that the basic formulas 
proved for the Riemannian geometry hold true on N-anholonomic manifolds by a cor- 
responding substitution of the N-elongated differential and partial derivatives operators 
acting on canonical d-connections and d-metrics. All such constructions are elaborated 
in N-adapted form by preserving the respective h- and v-irreducible decompositions. 
□ □ 

Finally, we can formulate three important conclusions: 

Conclusion 15.6.3. The formula \15.61\j defines the distance in a manner as to be 
satisfied all necessary properties (finitenes, positivity conditions, ...) discussed in de- 
tails in Ref. )29$ . It allows to generalize the constructions for discrete spaces with 
anisotropics and to consider anisotropic fluctuations of noncommutative geometries \5(A 
f5l]/ (of Finsler type, and more general ones, we omit such constructions in this work). 
For the nonholonomic configurations we have to work with canonical d-connection and 
d-metric structures. 

Following the N-connection formalism originally elaborated in the framework of 
Finsler geometry, we may state: 

Conclusion 15.6.4. In the particular case of the canonical N-connection, d-connecti- 
on and d-metrics defined by a regular Lagrangian, it is possible a noncommutative ge- 
ometrization of Lagrange mechanics related to corresponding classes of noncommutative 
Lagrange-Finsler geometry. 
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Such geometric methods have a number of applications in modern gravity: 

Conclusion 15.6.5. By anholonomic frame transforms, we can generate noncommu- 
tative Riemann-Cartan and Lagrange-Finsler spaces, in particular exact solutions of 
the Einstein equations with noncommutative variables 14 , by considering N-anholonomic 
deformations of the Dirac operator. 
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